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Abstract
The computer code systempenelope (version2003)performsMonte Carlo simulation
of coupled electron-photon transport in arbitrary materials for a wide energy range,
from a few hundred eV to about 1 GeV. Photon transport is simulated by meansof
the standard, detailed simulation scheme.Electron and positron historiesare generated
on the basisof a mixed procedure,which combines detailed simulation of hard events
with condensedsimulation of soft interactions. A geometry packagecalled pengeom
permits the generationof randomelectron-photonshowersin material systemsconsisting
of homogeneousbodies limited by quadric surfaces,i.e. planes,spheres,cylinders, etc.
This report is intended not only to serve as a manual of the penelope code system,
but alsoto provide the userwith the necessaryinformation to understandthe details of
the Monte Carlo algorithm.
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Symbols and numerical values of constants frequently used in the text
(Mohr and Taylor, 2000).

Quantit y Symbol Value

Avogadro'snumber NA 6.02214199� 1023 mol� 1

Velocity of light in vacuum c 2.99792458� 108 m s� 1

ReducedPlanck's constant �h = h=(2� ) 6.58211889� 10� 16 eV s

Electron charge e 1.602176462� 10� 19 C

Electron mass me 9.10938188� 10� 31 kg

Electron rest energy mec2 510.998902 keV

Classicalelectron radius r e = e2=(mec2) 2.817940285� 10� 15 m

Fine-structure constant � = e2=(�hc) 1/137.03599976

Bohr radius a0 = �h2=(mee2) 0.5291772083� 10� 10 m

Hartree energy Eh = e2=a0 27.2113834 eV

Revisiondate: 17 July, 2003
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Preface
Radiation transport in matter has beena subject of intensework since the beginning
of the 20th century. Today, we know that high-energyphotons,electronsand positrons
penetrating matter su�er multiple interactions by which energy is transferred to the
atoms and moleculesof the material and secondaryparticles are produced1. By re-
peatedinteraction with the medium, a high-energyparticle originatesa cascadeof par-
ticles which is usually referred to as a shower. After each interaction of a particle, its
energy is reducedand further particles may be generatedso that the evolution of the
shower represents an e�ectiv e degradation in energy. As time goes on, the initial en-
ergy is progressively deposited into the medium, while that remaining is sharedby an
increasinglylarger number of particles.

A reliable description of shower evolution is required in a number of �elds. Thus,
knowledgeof radiation transport propertiesis neededfor quantitativ eanalysisin surface
electronspectroscopies(Jablonski, 1987;Tofterup, 1986),positron surfacespectroscopy
(Schultz and Lynn, 1988), electron microscopy (Reimer, 1985), electron energy loss
spectroscopy (Reimeret al., 1992),electronprobe microanalysis(Heinrich and Newbury,
1991),etc. Detailed information on shower evolution is alsorequired for the designand
quantitativ e useof radiation detectors(Titus, 1970;Berger and Seltzer,1972). A �eld
whereradiation transport studiesplay an important sociologicalrole is that of radiation
dosimetry and radiotherapy (Andreo, 1991).

The study of radiation transport problemswasinitially attempted on the basisof the
Boltzmann transport equation. However, this procedurecomesup against considerable
di�culties when applied to limited geometries,with the result that numerical methods
basedon the transport equation have only had a certain successin simple geometries,
mainly for unlimited and semi-in�nite media(see,e.g.,Zheng-Mingand Brahme,1993).
At the end of the 1950s,with the availabilit y of computers, Monte Carlo simulation
methods were developed as a powerful alternative to deal with transport problems.
Basically, the evolution of anelectron-photonshower is of a randomnature, sothat this is
a processparticularly amenableto Monte Carlo simulation. Detailed simulation, where
all the interactions experiencedby a particle are simulated in chronologicalsuccession,
is exact, i.e. it yields the sameresultsas the rigoroussolution of the transport equation
(apart from the inherent statistical uncertainties).

To our knowledge,the �rst numerical Monte Carlo simulation of photon transport
is that of Hayward and Hubbell (1954) who generated67 photon histories using a desk

1In this report, the term particle will be usedto designateeither photons, electronsor positrons.
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calculator. The simulation of photon transport is straightforward sincethe meannumber
of events in each history is fairly small. Indeed, the photon is e�ectiv ely absorbed after
a singlephotoelectric or pair-production interaction or after a few Compton interactions
(say, of the order of 10). With present-day computational facilities, detailed simulation
of photon transport is a simple routine task.

The simulation of electron and positron transport is much more di�cult than that
of photons. The main reasonis that the averageenergy lossof an electron in a single
interaction is very small (of the orderof a fewtensof eV). As a consequence,high-energy
electronssu�er a large number of interactions beforebeing e�ectiv ely absorbed in the
medium. In practice, detailed simulation is feasibleonly when the averagenumber of
collisionsper track is not too large (say, up to a few hundred). Experimental situations
which are amenableto detailed simulation are those involving either electron sources
with low initial kinetic energies(up to about 100 keV) or special geometriessuch as
electronbeamsimpinging on thin foils. For larger initial energies,and thick geometries,
the averagenumber of collisionsexperiencedby an electronuntil it is e�ectiv ely stopped
becomesvery large, and detailed simulation is very ine�cien t.

For high-energyelectronsand positrons, most of the Monte Carlo codes currently
available [e.g. etran (Berger and Seltzer, 1988), its3 (Halbleib et al., 1992), egs4
(Nelsonet al., 1985),egsnrc (Kawrakow andRogers,2000),geant3 (Brun et al., 1986),
mcnp4b (Briesmeister,1997) , . . . ] have recourseto multiple scattering theorieswhich
allow the simulation of the global e�ect of a large number of events in a track segment
of a given length (step). Following Berger (1963), these simulation procedureswill
be referred to as \condensed" Monte Carlo methods. The multiple scattering theories
implemented in condensedsimulation algorithms are only approximate and may lead to
systematicerrors,which canbemadeevident by the dependenceof the simulation results
on the adopted step length (Bielajew and Rogers,1987). To analyzetheir magnitude,
onecan perform simulations of the samearrangement with di�eren t step lengths. The
resultsareusually found to stabilizewhenthe step length is reduced,while computation
time increasesrapidly, roughly in proportion to the inverseof the step length. Thus,
for each particular problem, one must reach a certain compromisebetween available
computer time and attainable accuracy. It is also worth noting that, owing to the
nature of certain multiple scattering theories and/or to the particular way they are
implemented in the simulation code, the useof very short step lengths may introduce
spurious e�ects in the simulation results. For instance, the multiple elastic scattering
theory of Moli �ere(1948),which is the model usedin egs4-basedcodes,is not applicable
to step lengths shorter than a few times the elasticmeanfree path (seee.g.Fern�andez-
Varea et al., 1993b) and multiple elastic scattering has to be switched o� when the
step length becomessmaller than this value. As a consequence,stabilization for short
step lengths doesnot necessarilyimply that simulation results are correct. Condensed
schemesalsohave di�culties in generatingparticle tracks in the vicinit y of an interface,
i.e. a surfaceseparatingtwo media of di�eren t compositions. When the particle moves
near an interface, the step length must be kept smaller than the minimum distance
to the interface so as to make sure that the step is completely contained in the initial
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medium (Bielajew and Rogers,1987). This may complicatethe code considerably, even
for relatively simple geometries.

In the present report, we describe the version 2003 of penelope , a Monte Carlo
algorithm and computer code for the simulation of coupledelectron-photontransport.
The nameis an acronym that standsfor PENetration and Energy LOssof Positronsand
Electrons (photon simulation was introducedlater). The simulation algorithm is based
on a scattering model that combinesnumerical databaseswith analytical crosssection
models for the di�eren t interaction mechanismsand is applicable to energies(kinetic
energiesin the caseof electronsand positrons) from a few hundred eV to � 1 GeV.
Photon transport is simulated by meansof the conventional detailed method. The sim-
ulation of electronand positron transport is performedby meansof a mixed procedure.
Hard interactions, with scattering angle � or energy loss W greater than pre-selected
cuto� values� c and Wc, are simulated in detail. Soft interactions, with scattering angle
or energy loss lessthan the corresponding cuto�s, are described by meansof multiple
scattering approaches. This simulation schemehandleslateral displacements and inter-
face crossingappropriately and provides a consistent description of energystraggling.
The simulation is stable under variations of the cuto�s � c; Wc and thesecan be made
quite large, thus speedingup the calculation considerably, without altering the results.
A characteristic feature of our code is that the most delicate parts of the simulation
are handled internally; electrons, positrons and photons are simulated by calling the
samesubroutines. Thus, from the user'spoint of view, penelope makesthe practical
simulation of electronsand positronsas simple as that of photons (although simulating
a chargedparticle may take a longer time).

The present versionof penelope is the result of continued evolution from the �rst
version, which was releasedin 1996. The idea of developing a general-purposeMonte
Carlo code,with better modelling than thoseavailableat that time, aroseduring a short
courseon radiation transport simulation given by F. Salvat at the Radiation Metrol-
ogy Unit, CIEMAT (Madrid), in 1988. The present version 2003contains substantial
changes/improvements to the previousversions1996,2000and 2001. As for the physics,
the model for electron/positron elasticscatteringhasbeenrevised,bremsstrahlungemis-
sion is now simulated using partial-wave data instead of analytical approximate formu-
lae, photoelectric absorption in K and L shells is described from the corresponding
partial crosssections,and 
uorescenceradiation from vacanciesin K and L shells is
now followed. Re�nements have alsobeenintroducedin the electron/positron transport
mechanics, mostly to account for the energy dependenceof the mean free paths for
hard events. Inner-shell ionization by electron and positron impact is described as an
independent mechanismby meansof total crosssectionsobtained from an optical-data
model. The simulation routines have been re-programmedin a more structured (and
readable)way and new exampleMAINprogramshave beenwritten, with a more 
exible
input and expandedoutput.

Wehaverecently publisheda setof benchmark comparisonsof simulation resultswith
experimental data (Sempauet al., 2003),which involvesradiation transport in multiple
materials and for a wide energy range. Overall, the agreement between penelope
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results and experiment was found to be excellent. These calculations can be easily
reproducedby using the examplemain programsincluded in the distribution package.

This report is intendednot only to serve asa manual of the simulation package,but
alsoto provide the userwith the necessaryinformation to understandthe details of the
Monte Carlo algorithm. In chapter 1 wegivea brief survey of randomsamplingmethods
and an elementary introduction to Monte Carlo simulation of radiation transport. The
crosssectionsadoptedin penelope to describe particle interactions,and the associated
samplingtechniques,are presented in chapters2 and 32. Chapter 4 is devoted to mixed
simulation methodsfor electronandpositron transport. In chapter 5, a relatively simple,
but e�ectiv e, method to handle simulation in quadric geometriesis presented. The
f or tran77 simulation package penelope and other complementary programs, are
described in chapter 6, which also provides instructions to operate them. Information
on relativistic kinematicsandnumericalmethodsis givenin appendicesA andB. Finally,
appendix C is devoted to simulation of electron/positron transport underexternal, static
electric and magnetic �elds. The source�les of penelope , the auxiliary programsand
the databaseare supplied on a zip-compressed�le, which is distributed by the NEA
Data Bank3. The code is alsoavailable from the authors, but we would appreciateit if
usersdid try to get the code from this institution.

In the courseof our Monte Carlo research, we have had the fortune of getting much
help from numerousfriendsand colleagues.Sincethe mid 1980's,wehavebene�ted from
discussionswith D. Liljequist, which gave shape to our �rst algorithm for simulation of
electronsand positrons. We are particularly grateful to A. Riverosfor his enthusiastic
and friendly support over the years,and for guiding us into the �eld of microanalysis
and x-ray simulation. A. S�anchez-Reyesand E. Garc��a-Tora~no were the �rst external
usersof the code system;they su�ered the inconveniencesof using continuously chang-
ing preliminary versionsof the code without complaining too much. More recently,
stimulating collaboration with A.F. Bielajew has led to substantial improvements in
the electron transport mechanicsand in the code organization. We are deeply indebted
to J.H. Hubbell and D.E. Cullen for kindly providing us with updated information on
photon interaction and atomic relaxation data. Thanks are also due to S.M. Seltzer
for sendingus his bremsstrahlungenergy-lossdatabase.L. Sorbiergenerouslyprepared
most of the photoelectric and atomic relaxation database�les and worked on the asso-
ciated samplingalgorithms. We are especially indebted to P. Andreo for comments and
suggestions,which have beenof much help to improve the present versionof the code,
and for providing a preliminary versionof the tutorial. Our most sincereappreciationto
the membersof our research group; X. Llovet, M. Dingfelder, J. Asenjoand C. Campos.
They did much more than chasing bugs through the programs and in this write-up.
Finally, we would like to thank the sta� of the NEA Data Bank, particularly E. Sartori,

2In thesechapters, and in other parts of the text, the CGS Gaussiansystem of units is adopted.
3OECD Nuclear Energy Agency Data Bank. Le SeineSaint-Germain, 12 Boulevard desIles. 92130

Issy-les-Moulineaux,France. e-mail: nea@nea.fr;http://www.nea.fr
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for kindly organizingthe training courseson penelope . Last but not least, we are also
indebted to J. Bar�o and E. Acosta, who contributed to previous versionsof the code
systemand documentation.

Partial support from the Fondo de Investigaci�on Sanitaria (Ministerio de Sanidady
Consumo,Spain), project no. 01/0093, is gratefully acknowledged.

Barcelona,July 2003.
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Chapter 1

Mon te Carlo simulation. Basic
concepts

The name\Mon te Carlo" was coinedin the 1940sby scientists working on the nuclear
weapon project in Los Alamos to designatea classof numerical methods basedon the
use of random numbers. Nowadays, Monte Carlo methods are widely used to solve
complex physical and mathematical problems (James, 1980; Rubinstein, 1981; Kalos
and Whitlo ck, 1986),particularly thoseinvolving multiple independent variableswhere
more conventional numerical methods would demand formidable amounts of memory
and computer time. The book by Kalos and Whitlo ck (1986)givesa readablesurvey of
Monte Carlo techniques,including simpleapplications in radiation transport, statistical
physics,and many-body quantum theory.

In Monte Carlo simulation of radiation transport, the history (track) of a particle is
viewed as a random sequenceof free 
igh ts that end with an interaction event where
the particle changesits direction of movement, losesenergyand, occasionally, produces
secondaryparticles. The Monte Carlo simulation of a given experimental arrangement
(e.g. an electronbeam,coming from an acceleratorand impinging on a water phantom)
consistsof the numerical generationof random histories. To simulate thesehistorieswe
needan \in teraction model", i.e. a setof di�eren tial crosssections(DCS) for the relevant
interaction mechanisms. The DCSs determine the probabilit y distribution functions
(PDF) of the random variablesthat characterizea track; 1) freepath betweensuccessive
interaction events, 2) kind of interaction taking place and 3) energy loss and angular
de
ection in a particular event (and initial state of emitted secondaryparticles, if any).
Once thesePDFs are known, random histories can be generatedby using appropriate
sampling methods. If the number of generatedhistories is large enough,quantitativ e
information on the transport processmay be obtained by simply averaging over the
simulated histories.

The Monte Carlo method yields the sameinformation as the solution of the Boltz-
mann transport equation, with the sameinteraction model, but is easierto implement
(Berger, 1963). In particular, the simulation of radiation transport in �nite samplesis
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straightforward, while even the simplest �nite geometries(e.g. thin foils) are very di�-
cult to be dealt with by the transport equation. The main drawback of the Monte Carlo
method lies in its random nature: all the resultsare a�ected by statistical uncertainties,
which can be reducedat the expenseof increasingthe sampledpopulation and, hence,
the computation time. Under special circumstances,the statistical uncertainties may be
loweredby usingvariance-reductiontechniques(Rubinstein, 1981;Bielajew and Rogers,
1988).

1.1 Elemen ts of probabilit y theory

The essential characteristic of Monte Carlo simulation is the use of random numbers
and random variables. A random variable is a quantit y that results from a repeatable
processand whoseactual values (realizations) cannot be predicted with certainty. In
the real world, randomnessoriginates either from uncontrolled factors (as occurs e.g.
in gamesof chance)or from the quantum nature of microscopicsystemsand processes
(e.g. nuclear disintegration and radiation interactions). As a familiar example,assume
that we throw two dice in a box; the sum of points in their upper facesis a discrete
random variable, which can take the values2 to 12, while the distancex betweenthe
dice is a continuous random variable, which varies betweenzero (dice in contact) and
a maximum value determinedby the dimensionsof the box. In the computer, random
variablesare generatedby meansof numerical transformationsof random numbers(see
below).

Let x be a continuousrandom variable that takesvaluesin the interval xmin � x �
xmax . To measurethe likelihood of obtaining x in an interval (a,b) we usethe probabilit y
Pf xja < x < bg, de�ned asthe ratio n=N of the number n of valuesof x that fall within
that interval and the total number N of generatedx-values,in the limit N ! 1 . The
probabilit y of obtaining x in a di�eren tial interval of length dx about x1 canbeexpressed
as

Pf xjx1 < x < x1 + dxg = p(x1) dx; (1.1)

where p(x) is the PDF of x. Since1) negative probabilities have no meaningand 2)
the obtained value of x must be somewherein (xmin ,xmax), the PDF must be de�nite
positive and normalized to unity, i.e.

p(x) � 0 and
Z xmax

xmin

p(x) dx = 1: (1.2)

Any \function" that satis�es thesetwo conditionscanbe interpretedasa PDF. In Monte
Carlo simulation we shall frequently usethe uniform distribution,

Uxmin ;x max (x) �

8
<

:

1=(xmax � xmin ) if xmin < x < xmax ,

0 otherwise,
(1.3)
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which is discontinuous. The de�nition (1.2) also includessingular distributions such as
the Dirac delta, � (x � x0), which is de�ned by the property

Z b

a
f (x)� (x � x0) dx =

8
<

:

f (x0) if a < x0 < b,

0 if x0 < a or x0 > b
(1.4)

for any function f (x) that is continuousat x0. An equivalent, more intuitiv e de�nition
is the following,

� (x � x0) � lim
� ! 0

Ux0 � � ;x 0+� (x); (1:40)

which represents the delta distribution as the zero-width limit of a sequenceof uniform
distributions centred at the point x0. Hence,the Dirac distribution describesa single-
valued discrete random variable (i.e. a constant). The PDF of a random variable x
that takesthe discretevaluesx = x1, x2, . . . with point probabilities p1, p2, . . . can be
expressedas a mixture of delta distributions,

p(x) =
X

i

pi � (x � x i ): (1.5)

Discrete distributions can thus be regardedas particular forms of continuous distribu-
tions.

Given a continuousrandom variable x, the cumulative distribution function of x is
de�ned by

P(x) �
Z x

xmin

p(x0) dx0: (1.6)

This is a non-decreasingfunction of x that varies from P(xmin ) = 0 to P(xmax) = 1. In
the caseof a discretePDF of the form (1.5), P(x) is a step function. Notice that the
probabilit y Pf xja < x < bg of having x in the interval (a,b) is

Pf xj a < x < bg =
Z b

a
p(x) dx = P(b) � P(a); (1.7)

and that p(x) = dP(x)=dx.

The n-th moment of p(x) is de�ned as

hxn i =
Z xmax

xmin

xn p(x) dx: (1.8)

The moment hx0i is simply the integral of p(x), which is equal to unity, by de�nition.
However, higher order moments may or may not exist. An exampleof a PDF that has
no even-ordermoments is the Lorentz or Cauchy distribution,

pL (x) �
1
�




 2 + x2 ; �1 < x < 1 : (1.9)

Its �rst moment, and other odd-order moments, can be assigneda �nite value if they
are de�ned as the \principal value" of the integrals,e.g.

hxi L = lim
a!1

Z + a

� a
x

1
�




 2 + x2

dx = 0; (1.10)
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but the secondand higher even-ordermoments are in�nite, irrespective of the way they
are de�ned.

The �rst moment, whenit exists, is called the meanor expectedvalueof the random
variable x,

hxi =
Z

x p(x) dx: (1.11)

The expectedvalue of a function f (x) is de�ned in a similar way,

hf (x)i �
Z

f (x) p(x) dx: (1.12)

Since f (x) is a random variable, it has its own PDF, � (f ), which is such that the
probabilit y of having f in a certain interval of length df is equal to the probabilit y of
having x in the corresponding interval or intervals1. Thus, if f (x) is a monotonously
increasingfunction of x (so that there is a one-to-onecorrespondencebetweenthe values
of x and f ), p(x) dx = � (f ) df and

� (f ) = p(x) (df =dx) � 1 : (1.13)

It can be shown that the de�nitions (1.11) and (1.12) are equivalent. If f (x) increases
monotonouslywith x, the proof is trivial: we can start from the de�nition (1.11) and
write

hf i =
Z

f � (f ) df =
Z

f (x) p(x) (dx=df ) df =
Z

f (x) p(x) dx;

which agreeswith (1.12). Notice that the expectation value is linear, i.e.

ha1f 1(x) + a2f 2(x)i = a1hf 1(x)i + a2hf 2(x)i ; (1.14)

wherea1 and a2 are arbitrary real constants.

If the �rst and secondmoments of the PDF p(x) exist, we de�ne the varianceof x
[or of p(x)] by

var(x) � h(x � hxi )2i =
Z

(x � hxi )2 p(x) dx = hx2i � hxi 2: (1.15)

The square root of the variance, � � [var(x)]1=2, is called the \standard deviation"
(and sometimesthe \standard uncertainty"); it givesa measureof the dispersionof the
random variable (i.e. of the width of the PDF). The Dirac delta is the only PDF that
haszerovariance. Similarly, the varianceof a function f (x) is de�ned as

varf f (x)g = hf 2(x)i � hf (x)i 2: (1.16)

Thus, for a constant f (x) = a, hf i = a and varf f g = 0.

1When f (x) doesnot increaseor decreasemonotonously with x, there may be multiple valuesof x
corresponding to a given value of f .
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1.1.1 Tw o-dimensional random variables

Let us now considerthe caseof a two-dimensionalrandom variable, (x; y). The corre-
sponding (joint) PDF p(x; y) satis�es the conditions

p(x; y) � 0 and
Z

dx
Z

dy p(x; y) = 1: (1.17)

The marginal PDFs of x and y are de�ned as

q(x) �
Z

p(x; y) dy and q(y) �
Z

p(x; y) dx; (1.18)

i.e. q(x) is the probabilit y of obtaining the value x and any value of y. The joint PDF
can be expressedas

p(x; y) = q(x) p(yjx) = q(y) p(xjy); (1.19)

where

p(xjy) =
p(x; y)
q(y)

and p(yjx) =
p(x; y)
q(x)

(1.20)

are the conditional PDFs of x and y, respectively. Notice that p(xjy) is the normalized
PDF of x for a �xed value of y.

The expectation value of a function f (x; y) is

hf (x; y)i =
Z

dx
Z

dy f (x; y) p(x; y): (1.21)

The moments of the PDF are de�ned by

hxnym i =
Z

dx
Z

dy xnym p(x; y): (1.22)

In particular,

hxn i =
Z

dx
Z

dy xn p(x; y) =
Z

xnq(x) dx: (1.23)

Again, the only moment that is necessarilyde�ned is hx0y0i = 1. When the correspond-
ing moments exist, the variancesof x and y are given by

var(x) = hx2i � hxi 2 and var(y) = hy2i � hyi 2: (1.24)

The varianceof x + y is

var(x + y) = h(x + y)2i � hx + yi 2 = var(x) + var(y) + 2cov(x; y); (1.25)

where
cov(x; y) = hxyi � hxi hyi (1.26)

is the covariance of x and y, which can be positive or negative. A related quantit y is
the correlation coe�cient ,

� (x; y) =
cov(x; y)

q
var(x) var(y)

; (1.27)
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which takesvaluesfrom � 1 to 1. Notice that cov(x; x) = var(x). When the variablesx
and y are independent, i.e. when p(x; y) = px (x) py(y), we have

cov(x; y) = 0 and var(x + y) = var(x) + var(y): (1.28)

Moreover, for independent variables,

varf a1x + a2yg = a2
1 var(x) + a2

2 var(y): (1.29)

1.2 Random sampling metho ds

The �rst component of a Monte Carlo calculation is the numerical samplingof random
variableswith speci�ed PDFs. In this sectionwedescribedi�eren t techniquesto generate
random values of a variable x distributed in the interval (xmin ; xmax) according to a
given PDF p(x). We concentrate on the simple caseof single-variable distributions,
sincerandom samplingfrom multiv ariate distributions can always be reducedto single-
variable sampling(seebelow). A more detailed description of samplingmethods can be
found in the textbooks of Rubinstein (1981) and Kalos and Whitlo ck (1986).

1.2.1 Random number generator

In general,random samplingalgorithms are basedon the useof random numbers� uni-
formly distributed in the interval (0,1). Theserandom numberscan be easilygenerated
on the computer (seee.g.Kalos and Whitlo ck, 1986;James,1990). Among the \good"
random number generatorscurrently available, the simplest onesare the so-calledmul-
tiplicativ e congruential generators(Pressand Teukolsky, 1992). A popular exampleof
this kind of generatoris the following,

Rn = 75Rn� 1 (mod 231 � 1); � n = Rn=(231 � 1); (1.30)

which producesa sequenceof random numbers � n uniformly distributed in (0,1) from a
given \seed" R0 (< 231 � 1). Actually, the generatedsequenceis not truly random, since
it is obtained from a deterministic algorithm (the term \pseudo-random" would be more
appropriate), but it is very unlikely that the subtle correlations betweenthe valuesin
the sequencehave an appreciablee�ect on the simulation results. The generator(1.30)
is known to have good random properties (Pressand Teukolsky, 1992). However, the
sequenceis periodic, with a period of the order of 109. With present-day computational
facilities, this value is not large enoughto prevent re-initiation in a single simulation
run. An excellent critical review of random number generatorshas beenpublished by
James(1990), wherehe recommendsusingalgorithms that are more sophisticatedthan
simplecongruential ones.The generatorimplemented in the f or tran77 function RAND
(table 1.1) is dueto L'Ecuyer (1988);it produces32-bit 
oating point numbersuniformly
distributed in the open interval betweenzeroand one. Its period is of the order of 1018,
which is virtually in�nite for practical simulations.
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Table 1.1: For tran77 random number generator.

C ************************ ******** ******* ******* ******* ******** ******* *
C FUNCTIONRAND
C ************************ ******** ******* ******* ******* ******** ******* *

FUNCTIONRAND(DUMMY)
C
C This is an adapted version of subroutine RANECUwritten by F. James
C (Comput. Phys. Commun.60 (1990) 329-344), which has been modified to
C give a single random number at each call.
C
C The 'seeds' ISEED1and ISEED2must be initialized in the main program
C and transferred through the namedcommonblock /RSEED/.
C

IMPLICIT DOUBLEPRECISION(A-H,O-Z), INTEGER*4(I-N)
PARAMETER(USCALE=1.0D0/2.0D0**31)
COMMON/RSEED/ISEED1,ISEED2

C
I1=ISEED1/53668
ISEED1=40014*(ISEED1-I1*53668)-I1*12 211
IF(ISEED1.LT.0) ISEED1=ISEED1+2147483563

C
I2=ISEED2/52774
ISEED2=40692*(ISEED2-I2*52774)-I2*37 91
IF(ISEED2.LT.0) ISEED2=ISEED2+2147483399

C
IZ=ISEED1-ISEED2
IF(IZ.LT.1) IZ=IZ+2147483562
RAND=IZ*USCALE

C
RETURN
END

1.2.2 In verse transform metho d

The cumulativedistribution function of p(x), eq. (1.6), is a non-decreasingfunction of x
and, therefore, it hasan inversefunction P � 1(� ). The transformation � = P(x) de�nes
a new random variable that takesvaluesin the interval (0,1), see�g. 1.1. Owing to the
correspondencebetweenx and � values, the PDF of � , p� (� ), and that of x, p(x), are
related by p� (� ) d� = p(x) dx. Hence,

p� (� ) = p(x)

 
d�
dx

! � 1

= p(x)

 
dP(x)

dx

! � 1

= 1; (1.31)

that is, � is distributed uniformly in the interval (0,1).

Now it is clear that if � is a random number, the variable x de�ned by x = P � 1(� )
is randomly distributed in the interval (xmin ; xmax) with PDF p(x) (see�g. 1.1). This
provides a practical method of generating random values of x using a generator of
random numbersuniformly distributed in (0,1). The randomnessof x is guaranteed by
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that of � . Notice that x is the (unique) root of the equation

� =
Z x

xmin

p(x0) dx0; (1.32)

which will be referredto as the samplingequation of the variable x. This procedurefor
random sampling is known as the inverse transform method; it is particularly adequate
for PDFs p(x) given by simple analytical expressionssuch that the sampling equation
(1.32) can be solved analytically.

� � �

� � �

� � �

� � �

� � �

� � �

� � � � �

� � � � �

�

�

�

�

Figure 1.1: Random sampling from a distribution p(x) using the inversetransform method.

Consider,for instance,the uniform distribution in the interval (a;b),

p(x) � Ua;b(x) =
1

b� a
:

The sampling equation (1.32) then reads

� =
x � a
b� a

; (1.33)

which leadsto the well-known sampling formula

x = a + � (b� a): (1.34)

As another familiar example,considerthe exponential distribution

p(s) =
1
�

exp(� s=� ); s > 0; (1.35)

of the free path s of a particle between interaction events (see section 1.4.1). The
parameter � represents the mean free path. In this case,the sampling equation (1.32)
is easily solved to give the sampling formula

s = � � ln(1 � � ) = � � ln � : (1.36)

The last equality follows from the fact that 1 � � is also a random number distributed
in (0,1).
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Numerical inverse transform

The inversetransform method can also be e�cien tly used for random sampling from
continuousdistributions p(x) that are given in numerical form, or that are too compli-
cated to be sampledanalytically. To apply this method, the cumulative distribution
function P(x) has to be evaluated at the points x i of a certain grid. The sampling
equation P(x) = � can then be solved by inverseinterpolation, i.e. by interpolating in
the table (� i ,x i ), where � i � P(x i ) (� is regardedas the independent variable). Care
must be exercisedto make surethat the numerical integration and interpolation do not
introducesigni�cant errors.

�

� � � � �

� � �

�

� � � � �

� � �

Figure 1.2: Randomsampling from a contin uousdistribution p(x) using the numerical inverse
transform method with N = 20 intervals. a) Piecewiseconstant approximation. b) Piecewise
linear approximation.

A simple, general, approximate method for numerical sampling from continuous
distributions is the following. The values xn (n = 0, 1, . . . , N ) of x for which the
cumulative distribution function has the valuesn=N ,

P(xn) =
Z xn

xmin

p(x) dx =
n
N

; (1.37)

are previously computed and stored in memory. Notice that the exact probabilit y of
having x in the interval (xn , xn+1 ) is 1=N . We cannow samplex by linear interpolation:
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we generatea random number � and considerthe quantit y y � � N , which takesvalues
in the interval (0; N ). We set n = [y], wherethe symbol [y] denotesthe integer part of
y (i.e. the largest integer that is lessthan y). The value of x is obtained as

x = xn + (xn+1 � xn)u; u � y � n 2 (0; 1): (1.38)

This is equivalent to approximating the PDF by a piecewiseconstant function (see�g.
1.2a). Sincethe spacingbetween the points xn (at which the cumulative distribution
function is speci�ed) is roughly proportional to 1=p(xn ), the approximation is more
accuratein regionswherep(x) is large.

The algorithm canbe improvedby storing the valuesp(xn ) of the PDF at the points
xn in memory and approximating the PDF in the interval (xn , xn+1 ) linearly,

pla(x) ' Cn

"

p(xn ) +
p(xn+1 ) � p(xn)

xn+1 � xn
(x � xn)

#

; (1.39)

with a normalization constant Cn such that the integral of pla(x) over the interval (xn ,
xn+1 ) equals1=N . In general,this piecewiselinear approximation is not continuous. Of
course,pla(x) will di�er from the exact PDF p(x) when the latter is not linear in the
interval, but the di�erences are smaller than for the piecewiseconstant approximation
with the samenumber N of grid points (see�g. 1.2). Again, the approximation is better
wherep(x) is larger. An exact algorithm for random samplingfrom the piecewiselinear
approximation (1.39) is the following,

(i) Generatea random number � and set y = � N , n = [y] and u = y � n.
(ii) If p(xn) 6= 0, set r = p(xn+1 )=p(xn ) and

t =

8
><

>:

(1 � u + r 2u)1=2 � 1
r � 1

if r 6= 1,

u if r = 1.
(1.40)

(iii) If p(xn) = 0, set t = u1=2.
(iv) Deliver x = xn + (xn+1 � xn)t.

1.2.3 Discrete distributions

The inversetransform method can also be applied to discrete distributions. Consider
that the random variable x can take the discretevaluesx = 1; : : : ; N with point proba-
bilities p1; : : : ; pN , respectively. The corresponding PDF can be expressedas

p(x) =
NX

i =1

pi � (x � i ); (1.41)

where � (x) is the Dirac distribution. Here p(x) is assumedto be de�ned in an interval
(a;b) with a < 1 and b > N . The corresponding cumulative distribution function is

P(x) =
[x ]X

i =1

pi ; (1.42)
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where[x] standsfor the integer part of x. Notice that P(x) = 0 when x < 1. Then, eq.
(1.32) leadsto the sampling formula

x = 1 if � � p1

= 2 if p1 < � � p1 + p2
...

= j if
P j � 1

i =1 pi < � �
P j

i =1 pi
...

(1.43)

We can de�ne the quantities

P1 = 0; P2 = p1; P3 = p1 + p2; : : : ; PN +1 =
NX

i =1

pi = 1: (1.44)

To samplex we generatea random number � and set x equal to the index i such that

Pi < � � Pi +1 : (1.45)

If the number N of x-values is large, this sampling algorithm may be quite slow
becauseof the large number of comparisonsneededto determine the sampledvalue.
The easiestmethod to reducethe number of comparisonsis to usebinary search instead
of sequential search. The algorithm for binary search, for a given value of � , proceeds
as follows:

(i) Set i = 1 and j = N + 1.
(ii) Set k = [(i + j )=2].

(iii) If Pk < � , set i = k; otherwiseset j = k.
(iv) If j � i > 1, go to step (ii).
(v) Deliver i .

When 2n < N � 2n+1 , i is obtainedafter n+ 1 comparisons.This number of comparisons
is evidently much lessthan the number required when using purely sequential search.

Walk er's aliasing metho d

Walker (1977) described an optimal sampling method for discretedistributions, which
yields the sampled value with only one comparison. The idea underlying Walker's
method can be easily understood by resorting to graphical arguments (Salvat, 1987).
For this purpose, let us represent the PDF (1.41) as a histogram constructed with N
bars of width 1=N and heights N pi (see�g. 1.3). Now, the histogram bars can be cut
o� at convenient heights and the resulting piecescanbe arrangedto �ll up the squareof
unit sidein such a way that each vertical line crosses,at most, two di�eren t pieces.This
arrangement can be performed systematically by selectingthe lowest and the highest
bars in the histogram, say the `th and the j th, respectively, and by cutting the highest
bar o� to complete the lowest one, which subsequently is kept unaltered. In order to
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keeptrack of the performed transformation, we label the added piecewith the \alias"
value K ` = j , giving its original position in the histogram, and introduce the \cuto� "
value F` de�ned as the height of the lower piecein the `th bar of the resulting square.
This lower piecekeepsthe label `. Evidently, iteration of this processeventually leads
to the completesquare(after N � 1 steps). Notice that the point probabilities pi can
be reconstructedfrom the alias and cuto� values. We have

N pi = Fi +
X

j 6= i

(1 � Fj )� (i; K j ); (1.46)

where � (i; j ) denotesthe Kronecker delta (= 1 if i = j and = 0 otherwise). Walker's
method for random sampling of x proceedsas follows: We sample two independent
random numbers,say � 1 and � 2, and de�ne the random point (� 1,� 2), which is uniformly
distributed in the square. If (� 1,� 2) lies over a piecelabelled with the index i , we take
x = i as the selectedvalue. Obviously, the probabilit y of obtaining i as a result of the
sampling equalsthe fractional area of the pieceslabelled with i , which coincideswith
pi .

� � � �

� � � �

�

� � � �

�

� � �

�
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�

�

�

�

�

� �

�
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� �
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�

� � � �

� � �

Figure 1.3: Graphical representation of the inverse transform method (top) and Walker's
aliasing method (bottom) for random sampling from a discrete distribution. In this example,
the random variable can take the values i = 1, 2, 3 and 4 with relativ e probabilities 1, 2, 5
and 8, respectively.

As formulated above, Walker's algorithm requires the generation of two random
numbers for each sampledvalue of x. With the aid of the following trick, the x-value
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can be generatedfrom a singlerandom number. Continuing with our graphical picture,
assumethat the N bars in the squareare aligned consecutively to form a segment of
length N (bottom of �g. 1.3). To sample x, we can generatea single random value
� N , which is uniformly distributed in (0,N ) and determinesoneof the segment pieces.
The result of the sampling is the label of the selectedpiece. Explicitly , the sampling
algorithm proceedsas follows:

(i) Generatea random number � and set R = � N + 1.
(ii) Set i = [R] and r = R � i .

(iii) If r > Fi , deliver x = K i .
(iv) Deliver x = i .

We seethat the sampling of x involvesonly the generationof a random number and
one comparison(irrespective of the number N of possibleoutcomes). The price we
pay for this simpli�cation reducesto doubling the number of memory locations that
are needed: the two arrays K i and Fi are used instead of the single array pi (or Pi ).
Unfortunately, the calculation of aliasand cuto� valuesis fairly involvedand this limits
the applicabilit y of Walker's algorithm to distributions that remain constant during the
courseof the simulation.

1.2.4 Rejection metho ds

The inversetransform method for random samplingis basedon a one-to-onecorrespon-
dencebetweenx and � values,which is expressedin terms of a single-valued function.
There is another kind of sampling method, due to von Neumann,that consistsof sam-
pling a random variable from a certain distribution [di�eren t from p(x)] and subjecting
it to a random test to determinewhether it will be acceptedfor useor rejected. These
rejection methods lead to very generaltechniquesfor sampling from any PDF.

The rejection algorithms can be understood in terms of simple graphical arguments
(�g. 1.4). Considerthat, by meansof the inversetransform method or any other available
samplingmethod, randomvaluesof x aregeneratedfrom a PDF � (x). For each sampled
value of x we samplea random value y uniformly distributed in the interval (0; C� (x)),
whereC is a positive constant. Evidently, the points (x; y), generatedin this way, are
uniformly distributed in the region A of the plane limited by the x-axis (y = 0) and
the curve y = C� (x). Conversely, if (by somemeans)we generaterandom points (x; y)
uniformly distributed in A, their x-coordinate is a randomvariabledistributed according
to � (x) (irrespectiveof the valueof C). Now, considerthat the distribution � (x) is such
that C� (x) � p(x) for someC > 0 and that we generaterandom points (x; y) uniformly
distributed in the region A as described above. If we reject the points with y > p(x),
the acceptedones(with y � p(x)) are uniformly distributed in the region betweenthe
x-axis and the curve y = p(x) and hence,their x-coordinate is distributed accordingto
p(x).

A rejection method is thus completelyspeci�ed by representing the PDF p(x) as

p(x) = C� (x)r (x); (1.47)
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Figure 1.4: Random sampling from a distribution p(x) using a rejection method.

where� (x) is a PDF that can be easily samplede.g.by the inversetransform method,
C is a positive constant and the function r (x) satis�es the conditions0 < r (x) � 1. The
rejection algorithm for sampling from p(x) proceedsas follows:

(i) Generatea random value x from � (x).
(ii) Generatea random number � .

(iii) If � > r (x), go to step (i).
(iv) Deliver x.

From the geometrical arguments given above, it is clear that the algorithm does
yield x values distributed according to p(x). The following is a more formal proof:
Step (i) producesx-values in the interval (x; x + dx) with probabilit y � (x) dx, these
valuesare acceptedwith probabilit y r (x) = p(x)=[C� (x)] and, therefore, (apart from
a normalization constant) the probabilit y of delivering a value in (x; x + dx) is equal
to p(x) dx as required. It is important to realize that, as regards Monte Carlo, the
normalization of the simulated PDF is guaranteed by the mere fact that the algorithm
deliverssomevalue of x.

The e�ciency of the algorithm, i.e. the probabilit y of acceptinga generatedx-value,
is

� =
Z b

a
r (x)� (x) dx =

1
C

: (1.48)

Graphically, the e�ciency equalsthe ratio of the areasunder the curvesy = p(x) and
y = C� (x), which are 1 and C, respectively. For a given � (x), since r (x) � 1, the
constant C must satisfy the condition C� (x) � p(x) for all x. The minimum value of
C, with the requirement that C� (x) = p(x) for somex, givesthe optimum e�ciency .

The PDF � (x) in eq. (1.47) should be selectedin such a way that the resulting
sampling algorithm is as fast as possible. In particular, random sampling from � (x)
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must be performed rapidly, by the inverse transform method or by the composition
method (seebelow). High e�ciency is also desirable,but not decisive. One hundred
percent e�ciency is obtained only with � (x) = p(x) (but random sampling from this
PDF is just the problem we want to solve); any other PDF gives a lower e�ciency .
The usefulnessof the rejection method lies in the fact that a certain loss of e�ciency
can be largely compensatedwith the easeof sampling x from � (x) instead of p(x). A
disadvantageof this method is that it requiresthe generationof several randomnumbers
� to sampleeach x-value.

1.2.5 Tw o-dimensional variables. Comp osition metho ds

Let us considera two-dimensionalrandom variable (x; y) with joint probabilit y distri-
bution p(x; y). Introducing the marginal PDF q(y) and the conditional PDF p(xjy) [see
eqs.(1.18) and (1.20)],

q(y) �
Z

p(x; y) dx; p(xjy) =
p(x; y)
q(y)

;

the two-variate distribution can be expressedas

p(x; y) = q(y) p(xjy): (1.49)

It is now evident that to generaterandom points (x; y) from p(x; y) we can �rst sample
y from q(y) and then x from p(xjy). Hence,two-dimensionalrandom variablescan be
generatedby using single-variable sampling methods. This is also true for multiv ariate
distributions, becausean n-dimensionalPDF canalways be expressedasthe product of
a single-variable marginal distribution and an (n � 1)-dimensionalconditional PDF.

From the de�nition of the marginal PDF of x,

q(x) �
Z

p(x; y) dy =
Z

q(y) p(xjy) dy; (1.50)

it is clear that if we sampley from q(y) and, then, x from p(xjy), the generatedvaluesof
x are distributed accordingto q(x). This idea is the basisof the composition methods,
which areapplicablewhenp(x), the distribution to besimulated, is a probabilit y mixture
of several PDFs. More speci�cally , we considerthat p(x) can be expressedas

p(x) =
Z

w(y) py (x) dy; (1.51)

where w(y) is a continuous distribution and py (x) is a family of one-parameterPDFs,
wherey is the parameteridentifying a uniquedistribution. Notice that if the parameter
y takesonly integer valuesy = i with point probabilities wi , we would write

p(x) =
X

i

wi pi (x): (1.52)
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The composition method for random sampling from the PDF p(x) is as follows. First,
a value of y (or i ) is drawn from the PDF w(y) and then x is sampledfrom the PDF
py(x) for that choseny.

This techniquemay beapplied to generaterandomvaluesfrom complexdistributions
obtainedby combining simplerdistributions that are themselveseasilygenerated,by the
inversetransform method or by rejection methods.

Devisingfast, exactmethodsfor randomsamplingfrom a givenPDF is an interesting
technical challenge.The ultimate criterion for the quality of a samplingalgorithm is its
speed in actual simulations: the best algorithm is the fastest. However, programming
simplicity and elegancemay justify the useof slower algorithms. For simple analytical
distributions that have an analytical inversecumulative distribution function, the in-
versetransform method is usually satisfactory. This is the casefor a few elementary
distributions (e.g. the uniform and exponential distributions consideredabove). The
inversetransform method is also adequatefor discrete distributions and for continu-
ous PDFs given in numerical form. By combining the inversetransform, rejection and
composition methods we can devisesampling algorithms for virtually any (single- or
multiv ariate) PDF.

Example 1. Sampling from the normal distribution

Frequently, we needto generaterandom valuesfrom the normal (or Gaussian)distribu-
tion

pG(x) =
1

p
2�

exp(� x2=2): (1.53)

Sincethe cumulative distribution function cannot be inverted analytically, the inverse
transform method is not appropriate. The easiest(but not the fastest)method to sample
from the normal distribution consistsof generatingtwo independent randomvariablesat
a time, asfollows. Let x1 and x2 be two independent normal variables. They determine
a random point in the plane with PDF

p2G(x1; x2) = pG(x1) pG(x2) =
1

2�
exp[� (x2

1 + x2
2)=2]:

Introducing the polar coordinates r and � ,

x1 = r cos�; x2 = r sin�;

the PDF can be expressedas

p2G(x1; x2) dx1 dx2 =
1

2�
exp(� r 2=2) rdr d� =

h
exp(� r 2=2) rdr

i � 1
2�

d�
�

:

We seethat r and � are independent random variables. The angle � is distributed
uniformly on (0,2� ) and can be sampledas� = 2� � . The PDF of r is exp(� r 2=2) r and
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the correspondingcumulativedistribution function is P(r ) = 1� exp(� r 2=2). Therefore,
r can be generatedby the inversetransform method as

r =
q

� 2ln(1 � � ) =
q

� 2ln � :

The two independent normal random variablesare given by

x1 =
q

� 2ln � 1 cos(2� � 2);

x2 =
q

� 2ln � 1 sin(2� � 2); (1.54)

where� 1 and � 2 are two independent random numbers. This procedureis known as the
Box-M•uller method. It has the advantagesof being exact and easyto program (it can
be coded as a singlef or tran statement).

The mean and variance of the normal variable are hxi = 0 and var(x) = 1. The
linear transformation

X = m + � x (� > 0) (1.55)

de�nes a new random variable. From the properties (1.14) and (1.29), we have

hX i = m and var(X ) = � 2: (1.56)

The PDF of X is

p(X ) = pG(x)
dx
dX

=
1

�
p

2�
exp

"

�
(X � m)2

2� 2

#

; (1.57)

i.e. X is normally distributed with mean m and variance � 2. Hence, to generateX
we only have to samplex using the Box-M•uller method and apply the transformation
(1.55).

Example 2. Uniform distribution on the unit sphere

In radiation transport, the direction of motion of a particle is describedby a unit vector
d̂. Given a certain frame of reference,the direction d̂ can be speci�ed by giving either
its direction cosines(u; v; w) (i.e. the projectionsof d̂ on the directionsof the coordinate
axes)or the polar angle� and the azimuthal angle� , de�ned as in �g. 1.5,

d̂ = (u; v; w) = (sin � cos�; sin� sin�; cos� ): (1.58)

Notice that � 2 (0; � ) and � 2 (0; 2� ).

A direction vector can be regarded as a point on the surfaceof the unit sphere.
Consider an isotropic sourceof particles, i.e. such that the initial direction (� ; � ) of
emitted particles is a random point uniformly distributed on the surfaceof the sphere.
The PDF is

p(� ; � ) d� d� =
1

4�
sin� d� d� =

"
sin�

2
d�

# � 1
2�

d�
�

: (1.59)
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Figure 1.5: Polar and azimuthal anglesof a direction vector.

That is, � and � are independent random variables with PDFs p� (� ) = sin� =2 and
p� (� ) = 1=(2� ), respectively. Therefore, the initial direction of a particle from an
isotropic sourcecan be generatedby applying the inversetransform method to these
PDFs,

� = arccos(1 � 2� 1); � = 2� � 2: (1.60)

In somecases,it is convenient to replacethe polar angle � by the variable

� = (1 � cos� )=2; (1.61)

which varies from 0 (� = 0) to 1 (� = � ). In the caseof an isotropic distribution, the
PDF of � is

p� (� ) = p� (� )

 
d�
d�

! � 1

= 1: (1.62)

That is, a set of random points (�; � ) uniformly distributed on the rectangle (0; 1) �
(0; 2� ) correspondsto a setof random directions (� ; � ) uniformly distributed on the unit
sphere.

1.3 Mon te Carlo in tegration

As pointed out by James(1980),at least in a formal sense,all Monte Carlo calculations
are equivalent to integrations. This equivalencepermits a formal theoretical founda-
tion for Monte Carlo techniques. An important aspect of simulation is the evaluation
of the statistical uncertainties of the calculated quantities. We shall derive the basic
formulae by consideringthe simplest Monte Carlo calculation, namely, the evaluation
of a unidimensional integral. Evidently, the results are also valid for multidimensional
integrals.
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Considerthe integral

I =
Z b

a
F (x) dx; (1.63)

which we recast in the form of an expectation value,

I =
Z

f (x) p(x) dx � hf i ; (1.64)

by introducing an arbitrary PDF p(x) and setting f (x) = F (x)=p(x) [it is assumedthat
p(x) > 0 in (a;b) and p(x) = 0 outsidethis interval]. The Monte Carlo evaluation of the
integral I is very simple: generatea large number N of random points x i from the PDF
p(x) and accumulate the sum of valuesf (x i ) in a counter. At the end of the calculation
the expectedvalue of f is estimatedas

f �
1
N

NX

i =1

f (x i ): (1.65)

The law of large numberssays that, as N becomesvery large,

f ! I (in probabilit y). (1.66)

In statistical terminology, this meansthat f , the Monte Carlo result, is a consistent
estimator of the integral (1.63). This is valid for any function f (x) that is �nite and
piecewisecontinuous,i.e. with a �nite number of discontinuities.

The law of large numbers (1.66) can be restatedas

hf i = lim
N !1

1
N

NX

i =1

f (x i ): (1.67)

By applying this law to the integral that de�nes the varianceof f (x) [cf. eq. (1.16)]

varf f (x)g =
Z

f 2(x) p(x) dx � hf i 2; (1.68)

we obtain

varf f (x)g = lim
N !1

8
<

:
1
N

NX

i =1

[f (x i )]2 �

"
1
N

NX

i =1

f (x i )

#2
9
=

;
: (1.69)

The expressionin curly brackets is a consistent estimator of the varianceof f (x). It is
advisable (seebelow) to accumulate the squaredfunction values [f (x i )]2 in a counter
and, at the end of the simulation, estimatevarf f (x)g accordingto eq. (1.69).

It is clear that di�eren t Monte Carlo runs [with di�eren t, independent sequencesof
N random numbersx i from p(x)] will yield di�eren t estimatesf . This implies that the
outcomeof our Monte Carlo code is a�ected by statistical uncertainties, similar to those
found in laboratory experiments, which needto be properly evaluated to determinethe
\accuracy" of the Monte Carlo result. For this purpose,we may considerf asa random
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variable, the PDF of which is, in principle, unknown. Its meanand varianceare given
by

hf i =

*
1
N

NX

i =1

f (x i )

+

=
1
N

NX

i =1

hf i = hf i (1.70)

and

var(f ) = var

"
1
N

NX

i =1

f (x i )

#

=
1

N 2

NX

i =1

varf f (x)g =
1
N

varf f (x)g; (1.71)

whereusehasbeenmadeof properties of the expectation and varianceoperators. The
standard deviation (or standard error) of f ,

� f �
q

var(f ) =

s
varf f (x)g

N
; (1.72)

gives a measureof the statistical uncertainty of the Monte Carlo estimate f . The
result (1.72) has an important practical implication: in order to reducethe statistical
uncertainty by a factor of 10, we have to increasethe sample size N by a factor of
100. Evidently, this setsa limit to the accuracythat can be attained with the available
computer power.

Wecannow invokethe central limit theorem(seee.g.James,1980),which establishes
that, in the limit N ! 1 , the PDF of f is a normal (Gaussian)distribution with mean
hf i and standard deviation � f ,

p(f ) =
1

� f

p
2�

exp

 

�
(f � hf i )2

2� 2
f

!

: (1.73)

It follows that, for su�cien tly large valuesof N , for which the theorem is applicable,
the interval f � n� f contains the exact value hf i with a probabilit y of 68.3%if n = 1,
95.4%if n = 2 and 99.7%if n = 3 (3� rule).

The central limit theorem is a very powerful tool, since it predicts that the gener-
ated valuesof f follow a speci�c distribution, but it applies only asymptotically. The
minimum number N of sampledvaluesneededto apply the theorem with con�dence
dependson the problem under consideration. If, in the caseof our problem, the third
central moment of f ,

� 3 �
Z

[f (x) � hf i ]3 p(x) dx; (1.74)

exists, the theorem is essentially satis�ed when

j� 3j � � 3
f

p
N : (1.75)

In general, it is advisable to study the distribution of the estimator to ascertain the
applicabilit y of the central limit theorem. In most Monte Carlo calculations,however,
statistical errors are estimated by simply assumingthat the theorem is satis�ed, irre-
spective of the samplesize. We shall adopt this practice and report Monte Carlo results
in the form f � 3� f . In simulations of radiation transport, this is empirically validated
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by the fact that simulated continuousdistributions do \lo ok" continuous(i.e. the \error
bars" de�ne a smooth band).

Each possiblep(x) de�nes a Monte Carlo algorithm to calculate the integral I , eq.
(1.63). The simplest algorithm (crude Monte Carlo) is obtained by using the uniform
distribution p(x) = 1=(b� a). Evidently, p(x) determinesnot only the density of sampled
points x i , but also the magnitude of the variancevarf f (x)g, eq. (1.68),

varf f (x)g =
Z b

a
p(x)

"
F (x)
p(x)

#2

dx � I 2 =
Z b

a
F (x)

"
F (x)
p(x)

� I

#

dx: (1.76)

As a measureof the e�ectiv enessof a Monte Carlo algorithm, it is commonto usethe
e�ciency � , which is de�ned by

� = 1=[� 2
f T]; (1.77)

whereT is the computing time (or any other measureof the calculation e�ort) needed
to get the simulation result. Since� 2

f and T are roughly proportional to N � 1 and N ,
respectively, � is a constant (i.e. it is independent of N ), on average.

The so-calledvariance-reductionmethods are techniquesthat aim to optimize the
e�ciency of the simulation through an adequatechoice of the PDF p(x). Improving
the e�ciency of the algorithms is an important, and delicate, part of the art of Monte
Carlo simulation. The interestedreaderis addressedto the specializedbibliography (e.g.
Rubinstein, 1981). Although of commonuse,the term \v ariancereduction" is somewhat
misleading,sincea reduction in variancedoesnot necessarilyleadto improvede�ciency .
To make this clear, consider that a Monte Carlo algorithm, basedon a certain PDF
p(x), has a variancethat is lessthan that of crude Monte Carlo (i.e. with the uniform
distribution); if the generationof x-values from p(x) takes a longer time than for the
uniform distribution, the \v ariance-reduced"algorithm may be lesse�cien t than crude
Monte Carlo. Hence,oneshould avoid using PDFs that are too di�cult to sample.

1.4 Simulation of radiation transp ort

In this section,we describe the essentials of Monte Carlo simulation of radiation trans-
port. For the sake of simplicity, we limit our considerationsto the detailed simulation
method, where all the interaction events experiencedby a particle are simulated in
chronological succession,and we disregard the production of secondaryparticles, so
that only onekind of particle is transported.

1.4.1 Scattering mo del and probabilit y distributions

Considera particle with energyE (kinetic energy, in the caseof electronsand positrons)
moving in a given medium. We limit our considerationsto homogeneous\random
scattering" media, such as gases,liquids and amorphoussolids, where the \molecules"
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are distributed at random with uniform density. The composition of the medium is
speci�ed by its stoichiometric formula, i.e. atomic number Z i and number of atoms
per molecule ni of all the elements present. The stoichiometric indices ni need not
have integer values. In the caseof alloys, for instance, they may be set equal to the
percentagein number of each element and then a \molecule" is a groupof 100atomswith
the appropriate proportion of each element. The \molecular weight" is AM = � ni A i ,
where A i is the atomic weight of the i -th element. The number of moleculesper unit
volume is given by

N = NA
�

AM
; (1.78)

whereNA is Avogadro'snumber and � is the massdensity of the material.

In each interaction, the particle may loseenergyW and/or changeits direction of
movement. The angular de
ection is determined by the polar scattering angle � , i.e.
the angle between the directions of the particle before and after the interaction, and
the azimuthal angle � . Let us assumethat the particle can interact with the medium
through two independent mechanisms,denoted as \A" and \B" (for instance, elastic
and inelastic scattering, in the caseof low-energyelectrons). The scattering model is
completelyspeci�ed by the moleculardi�eren tial crosssections(DCS)

d2� A

dWd

(E; W; � ) and

d2� B

dWd

(E; W; � ); (1.79)

where d
 is a solid angle element in the direction (� ; � ). We have madethe paramet-
ric dependenceof the DCSs on the particle energy E explicit. Considering that the
moleculesin the medium are oriented at random, the DCS is independent of the az-
imuthal scattering angle, i.e. the angular distribution of scattered particles is axially
symmetrical around the direction of incidence. The total crosssections(per molecule)
are

� A;B(E) =
Z E

0
dW

Z �

0
2� sin� d�

d2� A;B

dWd

(E; W; � ): (1.80)

The PDFs of the energy loss and the polar scattering angle in individual scattering
events are

pA;B (E; W; � ) =
2� sin�
� A;B(E)

d2� A;B

dWd

(E; W; � ): (1.81)

Notice that pA (E; W; � )dWd� gives the (normalized) probabilit y that, in a scattering
event of type A, the particle losesenergyin the interval (W; W + dW) and is de
ected
into directions with polar angle (relative to the initial direction) in the interval (� ,
� + d� ). The azimuthal scattering anglein each collision is uniformly distributed in the
interval (0; 2� ), i.e.

p(� ) =
1

2�
: (1.82)

The total interaction crosssectionis

� T (E) = � A (E) + � B(E): (1.83)
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When the particle interacts with the medium, the kind of interaction that occurs is a
discreterandom variable, that takesthe values\A" and \B" with probabilities

pA = � A =� T and pB = � B=� T : (1.84)

It is worth recalling that this kind of singlescattering model is only valid when di�rac-
tion e�ects resulting from coherent scattering from several centres (e.g. Bragg di�rac-
tion, channellingof chargedparticles) are negligible. This meansthat the simulation is
applicableonly to amorphousmedia and, with somecare, to polycrystalline solids.

To get an intuitiv e picture of the scattering process,we can imagine each molecule
as a sphereof radius r s such that the cross-sectionalarea � r 2

s equals the total cross
section � T . Now, assumethat a particle impinges normally on a very thin material
foil of thicknessds. What the particle seesin front of it is a uniform distribution of
N ds spheresper unit surface.An interaction takesplacewhen the particle strikesone
of these spheres. Therefore, the probabilit y of interaction within the foil equals the
fractional areacoveredby the spheres,N � T ds. In other words, N � T is the interaction
probabilit y per unit path length. Its inverse,

� T � (N � T )� 1 ; (1.85)

is the (total) meanfree path betweeninteractions.

Let us now considera particle that moveswithin an unboundedmedium. The PDF
p(s) of the path length s of the particle from its current position to the site of the next
interaction may be obtained as follows. The probabilit y that the particle travelsa path
length s without interacting is

F (s) =
Z 1

s
p(s0) ds0: (1.86)

The probabilit y p(s) ds of having the next interaction whenthe travelledlength is in the
interval (s;s + ds) equalsthe product of F (s) (the probabilit y of arrival at s without
interacting) and � � 1

T ds (the probabilit y of interacting within ds). It then follows that

p(s) = � � 1
T

Z 1

s
p(s0) ds0: (1.87)

The solution of this integral equation, with the boundary condition p(1 ) = 0, is the
familiar exponential distribution

p(s) = � � 1
T exp(� s=� T ) : (1.88)

Notice that the mean free path � T coincideswith the averagepath length between
collisions:

hsi =
Z 1

0
sp(s) ds = � T : (1.89)

The di�eren tial inversemeanfree path for the interaction processA is de�ned as

d2� � 1
A

dWd

(E; W; � ) = N

d2� A

dWd

(E; W; � ): (1.90)
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Evidently, the integral of the di�eren tial inversemeanfree path givesthe inversemean
free path for the process,

� � 1
A =

Z
dW

Z
2� sin� d�

d2� � 1
A

dWd

(E; W; � ) = N � A : (1.91)

In the literature, the product N � A is frequently called the macroscopic crosssection,
although this nameis not appropriate for a quantit y that hasthe dimensionsof inverse
length. Notice that the total inversemeanfree path is the sum of the inversemeanfree
paths of the di�eren t active interaction mechanisms,

� � 1
T = � � 1

A + � � 1
B : (1.92)

1.4.2 Generation of random trac ks

Each particle track starts o� at a given position, with initial direction and energy in
accordancewith the characteristicsof the source.The \state" of a particle immediately
after an interaction (or after entering the sampleor starting its tra jectory) is de�ned
by its position coordinates r = (x; y; z), energyE and direction cosinesof the direction
of 
igh t, i.e. the components of the unit vector d̂ = (u; v; w), as seenfrom the labora-
tory referenceframe. Each simulated track is thus characterizedby a seriesof states
r n ; En ; d̂n , where r n is the position of the n-th scattering event and En and d̂n are the
energyand direction cosinesof the direction of movement just after that event.

The generationof random tracks proceedsasfollows. Let us assumethat a track has
alreadybeensimulated up to a state r n ; En ; d̂n . The length s of the freepath to the next
collision, the involvedscatteringmechanism,the changeof direction and the energyloss
in this collision are random variables that are sampledfrom the corresponding PDFs,
using the methods described in section 1.2. Hereafter, � stands for a random number
uniformly distributed in the interval (0,1).

The length of the free 
igh t is distributed accordingto the PDF given by eq. (1.88).
Random valuesof s are generatedby using the sampling formula [seeeq. (1.36)]

s = � � T ln � : (1.93)

The following interaction occursat the position

r n+1 = r n + sd̂n : (1.94)

The type of this interaction (\A" or \B") is selectedfrom the point probabilities given
by eq.(1.84) using the inversetransform method (section1.2.2). The energylossW and
the polar scattering angle� are sampledfrom the distribution pA;B (E; W; � ), eq. (1.81),
by using a suitable sampling technique. The azimuthal scattering angle is generated,
accordingto the uniform distribution in (0; 2� ), as � = 2� � .

After sampling the values of W, � and � , the energy of the particle is reduced,
En+1 = En � W, and the direction of movement after the interaction d̂n+1 = (u0; v0; w0)
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Figure 1.6: Angular de
ections in single-scatteringevents.

is obtainedby performing a rotation of d̂n = (u; v; w) (see�g. 1.6). The rotation matrix
R(� ; � ) is determinedby the polar and azimuthal scatteringangles.To explicitly obtain
the direction vector d̂n+1 = R(� ; � )d̂n after the interaction, we �rst note that, if the
initial direction is along the z-axis, the direction after the collision is

0

B
B
@

sin� cos�

sin� sin�

cos�

1

C
C
A = Rz(� )Ry(� )ẑ; (1.95)

whereẑ=(0,0,1) and

Ry(� ) =

0

B
B
@

cos� 0 sin�

0 1 0

� sin� 0 cos�

1

C
C
A and Rz(� ) =

0

B
B
@

cos� � sin� 0

sin � cos� 0

0 0 1

1

C
C
A (1.96)

are rotation matrices corresponding to active rotations of angles� and � about the y-
and z-axes, respectively. On the other hand, if # and ' are the polar and azimuthal
anglesof the initial direction

d̂n = (sin# cos'; sin# sin '; cos#); (1.97)

the rotation Ry(� #)Rz(� ' ) transforms the vector d̂n into ẑ. It is then clear that the
�nal direction vector d̂n+1 can be obtained by performing the following sequenceof
rotations of the initial direction vector: 1) Ry(� #)Rz(� ' ), which transforms d̂n into ẑ;
2) Rz(� )Ry(� ), which rotates ẑ accordingto the sampledpolar and azimuthal scattering
angles;and 3) Rz(' )Ry(#), which inverts the rotation of the �rst step. Hence

R(� ; � ) = Rz(' )Ry(#)Rz(� )Ry(� )Ry(� #)Rz(� ' ): (1.98)
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The �nal direction vector is

d̂n+1 = R(� ; � )d̂n = Rz(' )Ry(#)

0

B
B
@

sin� cos�

sin� sin�

cos�

1

C
C
A (1.99)

and its direction cosinesare

u0 = u cos� +
sin �

p
1 � w2

[uw cos� � v sin� ] ;

v0 = v cos� +
sin�

p
1 � w2

[vw cos� + u sin� ] ; (1.100)

w0 = w cos� �
p

1 � w2 sin � cos�:

Theseequationsare indeterminate whenw ' � 1, i.e. whenthe initial direction is nearly
parallel or antiparallel to the z-axis; in this casewe can simply set

u = � sin� cos�; v = � sin� sin�; w = � cos� : (1.101)

Moreover, eqs. (1.100) are not very stable numerically and the normalization of d̂n+1

tends to drift from 1 after repeated usage. This must be remedied by periodically
renormalizing d̂n+1 . The changeof direction expressedby eqs. (1.100) and (1.101) is
performedby the subroutine DIRECT(seethe penelope sourcelisting).

The simulation of the track then proceedsby repeatingthesesteps. A track is �nished
either when it leavesthe material systemor when the energybecomessmaller than a
given energy Eabs, which is the energy where particles are assumedto be e�ectiv ely
stopped and absorbed in the medium.

1.4.3 Particle transp ort as a Mark ov pro cess

The foregoingconcepts,de�nitions and simulation schemerest on the assumptionthat
particle transport canbe modelledasa Markov process2, i.e. \future valuesof a random
variable (interaction event) are statistically determined by present events and depend
only on the event immediately preceeding". Owing to the Markovian character of the
transport, we can stop the generationof a particle history at an arbitrary state (any
point of the track) and resumethe simulation from this state without introducing any
bias in the results.

In mixed simulationsof electron/positron transport, it is necessaryto limit the length
s of each \free jump" so that it doesnot exceeda given valuesmax . To accomplishthis,
we still samplethe free path length s to the next interaction from the exponential PDF

2The quoted de�nition is from the Webster's Encyclopedic Unabridged Dictionary of the English
Language(Portland House,New York, 1989).
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(1.88), but when s > smax we only let the particle advancea distance smax along the
direction of motion. At the end of the truncated free jump we do nothing (i.e. the
particle keepsits energyand direction of motion unaltered); however, for programming
convenience,we shall say that the particle su�ers a delta interaction (actually, a \non-
interaction"). When the sampled value of s is less than smax , a real interaction is
simulated. After the interaction (either real or delta), we samplea new free path s,
move the particle a distances0 = min(s;smax), etc. From the Markovian character of
the transport, it is clear that the insertion of delta interactions keepsthe simulation
unbiased. If you do not seeit so clearly, here comesa direct proof. First we note that
the probabilit y that a free jump endswith a delta interaction is

p� =
Z 1

smax

p(s) ds = exp(� smax=� T ): (1.102)

To obtain the probabilit y p(s)ds of having the �rst real interaction at a distancein the
interval (s;s + ds), we write s = nsmax + s0 with n = [s=smax ] and, hence,s0 < smax .
The sought probabilit y is then equal to the probabilit y of having n successive delta
interactions followed by a real interaction at a distance in (s0; s0 + ds) from the last,
n-th, delta interaction,

p(s) ds = pn
� � � 1

T exp(� s0=� T ) ds = � � 1
T exp(� s=� T ) ds; (1.103)

which is the correct value [cf. eq. (1.88)].

Up to this point, we have consideredtransport in a single homogeneousmedium.
In practical cases,however, the material structure where radiation is transported may
consist of various regionswith di�eren t compositions. We assumethat the interfaces
betweencontiguous mediaare sharp (i.e. there is no di�usion of chemicalspeciesacross
them) and passive (which amounts to neglecting e.g. surfaceplasmon excitation and
transition radiation). In the simulation code, when a particle arrivesat an interface, it
is stopped there and the simulation is resumedwith the interaction properties of the
new medium. Obviously, this procedure is consistent with the Markovian property of
the transport process.

Considertwo homogeneousmedia,1 and 2 (with corresponding meanfreepaths � T ;1

and � T ;2), separatedby an interface,which is crossedby particles that move from the
�rst mediumto the second.The averagepath length betweenthe last real interaction in
medium1 and the �rst real interaction in medium2 is � T ;1+ � T ;2, ascanbeeasilyveri�ed
by simulation. This result seemedparadoxical to someauthorsand inducedconfusionin
the past. In fact, there is nothing odd hereasyou may easilyverify (againby simulation)
as follows. Assumeparticles being transported within a single homogeneousmedium
with an imaginary plane that acts as a \virtual" interface, splitting the medium into
two halves. In the simulation, the particles do not seethis interface, i.e. they do not
stop when crossing. Every time a particle crossesthe plane, we scorethe length splane

of the track segment betweenthe two real interactions immediately beforeand after the
crossing.It is found that the averagevalue of splane is 2� T , in spite of the fact that the
free path length betweenconsecutive collisionswas sampledfrom an exponential PDF
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with the meanfreepath � T [yes,the scoredvaluessplane weregeneratedfrom this PDF!].
The explanation of this result is that, asa consequenceof the Markovian character, the
averagepath length from the plane (an arbitrary �xed point in the track) back to the
last collision (or up to the next collision) is � T .

1.5 Statistical averages and uncertain ties

For the sake of being more speci�c, let us consider the simulation of a high-energy
electronbeamimpinging on the surfaceof a semi-in�nite water phantom. Each primary
electron originates a shower of electronsand photons, which are individually tracked
down to the corresponding absorption energy. Any quantit y of interest Q is evaluated
as the averagescoreof a large number N of simulated random showers. Formally, Q
can be expressedasan integral of the form (1.64),

Q =
Z

qp(q) dq; (1.104)

wherethe PDF p(q) is usually unknown. The simulation of individual showersprovides
a practical method to sample q from the \natural" PDF p(q): from each generated
shower we get a random value qi distributed accordingto p(q). The only di�erence to
the caseof Monte Carlo integration consideredabove is that now the PDF p(q) describes
a cascadeof random interaction events, each with its characteristic PDF. The Monte
Carlo estimateof Q is

Q =
1
N

NX

i =1

qi : (1.105)

Thus, for instance, the averageenergy Edep deposited within the water phantom per
incident electron is obtained as

Edep =
1
N

NX

i =1

ei ; (1.106)

whereei is the energydeposited by all the particles of the i -th shower. The statistical
uncertainty (standard deviation) of the Monte Carlo estimate [eq. (1.72)] is

� Q =

s
var(q)

N
=

v
u
u
t 1

N

"
1
N

NX

i =1

q2
i � Q

2
#

: (1.107)

As mentioned above, we shall usually expressthe simulation result in the form Q �
3� Q , so that the interval (Q � 3� Q , Q + 3� Q) contains the true value Q with 99.7%
probabilit y. Notice that to evaluate the standard deviation (1.107) we must scorethe
squaredcontributions q2

i . In certain cases,the contributions qi can only take the values
0 and 1, and the standard error can be determinedwithout scoringthe squares,

� Q =

s
1
N

Q(1 � Q): (1.108)
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Simulation/scoring can alsobe usedto computecontinuousdistributions. The sim-
plest method is to \discretize" the distributions, by treating them ashistograms,and to
determinethe \heights" of the di�eren t bars. To make the arguments clear, let us con-
sider the depth-dosedistribution D(z), de�ned asthe averageenergydeposited per unit
depth and per incident electronwithin the water phantom. D(z)dz is the averageenergy
deposited at depthsbetweenz and z+d z per incident electron,and the integral of D(z)
from 0 to 1 is the averagedeposited energyEdep (again, per incident electron). Since
part of the energy is re
ected back from the water phantom (through backscattered
radiation), Edep is lessthan the kinetic energyE inc of the incident electrons. We are
interestedin determining D(z) in a limited depth interval, say from z = 0 to z = zmax .
The calculation proceedsasfollows. First of all, wehave to selecta partition of the inter-
val (0; zmax) into M di�eren t depth bins (zk� 1, zk), with 0 = z0 < z1 < : : : < zM = zmax .
Let eij;k denotethe amount of energydeposited into the k-th bin by the j -th particle of
the i -th shower (each incident electronmay producemultiple secondaryparticles). The
averageenergydeposited into the k-th bin (per incident electron) is obtained as

Ek =
1
N

NX

i =1

ei;k with ei;k �
X

j

eij;k ; (1.109)

and is a�ected by a statistical uncertainty

� E k =

vu
u
t 1

N

"
1
N

NX

i =1

e2
i;k � E 2

k

#

: (1.110)

The Monte Carlo depth-dosedistribution DMC (z) is a stepwiseconstant function,

DMC (z) = Dk � 3� D k for zk� 1 < z < zk (1.111)

with
Dk �

1
zk � zk� 1

Ek ; � D k �
1

zk � zk� 1
� E k : (1.112)

Notice that the bin average and standard deviation have to be divided by the bin
width to obtain the �nal Monte Carlo distribution. De�ned in this way, DMC (z) is
an unbiased estimator of the average dose in each bin. The limitation here is that
we are approximating the continuous distribution D(z) as a histogram with �nite bar
widths. In principle, we could obtain a closerapproximation by using narrower bins.
However, carehas to be taken in selectingthe bin widths sincestatistical uncertainties
may completelyhide the information in narrow bins.

A few words regarding programming details are in order. To evaluate the average
deposited energyand its standard deviation for each bin, eqs.(1.109) and (1.110), we
must scorethe shower contributions ei;k and their squarese2

i;k . There are casesin which
the literal application of this recipe may take a large fraction of the simulation time.
Consider,for instance,the simulation of the 3D dosedistribution in the phantom, which
may involve several thousandvolume bins. For each bin, the energieseij;k deposited by
the individual particles of a shower must be accumulated in a partial counter to obtain
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the shower contribution ei;k and, after completion of the whole shower, the value ei;k

and its squaremust be added to the accumulated counters. As only a small fraction
of the bins receive energy from a single shower, it is not practical to treat all bin
counters on an equal footing. The fastest method is to transfer partial scoresto the
accumulated counters only when the partial counter is going to receive a contribution
from a new shower. This can be easily implemented in a computer program as follows.
For each quantit y of interest, say Q, we de�ne three real counters, Q, Q2and QP, and
an integer label LQ; all thesequantities are initially set to zero. The partial scoresqij of
the particles of a shower are accumulated in the partial counter QP, whereasthe global
shower contribution qi and its squareare accumulated in Qand Q2, respectively. Each
shower is assigneda label, for instance its order number i , which is stored in LQthe
�rst time that the shower contributes to QP. In the courseof the simulation, the value
of QPis transferred to the global counters Qand Q2only when it is necessaryto store a
contribution qij from a new shower. Explicitly , the f or tran code for scoringQ is

IF( i .NE.LQ) THEN
Q=Q+QP
Q2=Q2+QP**2
QP=qij

LQ=i
ELSE

QP=QP+qij

ENDIF
At the end of the simulation, the residual contents of QPmust be transferred to the
global counters.

For somequantities (e.g. the meannumber of scatteringevents per track, the depth-
dose function, . . . ) almost all the simulated tracks contribute to the scoreand the
inherent statistical uncertaintiesof the simulation resultsarecomparatively small. Other
quantities (e.g. angle and energy distributions of the particles transmitted through a
thick foil) have considerablestatistical uncertainties (i.e. large variances)becauseonly
a small fraction of the simulated tracks contribute to the partial scores.

1.6 Variance reduction

In principle, the statistical error of a quantit y may be somewhatreduced(without in-
creasingthe computer simulation time) by using variance-reductiontechniques.Unfor-
tunately, theseoptimization techniquesare extremely problem-dependent, and general
recipesto minimize the variancecannot be given. On the other hand, the importance
of variance reduction should not be overvalued. In many cases,analogue3 simulation
does the work in a reasonabletime. Spending manhoursby complicating the program,
to get a modest reduction in computing time may not be a good investment. It is

3We use the term \analogue" to refer to detailed, condensedor mixed simulations that do not
incorporate variance-reduction procedures.
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also important to realizethat an e�cien t variance-reductionmethod usually lowers the
statistical error of a given quantit y Q at the expenseof increasingthe uncertainties
of other quantities. Thus, variance-reductiontechniquesare not recommendedwhen a
global description of the transport processis sought. Herewe give a brief description of
those techniqueswhich, with a modest programming e�ort, can be useful in improving
the solution of someill-conditioned problems. For the sake of generality, we consider
that secondaryparticles can be generatedin the interactions with the medium. A nice,
and practically oriented, review of variance-reductionmethods in radiation transport
hasbeengiven by Bielajew and Rogers(1988).

1.6.1 In teraction forcing

Sometimes,a high varianceresults from an extremely low interaction probabilit y. Con-
sider, for instance, the simulation of the energyspectrum of bremsstrahlungphotons
emitted by medium energy (� 100 keV) electronsin a thin foil of a certain material.
As radiative events are much lessprobable than elasticand inelastic scattering, the un-
certainty of the simulated photon spectrum will be relatively large. In such cases,an
e�cien t variance-reductionmethod is to arti�cially increasethe interaction probabilit y
of the processA of interest. Our practical implementation of interaction forcing consists
of replacing the mean free path � A of the real processby a shorter one, � A;f , i.e. we
force A interactions to occur more frequently than for the real process. We consider
that the PDF for the energy loss, the angular de
ections (and the directions of emit-
ted secondaryparticles, if any) in the forced interactions is the sameas for the real
interactions. To samplethe length of the free jump to the next interaction, we usethe
exponential distribution with the reducedmean free path � A;f . This is equivalent to
increasingthe interaction probabilit y per unit path length of the processA by a factor

F =
� A

� A;f
> 1: (1.113)

To keepthe simulation unbiased,wemust correct for the introduceddistortion asfollows:

(i) A weight w(1)
p = 1 is associated with each primary particle. Secondaryparticles

produced in forced interactions have an associated weight w(2)
p = w(1)

p =F ; the
weights of successive generationsof forced secondariesare w(k)

p = w(k� 1)
p =F . Sec-

ondary particles generatedin non-forcedinteractions (i.e. of typesother than A)
are given a weight equal to that of their parent particle.

(ii) Forcedinteractions are simulated to determinethe energylossand possibleemis-
sion of secondaryradiation, but the state variablesof the interacting particle are
altered only with probabilit y 1=F . That is, the energyE and direction of move-
ment d̂ of the projectile arevaried only whenthe value � of a random number falls
below 1=F , otherwiseE and d̂ are kept unchanged.

(iii) A weight w(k)
E = w(k)

p =F is given to the deposited energy4 (and to any other

4This option may e�ectiv ely reduce the statistical uncertainties of simulated dosedistributions in



32 Chapter 1. Monte Carlo simulation. Basic concepts

alteration of the medium such as e.g. chargedeposition) that results from forced
interactionsof a particle with weight w(k)

p . For non-forcedinteractionsw(k)
E = w(k)

p .

Of course,interaction forcing shouldbeappliedonly to interactionsthat aredynamically
allowed, i.e. for particles with energyabove the corresponding \reaction" threshold.

Let wi 1 and f i 1 denote the weight and the contribution to the score of the i -th
primary, and let wij and f ij (j > 1) represent the weights and contributions of the
j -th secondaryparticles generatedby the i -th primary. The Monte Carlo estimateof F
obtained from the N simulated histories is

F =
1
N

X

i;j

wij f ij : (1.114)

Evidently, the estimates F obtained with interaction forcing and from an analogue
simulation are equal (in the statistical sense,i.e. in the limit N ! 1 , their di�erence
tends to zero). The standard deviation is given by

� F =

vu
u
u
u
t

1
N

2

6
4

1
N

X

i

0

@
X

j

wij f ij

1

A

2

� F
2

3

7
5 : (1.115)

Quantities directly related to the forcedinteractionswill havea reducedstatistical error,
due to the increasein number of these interactions. However, for a given simulation
time, other quantities may exhibit standard deviationslarger than thoseof the analogue
simulation, becauseof the time spent in simulating the forced interactions.

1.6.2 Splitting and Russian roulette

Thesetwo techniques,which are normally usedin conjunction, are e�ectiv e in problems
whereinterest is focusedon a localizedspatial region. Typical examplesare the calcula-
tion of dosefunctions in deepregionsof irradiated objects and, in the caseof collimated
radiation beams,the evaluation of radial dosesfar from the beam axis. The basic idea
of splitting and Russianroulette methods is to favour the 
ux of radiation towards the
regionof interest and inhibit the radiation that leavesthat region. Thesetechniquesare
also useful in other problemswhere only a partial description of the transport process
is required. The \region of interest" may then be a limited volume in the spaceof state
variables (r ; E; d̂). Thus, in studies of radiation backscattering, the region of interest
may be selectedas the spatial region of the samplecloseto the irradiated surfaceand
the set of particle directions that point towards this surface.

As in the caseof interaction forcing, variancereduction is accomplishedby modifying
the weights of the particles. It is assumedthat primary particles start moving with unit

very thin media. However, it violates energyconservation (becausethe sum of energiesdeposited along
a track di�ers from the energy lost by the projectile) and, therefore, yields energy deposition spectra
that are biased.
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weight and each secondaryparticle produced by a primary one is assignedan initial
weight equal to that of the primary. Splitting consistsof transforming a particle, with
weight w0 and in a certain state, into a number S > 1 of identical particles with weights
w = w0=S in the same initial state. Splitting should be applied when the particle
\approaches" the region of interest. The Russianroulette technique is, in a way, the
reverseprocess: when a particle tends to move away from the region of interest it is
\killed" with a certain probabilit y, K < 1, and, if it survives,its weight is increasedby
a factor 1=(1 � K). Here,killing meansthat the particle is just discarded(and doesnot
contribute to the scoresanymore). Evidently, splitting and killing leave the simulation
unbiased. The mean and standard deviation of the calculated quantities are given by
eqs.(1.114)and (1.115). The e�ectiv enessof thesemethods relieson the adoptedvalues
of the parametersS and K, and on the strategy usedto decidewhensplitting and killing
are to be applied. Thesedetails can only be dictated by the user'sexperience.

1.6.3 Other metho ds

Very frequently, an e�ectiv e\reduction of variance" may beobtainedby simply avoiding
unnecessarycalculations. This is usually true for simulation codes that incorporate
\general-purpose" geometry packages. In the caseof simple (e.g. planar, spherical,
cylindrical) geometriesthe program may be substantially simpli�ed and this may speed
up the simulation appreciably. In general,the clever useof possiblesymmetriesof the
problem under considerationmay lead to spectacular variance reductions. As a last
example,we can quote the so-called\range rejection" method, which simply consistsof
absorbinga particle whenit (and its possiblesecondaries)cannot leave(or reach) regions
of interest. Rangerejection is usefule.g.whencomputing the total energydeposition of
electronsor positrons in a given spatial region. When the residual range of a particle
(and its possiblesecondaries)is lessthan the distance to the nearest limiting surface
of the region of interest, the particle will deposit all its energy inside or outside the
consideredregion (depending of its current position) and the simulation of the track
can be stopped. Rangerejection is not adequatefor photon transport simulation, since
the concept of photon range is not well de�ned (or, to be more precise,photon path
length 
uctuations are very large).
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Chapter 2

Photon in teractions

In this chapter, we considerthe interactions of unpolarized photons of energyE with
atomsof atomic number Z . We limit our considerationsto the energyrangefrom 100eV
up to 1 GeV, where the dominant interaction processesare coherent (Rayleigh) scat-
tering, incoherent (Compton) scattering, the photoelectric e�ect and electron-positron
pair production. Other interactions, such as photonuclear absorption, occur with much
smallerprobabilit y and canbe disregardedfor most practical purposes(seee.g.Hubbell
et al., 1980).
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Figure 2.1: Basic interactions of photons with matter.
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As long asthe responseof an atom is not appreciablydistorted by molecularbinding,
the single-atomtheory can be extendedto moleculesby using the additivit y approxi-
mation, i.e. the molecularcrosssectionfor a processis approximated by the sum of the
atomic crosssectionsof all the atomsin the molecule.The additivit y approximation can
also be applied to densemedia whenever interferencee�ects betweenwaves scattered
by di�eren t centres (which, for instance, give rise to Bragg di�raction in crystals) are
small. We assumethat theseconditions are always satis�ed.

The abilit y of Monte Carlo simulation methods to describe photon transport in com-
plex geometrieshasbeenestablishedfrom research during the last �v edecades(Hayward
and Hubbell, 1954;Zerby, 1963;Berger and Seltzer,1972;Chan and Doi, 1983;Ljung-
berg and Strand, 1989). The most accurateDCSsavailable are given in numerical form
and, therefore,advancedMonte Carlo codesmake useof extensivedatabases.To reduce
the amount of required numerical information, in penelope we usea combination of
analytical DCSs and numerical tables. The adopted DCSs are de�ned by simple, but
physically soundanalytical forms. The corresponding total crosssectionsare obtained
by a singlenumerical quadrature that is performedvery quickly using the SUMGAexter-
nal function described in appendix B. Moreover, the random samplingfrom theseDCSs
canbe doneanalytically and, hence,exactly. Only coherent scattering requiresa simple
preparatory numerical step.

It may be arguedthat usinganalytical approximate DCSs,insteadof more accurate
tabulated DCSs implies a certain loss of accuracy. To minimize this loss, penelope
renormalizesthe analytical DCSs so as to reproduce partial attenuation coe�cien ts
that are read from the input material data �le. As a consequence,the free path be-
tweenevents and the kind of interaction are sampledusing total crosssectionsthat are
nominally exact; approximations are introduced only in the description of individual
interaction events.

In the following, � standsfor the photon energyin units of the electron rest energy,
i.e.

� �
E

mec2
: (2.1)

2.1 Coheren t (Ra yleigh) scattering

Coherent or Rayleigh scattering is the processby which photonsare scatteredby bound
atomic electronswithout excitation of the target atom, i.e. the energiesof the incident
and scatteredphotons are the same. The scattering is quali�ed as \coherent" because
it arisesfrom the interferencebetween secondaryelectromagneticwaves coming from
di�eren t parts of the atomic chargedistribution.

The atomic DCS per unit solid anglefor coherent scattering is given approximately
by (seee.g.Born, 1969)

d� Ra

d

=

d� T

d

[F (q; Z )]2 ; (2.2)
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where
d� T (� )

d

= r 2

e
1 + cos2 �

2
(2.3)

is the classicalThomson DCS for scattering by a free electron at rest, � is the polar
scattering angle(see�g. 2.1) and F (q; Z ) is the atomic form factor. The quantit y r e is
the classicalelectronradius and q is the magnitude of the momentum transfer given by

q = 2(E=c) sin(� =2) = (E=c) [2(1 � cos� )]1=2 : (2.4)

In the literature on x-ray crystallography, the dimensionlessvariable

x �
q 10� 8cm

4� �h
= 20:6074

q
mec

(2.5)

is normally usedinstead of q.

The atomic form factor can be expressedas the Fourier transform of the atomic
electrondensity � (r ) which, for a spherically symmetrical atom, simpli�es to

F (q; Z ) = 4�
Z 1

0
� (r )

sin(qr=�h)
qr=�h

r 2 dr: (2.6)

F (q; Z ) is a monotonically decreasingfunction of q that varies from F (0; Z ) = Z
to F (1 ; Z ) = 0. The most accurate form factors are those obtained from Hartree-
Fock or con�guration-in teraction atomic-structure calculations;herewe adopt the non-
relativistic atomic form factors tabulated by Hubbell et al. (1975). Although relativistic
form factors are available (Doyle and Turner, 1968),Hubbell has pointed out that the
non-relativistic form factors yield results in closeragreement with experiment (Cullen
et al., 1997).

In the calculations,we usethe following analytical approximation

F (q; Z ) =

8
>>><

>>>:

f (x; Z ) � Z
1 + a1x2 + a2x3 + a3x4

(1 + a4x2 + a5x4)2 ;

maxf f (x; Z ); FK (q; Z )g if Z > 10 and f (x; Z ) < 2;

(2.7)

where

FK (q; Z ) �
sin(2barctanQ)

bQ(1 + Q2)b ; (2.8)

with
Q =

q
2meca

; b=
p

1 � a2; a � � (Z � 5=16); (2.9)

where � is the �ne-structure constant. The function FK (q; Z ) is the contribution to
the atomic form factor due to the two K-shell electrons(seee.g. Bar�o et al., 1994a).
The parametersof expressionf (x; Z ) for Z = 1 to 92, which have beendeterminedby
Bar�o et al. (1994a)by numerically �tting the atomic form factors tabulated by Hubbell
et al. (1975), are included in the block data subprogramPENDAT. The averagerelative
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Figure 2.2: Atomic form factors for carbon and lead. Crossesare values from the tables of
Hubbell et al. (1975), contin uous curves represent the analytical approximation given by eq.
(2.7).

di�erence betweenthe analytical and tabulated form factors is lessthan 0.5%(see�g.
2.2).

The total coherent scattering crosssectionper atom is

� Ra =
Z d� Ra

d

d
 = � r 2

e

Z 1

� 1

�
1 + cos2 �

�
[F (q; Z )]2 d(cos� ): (2.10)

Introducing q, eq. (2.4), as a new integration variable, the asymptotic behaviour of the
total crosssection for small and large photon energiesis made clear. For low photon
energies,the form factor in the integrand does not depart appreciably from the value
F (0; Z ) = Z , i.e. coherent scatteringreducesto pureThomsonscattering. Consequently,
we have

� Ra '
8
3

� r 2
e Z 2: (2.11)

In the high-energylimit, we get
� Ra / E � 2: (2.12)

In practice, this limiting behaviour is attained for energiesof the order of Z=2 MeV.

Strictly speaking, expression(2.2) is adequateonly for photons with energy well
above the K absorption edge. The low-energy behaviour given by eq. (2.11) is sub-
stantially altered when anomalousscattering factors are introduced(seee.g. Cullen et
al., 1989; Kane et al., 1986). Thesefactors lead to a generaldecreaseof the coherent
scattering crosssection near the absorption edgesand at low energies. Nevertheless,
at the energieswhereanomalousscattering e�ects becomesigni�cant, coherent scatter-
ing is much lessprobable than photoelectric absorption (see�g. 2.10 below), and the
approximation given by eq. (2.2) is usually su�cien t for simulation purposes.
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2.1.1 Simulation of coheren t scattering events

The PDF of the angular de
ection, cos� , can be written as [seeeqs. (2.2) and (2.3);
normalization is irrelevant here]

pRa(cos� ) =
1 + cos2 �

2
[F (x; Z )]2 ; (2.13)

wherex, which is de�ned by eqs.(2.4) and (2.5), can take valuesin the interval from 0
to

xmax = 20:6074� 2�: (2.14)

This PDF can be factorized in the form

pRa(cos� ) = g(cos� )� (x2) (2.15)

with

g(cos� ) �
1 + cos2 �

2
and � (x2) � [F (x; Z )]2 : (2.16)

Notice that, for a compound, [F (x; Z )]2 has to be replacedby the sum of squaredform
factors of the atoms in the molecule.

The function � (x2) can be consideredasthe (unnormalized) PDF of the variable x2.
Randomvaluesof x2 distributed accordingto this PDF canbe generatedby the inverse
transform method (section 1.2.2), i.e. from the samplingequation

Z x2

0
� (x02) dx02 = �

Z x2
max

0
� (x02) dx02: (2.17)

It is convenient to introducethe function

�( x2) =
Z x2

0
� (x02) dx02; (2.18)

which increasesmonotonically with x2 and saturates for high x2-values to a constant
�nite value. Then, the samplingequation (2.17) can be written in the form

�( x2) = � �( x2
max ); (2.19)

which is easyto solve numerically. To this end, we only needto have a table of values
of the function �( x2) stored in memory. For a given photon energy, �( x2

max) can be
evaluated by interpolation in this table. Linear log-log interpolation (extrapolation) in
a table with about 240points logarithmically distributed in the interval (10� 4,106) yields
results which are accurateto within 0.01%(notice that in the interval from 0 to 10� 4,
F (x; Z ) ' Z and, hence,�( x2) is proportional to x2, i.e. extrapolation for x2 < 10� 4 is
exact). The value

x2 = � � 1
�
� �( x2

max )
�

(2.20)

can then be obtained by inverselinear interpolation (or extrapolation) with a binary
search.
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The angular de
ection cos� can now be sampledby the rejection method (section
1.2.4), sincethe function g(cos� ) is a valid rejection function (i.e. it is positive and less
than or equal to unity). The algorithm for samplingcos� proceedsas follows:

(i) Compute �( x2
max).

(ii) Generatea random number � and determinex2 using eq. (2.20). Set

cos� = 1 �
1
2

x2

(20:6074� )2
: (2.21)

(iii) Generatea new random number � .

(iv) If � > g(cos� ), go to step (ii).

(v) Deliver cos� .

Although numerical interpolation is necessary, it is performed on a single function
that is independent of the photon energyand the errors introducedare negligible. It is
worth noting that the samplingalgorithm is essentially independent of the adoptedform
factor, and directly applicableto molecules.The advantage of using the analytical form
factor, eq. (2.7), instead of a numerical databaseis that �( x2) can be easilycalculated
to the desiredaccuracy, using the SUMGAintegration function (appendix B).

The e�ciency of the sampling method (i.e. the fraction of generatedvaluesof cos�
that is accepted)increaseswith photon energy. At low energies,it equals2/3 (exactly)
for all elements. For E = 100keV, the e�ciencies for hydrogenand uranium are 100%
and 86%,respectively.

2.2 Photo electric e�ect

In the photoelectric e�ect, a photon of energyE is absorbed by the target atom, which
makesa transition to an excited state. The photon beamsfound in radiation transport
studies have relatively low photon densitiesand, as a consequence,only single-photon
absorption is observed1. To represent the atomic states,we can adopt an independent-
electron model, such as the Dirac-Hartree-Fock-Slater self-consistent model (see e.g.
Pratt et al., 1973), in which each electron occupiesa single-particleorbital, with well-
de�ned ionization energy. The set of orbitals with the sameprincipal and total angular
momentum quantum numbers and the same parity constitute a shell. Each shell i
can accommodate a �nite number of electrons,with characteristic ionization energyUi .
Notice that the shell ionization energiesare positive, the quantit y � Ui represents the
\binding" energyof each individual electron. Fig. 2.3 (left diagram) shows the various
notations usedto designatethe innermost atomic electronshells(i.e. thosewith the

1In intenselow-energyphoton beams,such asthosefrom high-power lasers,simultaneousabsorption
of several photons is possible.
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Figure 2.3: Various notations for inner atomic electron shells (left) and allowed radiativ e
transitions (right) to theseshells. Transitions di�eren t from the onesindicated in the diagram
(e.g. K-M4) are also possible,but their transition probabilities are extremely small.
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Figure 2.4: Ionization energiesof the innermost shellsof free atoms, asgiven by Lederer and
Shirley (1978).
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largest ionization energies)aswell as their ordering in energyand allowed occupancies.
In our simulations, we use the experimental ionization energiesgiven by Lederer and
Shirley (1978), which pertain to free, neutral atoms. Ionization energiesof K-, L- and
M-shellsare displayed in �g. 2.4.

Consideringthe interaction with the photon �eld asa �rst-order perturbation (which
is appropriate for �elds with low photon densities) it follows that only one-electron
transitions are allowed. That is, in the photoelectric e�ect, the photon is absorbed by
an individual electron in the \activ e" shell i , which leavesthe parent atom with kinetic
energyEe = E � Ui . Evidently , photoionization of a given shell is only possiblewhen
the photon energyexceedsthe corresponding ionization energy; this gives rise to the
characteristic absorption edgesin the photoelectric crosssection(see�g. 2.5).

The photoelectric crosssectionsusedin penelope are obtained by interpolation in
a numerical table that was extracted from the LLNL Evaluated Photon Data Library
(EPDL; Cullen et al., 1997). This library contains photoelectric crosssectionsfor all
shellsof the elements Z = 1� 100and photon energiesfrom 1 eV to 1000GeV, derived
from Sco�eld's theoretical calculationsof shell crosssections(Salomanet al., 1988)and
Hubbell's total crosssections(Hubbell et al., 1980; Berger and Hubbell, 1987). The
penelope databasefor photoelectric absorption (a subset of the EPDL) consistsof
tables of the total atomic crosssection � ph(E) and the crosssectionsfor the K and L
shells, � ph;i (E) (i = K, L1, L2 and L3) for the elements Z = 1{92, which span the
energyrange from 100 eV to 1000GeV. Thesetables are estimated to be accurate to
within a few percent for photon energiesabove 1 keV (Cullen et al., 1997). At lower
energies,uncertainties in the data are much larger: 10{20% for 0.5 keV < E < 1 keV
and 100{200%for 0.1 keV < E < 0.5 keV. Notice that the crosssectionsin the EPDL
are based on free-atom theoretical calculations and, therefore, near-edgeabsorption
structuresproducedby molecularor crystalline ordering (e.g.extendedx-ray absorption
�ne-structure) are ignored.

For compound materials (and also for mixtures) the molecularcrosssection� ph(E)
is evaluated by meansof the additivit y approximation, that is, asthe sumof the atomic
crosssectionsof the elements involved. In the energyrangebetweensuccessive absorp-
tion edges,the photoelectric crosssectionis a continuousfunction of the photon energy
(see�g. 2.5). In penelope , the molecularcrosssectionis de�ned by meansof a table of
numerical values� ph(E i ) for a logarithmic grid of energiesE i , which is stored in mem-
ory. Photon meanfreepaths are determinedby linear log-loginterpolation in this table.
Knowledgeof the atomic crosssectionsis needed,only when a photoabsorption event
hase�ectiv ely occurred, to selectthe element that hasbeenionized (whoseprobabilit y
is proportional to the atomic crosssection).

2.2.1 Simulation of photo electron emission

Let us considerthat a photon with energy E is absorbed by an atom of the element
Z . The \activ e" shell i that is ionized is consideredas a discreterandom variable with
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Figure 2.5: Atomic photoelectric crosssectionsfor carbon, iron and uranium as functions of
the photon energy E .

PDF

pi = � ph;i (Z; E)=� ph (Z; E); (2.22)

where � ph;i (Z; E) is the crosssection for ionization of shell i and � ph(Z; E) is the total
photoelectric crosssection of the atom. penelope incorporatesa detailed description
of photoabsorption in K- and L-shells (including the subsequent atomic relaxation).
The ionization probabilities of theseinner shellsare determinedfrom the corresponding
partial crosssections.The probabilit y of ionization in an outer shell is obtained as

pouter = 1 � (pK + pL1 + pL2 + pL3 ): (2.23)

When the ionization occurs in an inner K- or L-shell, the initial energyof the photo-
electron is set equal to Ee = E � Ui ; the residual atom, with a vacancy in the shell,
subsequently relaxesto its ground state by emitting x rays and Auger electrons. If the
ionization occurs in an outer shell, we assumethat the photoelectron leavesthe target
atom with kinetic energyequal to the energydeposited by the photon, Ee = E, and we
disregardthe emissionof subsidiary 
uorescent radiation (seesection2.6).

Initial direction of photo electrons

The direction of emissionof the photoelectron, relative to that of the absorbed photon,
is de�ned by the polar and azimuthal angles� e (�g. 2.1) and � e. We considerthat the
incident photon is not polarized and, hence,the angular distribution of photoelectrons
is independent of � e, which is uniformly distributed in the interval (0; 2� ). The polar
angle� e is sampledfrom the K-shell crosssectionderivedby Sauter(1931)usingK-shell



44 Chapter 2. Photon interactions

hydrogenicelectronwave functions. The Sauter DCS (per electron) can be written as

d� ph

d
 e
= � 4r 2

e

� Z
�

� 5 � 3



sin2 � e

(1 � � cos� e)4

�

1 +
1
2


 (
 � 1)(
 � 2)(1 � � cos� e)
�

; (2.24)

where� is the �ne-structure constant, r e is the classicalelectron radius, and


 = 1 + Ee=(mec2); � =

q
Ee(Ee + 2mec2)

Ee + mec2
: (2.25)

Strictly speaking, the DCS (2.24) is adequateonly for ionization of the K-shell by high-
energyphotons. Nevertheless,in many practical simulations no appreciableerrors are
introduced when Sauter's distribution is used to describe any photoionization event,
irrespective of the atomic shell and the photon energy. The main reasonis that the
emitted photoelectron immediately starts to interact with the medium, and its direction
of movement is strongly altered after travelling a path length much shorter than the
photon mean free path. On the other hand, when the photon energyexceedsthe K-
edge, most of the ionizations occur in the K-shell and then the Sauter distribution
represents a good approximation.

Introducing the variable � = 1 � cos� e, the angular distribution of photoelectrons
can be expressedin the form

p(� ) = (2 � � )
� 1
A + �

+
1
2

� 
 (
 � 1)(
 � 2)
� �

(A + � )3
; A =

1
�

� 1; (2.26)

apart from a normalization constant. Randomsamplingof � from this distribution can
be performedanalytically. To this end, p(� ) can be factorized in the form

p(� ) = g(� )� (� ) (2.27)

with
g(� ) = (2 � � )

� 1
A + �

+
1
2

� 
 (
 � 1)(
 � 2)
�

(2.28)

and

� (� ) =
A(A + 2)2

2
�

(A + � )3
: (2.29)

The variable � takesvaluesin the interval (0,2), wherethe function g(� ) is de�nite
positive and attains its maximum value at � = 0, while the function � (� ) is positive
and normalized to unity. Random values from the probabilit y distribution � (� ) are
generatedby meansof the sampling formula (inverse transform method, seesection
1.2.2) Z �

0
� (� 0) d� 0 = � ; (2.30)

which can be solved analytically to give

� =
2A

(A + 2)2 � 4�

h
2� + (A + 2)� 1=2

i
: (2.31)

Therefore,randomsamplingfrom Sauter'sdistribution canbeperformedby the rejection
method (seesection1.2.4) as follows:
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(i) Generate� from � (� ) by using eq. (2.31).

(ii) Generatea random number � .

(iii) If � g(0) > g(� ), go to step (i).

(iv) Deliver cos� e = 1 � � .

The e�ciency of this algorithm is � 0:33at low energiesand increasesslowly with Ee;
for Ee = 1 MeV, the e�ciency is 0.4. As photoelectric absorption occurs at most once
in each photon history, this small samplinge�ciency doesnot slow down the simulation
signi�cantly .

2.3 Incoheren t (Compton) scattering

In Compton scattering, a photon of energyE interacts with an atomic electron,which
absorbsit and re-emitsa secondary(Compton) photon of energyE 0 in the direction 
 =
(� ; � ) relativeto the direction of the original photon. In penelope , Compton scattering
events aredescribed by meansof the crosssectionobtained from the relativistic impulse
approximation (Ribberfors, 1983). Contributions from di�eren t atomic electron shells
are consideredseparately. After a Compton interaction with the i -th shell, the active
target electronis ejectedto a freestate with kinetic energyEe = E � E 0� Ui > 0, where
Ui is the ionization energyof the consideredshell, and the residual atom is left in an
excited state with a vacancyin the i -th shell.

In the caseof scatteringby freeelectronsat rest, the conservation of energyand mo-
mentum implies the following relation betweenthe energyE 0of the scattered(Compton)
photon and the scattering angle � [cf. eq. (A.19)]

E 0 �
E

1 + � (1 � cos� )
� EC; (2.32)

where � = E=mec2, as before. The DCS for Compton scattering by a free electron at
rest is given by the familiar Klein-Nishina formula,

d� KN
Co

d

=

r 2
e

2

� EC

E

� 2 � EC

E
+

E
EC

� sin2 �
�

: (2.33)

Although this simple DCS was generally used in old Monte Carlo transport codes, it
represents only a rough approximation for the Compton interactions of photons with
atoms. In reality, atomic electronsare not at rest, but move with a certain momentum
distribution, which givesrise to the so-calledDoppler broadeningof the Compton line.
Moreover, transitions of bound electronsare allowed only if the energytransfer E � E 0

is larger than the ionization energyUi of the active shell (binding e�ect).

The impulse approximation accounts for Doppler broadening and binding e�ects
in a natural, and relatively simple, way. The DCS is obtained by considering that
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electronsin the i -th shell move with a momentum distribution � i (p). For an electron in
an orbital  i (r ), � i (p) � j i (p)j2, where  i (p) is the wave function in the momentum
representation. The DCS for Compton scattering by an electron with momentum p
is derived from the Klein-Nishina formula by applying a Lorentz transformation with
velocity v equal to that of the moving target electron. The impulse approximation to
the Compton DCS (per electron) of the consideredshell is obtained by averagingover
the momentum distribution � i (p).

After somemanipulations, the Compton DCS of an electron in the i -th shell can be
expressedas [eq. (21) in Brusa et al., 1996]

d2� Co;i

dE 0d

=

r 2
e

2

� EC

E

� 2 � EC

E
+

E
EC

� sin2 �
�

F (pz) Ji (pz)
dpz

dE 0; (2.34)

wherere is the classicalelectron radius. EC is the energyof the Compton line, de�ned
by eq. (2.32), i.e. the energyof photonsscatteredin the direction � by free electrons at
rest. The momentum transfer vector is given by q � �hk � �hk 0, where �hk and �hk0 are
the momenta of the incident and scatteredphotons; its magnitude is

q =
1
c

p
E 2 + E 02 � 2EE 0cos� : (2.35)

The quantit y pz is the projection of the initial momentum p of the electron on the
direction of the scattering vector �hk 0� �hk = � q; it is given by2

pz � �
p � q

q
=

EE 0(1 � cos� ) � mec2(E � E 0)
c2q

(2.36)

or, equivalently ,
pz

mec
=

E(E 0 � EC)
EC cq

: (2.37)

Notice that pz = 0 for E 0 = EC. Moreover,

dpz

dE 0
=

mec
cq

 
E
EC

+
E cos� � E 0

cq
pz

mec

!

: (2.38)

The function J i (pz) in eq. (2.34) is the one-electronCompton pro�le of the active
shell, which is de�ned as

Ji (pz) �
Z Z

� i (p) dpx dpy ; (2.39)

where� i (p) is the electronmomentum distribution. That is, J i (pz) dpz givesthe proba-
bilit y that the component of the electronmomentum in the z-direction is in the interval
(pz; pz + dpz). Notice that the normalization

Z 1

�1
Ji (pz) dpz = 1 (2.40)

2The expression(2.36) contains an approximation, the exact relation is obtained by replacing the
electron rest energy mec2 in the numerator by the electron initial total energy,

p
(mec2)2 + (cp)2.
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Figure 2.6: Atomic Compton pro�les (pz > 0) for aluminium, copper and gold. The contin-
uous curvesare numerical Hartree-Fock pro�les tabulated by Biggs et al. (1975). The dashed
curves represent the analytical pro�les de�ned by eq. (2.57). (Adapted from Brusa et al.,
1996.)

is assumed.In the Hartree-Fock approximation for closed-shellcon�gurations, the mo-
mentum distribution of the electronsin an atomic shell, obtained by adding the contri-
butions of the orbitals in that shell, is isotropic. For an isotropic distribution, expression
(2.39) simpli�es to

Ji (pz) = 2�
Z 1

jpz j
p� i (p) dp: (2.41)

The atomic Compton pro�le is given by

J (pz) =
X

i

f i Ji (pz); (2.42)

wheref i is the number of electronsin the i -th shell and J i (pz) is the one-electronpro�le
of this shell. The functionsJ (pz) and Ji (pz) areboth bell-shapedand symmetricalabout
pz = 0 (see�g. 2.6). Extensive tablesof Hartree-Fock Compton pro�les for the elements
have beenpublished by Biggs et al. (1975). Thesenumerical pro�les are adequatefor
bound electron shells. In the caseof conductors, the one-electronCompton pro�le for
conduction electronsmay be estimatedby assumingthat theseform a free-electrongas
with � e electronsper unit volume. The one-electronpro�le for this systemis (seee.g.
Cooper, 1971)

J feg
i (pz) =

3
4pF

 

1 �
p2

z

p2
F

!

�( pF � jpz j); J feg
i (0) =

3
4pF

; (2.43)

wherepF � �h(3� 2� e)1=3 is the Fermi momentum. For scattering in a compound material,
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the molecularCompton pro�le is obtained as the sum of atomic pro�les of the atoms in
a molecule(additivit y rule).

The factor F (pz) in eq. (2.34) is approximately given by

F (pz) ' 1 +
cqC

E

 

1 +
EC(EC � E cos� )

(cqC)2

!
pz

mec
; (2.44)

whereqC is the momentum transfer associated with the energyE 0 = EC of the Compton
line,

qC �
1
c

q
E 2 + E 2

C � 2EEC cos� : (2.45)

Expression(2.44) is accurateonly for small jpz j-values. For large jpz j, Ji (pz) tends to
zeroand the factor F (pz) hasno e�ect on the DCS.Weusethe valuesgivenby expression
(2.44) only for jpz j < 0:2mec and take F (�j pz j) = F (� 0:2mec) for jpz j > 0:2mec. Owing
to the approximations introduced,negative valuesof F may be obtained for large jpz j;
in this case,we must set F = 0.

Wecannow introducethe e�ect of electronbinding: Comptonexcitationsareallowed
only if the target electron is promoted to a free state, i.e. if the energytransfer E � E 0

is larger than the ionization energyUi of the active shell. Therefore the atomic DCS,
including Doppler broadeningand binding e�ects, is given by

d2� Co

dE 0d

=

r 2
e

2

� EC

E

� 2 � EC

E
+

E
EC

� sin2 �
�

� F (pz)

 
X

i

f i Ji (pz) �( E � E 0� Ui )

!
dpz

dE 0; (2.46)

where �( x) (= 1 if x > 0, = 0 otherwise) is the Heaviside step function. In the
calculationswe usethe ionization energiesUi given by Ledererand Shirley (1978), �g.
2.4. The DCS for scattering of 10 keV photonsby aluminium atoms is displayed in �g.
2.7, for � = 60 and 180 degrees,as a function of the fractional energyof the emerging
photon. The DCS for a given scattering angle has a maximum at E 0 = EC; its shape
resembles that of the atomic Compton pro�le, except for the occurrenceof edgesat
E 0 = E � Ui .

In the caseof scattering by free electronsat rest we have Ui = 0 (no binding) and
Ji (pz) = � (pz) (no Doppler broadening). Moreover, from eq. (2.37) E 0 = EC, so that
photons scattered through an angle � have energy EC. Integration of the DCS, eq.
(2.46), over E 0 then yields the familiar Klein-Nishina crosssection,

d� KN
Co

d

= Z

r 2
e

2

� EC

E

� 2 � EC

E
+

E
EC

� sin2 �
�

; (2.47)

for the Z atomic electrons[cf. eq. (2.33)]. For energiesof the order of a few MeV and
larger, Doppler broadeningand binding e�ects are relatively small and the free-electron
theory yields results practically equivalent to thoseof the impulse approximation.
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Figure 2.7: DCS for Compton scattering of 10 keV photons by aluminium atoms at the
indicated scattering angles. The contin uous curvesrepresent the DCS (2.46) calculated using
the Hartree-Fock Compton pro�le (Biggs et al., 1975). The dashedcurvesare results from eq.
(2.46) with the analytical pro�les given by eq. (2.57). (Adapted from Brusa et al., 1996.)

The angular distribution of scatteredphotons is given by the directional DCS,

d� Co

d

=

Z d2� Co

dE 0d

dE 0 =

r 2
e

2

� EC

E

� 2 � EC

E
+

E
EC

� sin2 �
�

�
X

i

f i �( E � Ui )
Z pi; max

�1
F (pz)Ji (pz) dpz ; (2.48)

wherepi; max is the highestpz-value for which an electronin the i -th shell canbe excited.
It is obtained from eq. (2.36) by setting E 0 = E � Ui ,

pi; max (E; � ) =
E(E � Ui )(1 � cos� ) � mec2Ui

c
q

2E(E � Ui )(1 � cos� ) + U2
i

: (2.49)

Except for energiesjust above the shell ionization threshold, the function F (pz) in the
integral can be replacedby unity, sincepzJi (pz) is an odd function and its integral is
closeto zero, i.e. Z pi; max

�1
F (pz)Ji (pz) dpz ' ni (pi; max ); (2.50)
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where

ni (pz) �
Z pz

�1
Ji (p0

z) dp0
z : (2.51)

Notice that ni (pz) is a monotonouslyincreasingfunction of pz, which varies from 0 at
pz = �1 to unity at pz = 1 ; the quantit y ni (pi; max ) represents the fraction of electrons
in the i -th shell that can be e�ectiv ely excited in a Compton interaction. We can then
write

d� Co

d

'

r 2
e

2

� EC

E

� 2 � EC

E
+

E
EC

� sin2 �
�

S(E; � ): (2.52)

The function

S(E; � ) =
X

i

f i �( E � Ui ) ni (pi; max ) (2.53)

can be identi�ed with the incoherent scattering function in the impulse approximation
(seee.g.Ribberfors and Berggren,1982). The total crosssectioncan then be obtained
as

� Co = 2�
Z 1

� 1

d� Co

d

d(cos� ): (2.54)

For comparisonpurposes,and alsoto calculatethe energydeposition, it is useful to
considerthe crosssectiondi�eren tial in only the energyof the scatteredphoton,

d� Co

dE 0
�

Z d2� Co

dE 0d

d
 : (2.55)

In the caseof scatteringby freeelectronsat rest, E 0 = EC and the Klein-Nishina formula
(2.47) givesthe following expressionfor the energyDCS,

d� KN
Co

dE 0
= 2�

d� KN
Co

d

d(cos� )

dEC

=
� r 2

e

E
� � 3

 
E 2

E 02 +
(� 2 � 2� � 2)E

E 0 + (2� + 1) +
� 2E 0

E

!

: (2.56)

Fig. 2.8 displays the energy DCSs obtained from this formula and from the impulse
approximation for scattering of high-energy(E > Ui ) photons by aluminium and gold
atoms. Theseresults show clearly the di�erences between the physics of the impulse
approximation and the cruder free-electronapproximation. The most conspicuousfea-
ture of the impulse approximation DCS is the absenceof a threshold energy, which is
a direct manifestation of the Doppler broadening. For relatively small energytransfers
(E 0 � E) the Klein-Nishina DCS increaseswith the energy of the scattered photon,
whereasthe energyDCS obtained from the impulse approximation vanishesat E 0 = E
due to the e�ect of binding, which alsocausesthe characteristic edgestructure, similar
to that of the photoelectric crosssection(see�g. 2.8).
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Figure 2.8: Energy DCSs for Compton scattering of 50 and 500 keV photons by aluminium
and gold atoms. The contin uouscurvesrepresent the DCS (2.55), computed using the analyt-
ical Compton pro�les (2.57). The dashedcurvesare obtained from the Klein-Nishina formula
(2.56), i.e. assumingthat the atomic electronsare free and at rest.

2.3.1 Analytical Compton pro�les

In order to minimize the required numerical information and to simplify the random
sampling,we useapproximate one-electronpro�les of the form

J A
i (pz) = Ji; 0

nd2

2

�
d1 + d2Ji; 0 jpz j

� n� 1
exp

h
dn

1 �
�
d1 + d2Ji; 0 jpz j

� n i
(2.57)

with

n = 2; d1 =
� n � 1

n

� 1=n

=

s
1
2

; d2 =
2
n

d1� n
1 =

p
2:

The quantit y J i; 0 � Ji (0) is the valueof the pro�le at pz = 0 obtained from the Hartree-
Fock orbital (Biggs et al., 1975). J i (0) is tabulated in the �le PDATCONF.TAB for all
shellsof the elements Z = 1 to 92. Notice that J A

i (pz) is normalized accordingto eq.
(2.40). With the pro�les (2.57),

nA
i (pz) �

Z pz

�1
J A

i (p0
z) dp0

z =

8
>>><

>>>:

1
2 exp

�

d2
1 �

�
d1 � d2Ji; 0 pz

� 2
�

if pz < 0,

1 � 1
2 exp

�

d2
1 �

�
d1 + d2Ji; 0 pz

� 2
�

if pz > 0.
(2.58)
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Thus, the incoherent scattering function (2.53) can be expressedanalytically and the
integral (2.54) evaluated very quickly with the aid of function SUMGA(appendix B). On
the other hand, the sampling equation nA

i (pz) � � nA
i (pi; max ) (seesection 1.2.2) can be

solved analytically,

pz =

8
>>>><

>>>>:

1
d2Ji; 0

�

d1 �
�
d 2

1 � ln 2A
� 1=2

�

if A < 1
2,

1
d2Ji; 0

� �
d 2

1 � ln 2(1 � A)
� 1=2

� d1

�

if A > 1
2,

(2.59)

where A � � nA
i (pi; max ). Atomic Compton pro�les obtained from the approximation

given by eq. (2.57) are accuratefor small pz and oscillateabout the Hartree-Fock values
for intermediate momenta (see�g. 2.6). The relative di�erences are normally lessthan
5%,exceptfor largemomenta for which J (pz) is very small. Similar di�erencesarefound
betweenthe DCS computedfrom Hartree-Fock and analytical Compton pro�les (see�g.
2.7). For most applications (e.g. studiesof detector response,dosimetry, radiotherapy,
etc.), the e�ect of these di�erences on the simulation results is not important. The
impulse approximation with the analytical one-electronpro�les (2.57) then provides a
conveniently simple method to introduceDoppler broadeningand binding e�ects in the
simulation of Compton scattering.

In penelope , the maximum number of electron shellsfor each material is limited.
For heavy elements, and also for compounds, the number of shellsmay be fairly large.
In this case,outer shellswith similar ionization energiesare grouped together and re-
placedby a singleshell with a J i; 0 value and an e�ectiv e ionization energyequal to the
corresponding averagesof the grouped shells. This grouping doesnot alter the average
e�ects of Doppler broadeningand binding.

2.3.2 Simulation of incoheren t scattering events

Compton events are simulated on the basis of the DCS given by eq. (2.46) with the
analytical Compton pro�les (2.57). The sampling algorithm adopted here is due to
Brusa et al. (1996). It is similar to the onedescribed by Namito et al. (1994), but has
a higher e�ciency .

The PDF of the polar de
ection cos� and the energyE 0 of the scatteredphoton is
given by (apart from normalization constants, which are irrelevant here)

PCo(cos� ; E 0) =
� EC

E

� 2 � EC

E
+

E
EC

� sin2 �
�

� F (pz)

 
X

i

f i Ji (pz) �( E � E 0 � Ui )

!
dpz

dE 0: (2.60)

Integration of expression(2.60) over E 0, using the approximation (2.50), yields the PDF
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of the polar de
ection

P� (cos� ) =
� EC

E

� 2 � EC

E
+

E
EC

� sin2 �
�

S(E; � ); (2.61)

whereS(E; � ) is the incoherent scattering function, eq. (2.53).

Randomvaluesof cos� from the PDF (2.61) canbe generatedby usingthe following
algorithm (Bar�o et al., 1994a). Let us introducethe quantit y

� �
EC

E
=

1
1 + � (1 � cos� )

: (2.62)

The minimum and maximum valuesof � are

� min =
1

1 + 2�
and � max = 1; (2.63)

which correspond to backward (� = � ) and forward (� = 0) scattering, respectively.
The PDF of this variable is (again ignoring normalization constants)

P� (� ) = P� (cos� )
d(cos� )

d�
=

 
1
� 2

+
� 2 � 2� � 2

�
+ (2� + 1) + � 2�

!

S(E; � ): (2.64)

This distribution can be rewritten in the form (Nelsonet al., 1985)

P� (� ) = [a1 P1(� ) + a2 P2(� )] T(cos� ); (2.65)

where

a1 = ln(1 + 2� ); a2 =
2� (1 + � )
(1 + 2� )2 ; (2.66)

P1(� ) =
1

ln(1 + 2� )
1
�

; P2(� ) =
(1 + 2� )2

2� (1 + � )
� (2.67)

and

T(cos� ) =

(

1 �
(1 � � ) [(2� + 1)� � 1]

� 2� (1 + � 2)

)
S(E; � )

S(E; � = � )
: (2.68)

The function in bracesis positive, it equals1 at the end points of the interval (� min ,1),
and is lessthan unity inside this interval. Moreover, the ratio of incoherent scattering
functions is also lessthan unity for any value of � < � . Hence,the function T(cos� ) is
a valid rejection function. The functions Pi (� ) (i = 1; 2) are normalized PDFs in the
interval (� min ; 1), which can be easily sampledby using the inversetransform method.
The generationof random valuesof � accordingto the PDF givenby eq.(2.64) can then
be performed by combining the composition and rejection methods (section 1.2). The
algorithm to samplecos� proceedsas follows:

(i) Samplea value of the integer i (=1, 2) accordingto the point probabilities

� (1) =
a1

a1 + a2
and � (2) =

a2

a1 + a2
: (2.69)
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(ii) Sample� from Pi (� ) using the sampling formulae

� =

8
><

>:

� �
min if i = 1;

[� 2
min + � (1 � � 2

min )]1=2 if i = 2;
(2.70)

which can be easily derived by the inversetransform method (section 1.2.2).

(iii) Determine cos� using eq. (2.62),

cos� = 1 �
1 � �

��
; (2.71)

and compute the quantities pi; max (E; � ), eq. (2.49), and

S(E; � ) =
X

i

f i �( E � Ui ) nA
i (pi; max ): (2.72)

(iv) Generatea new random number � .

(v) If � > T(cos� ), go to step (i).

(vi) Deliver cos� .

The e�ciency of this algorithm, i.e. the probabilit y of acceptinga generatedcos� -value,
increasesmonotonically with photon energy and is nearly independent of Z ; typical
valuesare 35%,80%and 95%for E = 1 keV, 1 MeV and 10 MeV, respectively.

Once the direction of the emergingphoton has beenset, the active electron shell i
is selectedwith relative probabilit y equal to Z i �( E � Ui ) nA

i (pi; max (E; � )). A random
value of pz is generatedfrom the analytical Compton pro�le (2.57) using the sampling
formula (2.59). If pz is lessthan � mec, it is rejected and a new shell and a pz-value
are sampled3. Finally, the factor F (pz) in the PDF (2.46) is accounted for by meansof
a rejection procedure. It should be noted that the approximation F ' 1 is valid only
when the DCS is integrated over E 0; otherwisethe completeexpression(2.44) must be
used. Let Fmax denote the maximum value of F (pz), which occurs at pz = 0:2mec or
� 0:2mec; a random number � is generatedand the valuepz is acceptedif � Fmax < F (pz),
otherwisethe processof selectinga shell and a pz-value is reinitiated. The energyE 0 of
the emergingphoton is then calculated from eq. (2.36), which gives

E 0 = E
�

1 � t� 2

�

(1 � t� cos� ) + sign(pz)
q

(1 � t� cos� )2 � (1 � t� 2)(1 � t)
�

; (2.73)

where
t � (pz=mec)2 and sign(pz) � pz=jpz j: (2.74)

For photonswith energylarger than 5 MeV, for which Doppler broadeningis negligible,
we set E 0 = EC (which amounts to assumingthat pz = 0). In this case,the active

3Notice that, due to the approximation introduced in eq. (2.36), a value pz < � mec would yield a
negative energy for the scattered photon.
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electronshell i is sampledwith relative probabilit y f i and binding e�ects are accounted
for by simply rejecting E 0-valuessuch that E � E 0 < Ui .

The azimuthal scattering angle� of the photon is sampleduniformly in the interval
(0; 2� ). We assumethat the Compton electron is emitted with energyEe = E � E 0� Ui

in the direction of the momentum transfer vector q = �hk � �hk 0, with polar angle� e and
azimuthal angle � e = � + � , relative to the direction of the incident photon. cos� e is
given by

cos� e =
E � E 0cos�

p
E 2 + E 02 � 2EE 0cos�

: (2.75)

When E 0 = EC, this expressionsimpli�es to

cos� e =
E + mec2

E

� E � EC

2mec2 + E � EC

� 1=2

; (2.76)

which coincideswith the result (A.20). Sincethe active electron shell is known, char-
acteristic x rays and Auger electronsemitted in the de-excitation of the ionized atom
can also be followed. This is important, for instance, to account for escape peaks in
scintillation or solid state detectors

Table 2.1: Averagenumber nr of random numbers � neededto simulate a single incoherent
scattering event for photons with energyE in aluminium, silver and gold.

E (eV) Al Ag Au

103 16.6 11.9 13.4

104 11.0 11.4 11.5

105 9.5 9.8 10.0

106 8.2 8.2 8.3

107 7.5 7.5 7.5

As a measureof the e�ciency of the samplingalgorithm, wemay considerthe average
number nr of random numbers � required to simulate an incoherent scattering event.
nr is practically independent of the atomic number and decreaseswith photon energy
(see table 2.1). The increaseof nr at low energiesstems from the loss of e�ciency
of the algorithm used to samplecos� . Although the simulation of incoherent events
becomesmore laborious as the photon energydecreases,this hasonly a small in
uence
on the speedof practical photon transport simulations sincelow-energyphotonsinteract
predominantly via photoelectric absorption (see�g. 2.10below).

2.4 Electron-p ositron pair pro duction

Electron-positron pairs can be created by absorption of a photon in the vicinit y of a
massive particle, a nucleusor an electron,which absorbsenergyand momentum sothat
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thesetwo quantities are conserved. The thresholdenergyfor pair production in the �eld
of a nucleus(assumedof in�nite mass) is 2mec2. When pair production occurs in the
�eld of an electron, the target electron recoils after the event with appreciablekinetic
energy; the processis known as \triplet production" becauseit causesthree visible
tracks when observed, e.g. in a cloud chamber. If the target electron is at rest, triplet
production is only possiblefor photons with energylarger than 4mec2.

For the simulation of pair production events in the �eld of an atom of atomic number
Z , we shall use the following semiempiricalmodel (Bar�o et al., 1994a). Our starting
point is the high-energyDCS for arbitrary screening,which was derived by Bethe and
Heitler from the Born approximation (Motz et al., 1969;Tsai, 1974). The Bethe-Heitler
DCS for a photon of energyE to createan electron-positron pair, in which the electron
hasa kinetic energyE � = �E � mec2, can be expressedas (Tsai, 1974)

d� (BH)
pp

d�
= r 2

e�Z [Z + � ]
� h

� 2 + (1 � � )2
i

(� 1 � 4f C) +
2
3

� (1 � � )(� 2 � 4f C)
�

: (2.77)

Notice that the \reduced energy" � = (E � + mec2)=E is the fraction of the photon
energy that is taken away by the electron. The screeningfunctions � 1 and � 2 are
givenby integralsthat involvethe atomic form factor and, therefore,must be computed
numerically when a realistic form factor is adopted(e.g. the analytical onedescribed in
section2.1). To obtain approximate analytical expressionsfor thesefunctions, we shall
assumethat the Coulomb �eld of the nucleusis exponentially screenedby the atomic
electrons(Schi�, 1968;Tsai, 1974),i.e. the electrostaticpotential of the atom is assumed
to be (Wentzel model)

' W (r ) =
Ze
r

exp(� r=R); (2.78)

with the screeningradius R consideredas an adjustable parameter (seebelow). The
corresponding atomic electrondensity is obtained from Poisson'sequation,

� W (r ) =
1

4� e
r 2' (r ) =

1
4� e

1
r

d2

dr 2 [r ' (r )] =
Z

4� R2r
exp(� r=R); (2.79)

and the atomic form factor is

FW (q; Z ) = 4�
Z 1

0
� W (r )

sin(qr=�h)
qr=�h

r 2 dr =
Z

1 + (Rq=�h)2
: (2.80)

The screeningfunctions for this particular form factor take the following analytical
expressions(Tsai, 1974)

� 1 = 2 � 2ln(1 + b2) � 4barctan(b� 1) + 4ln(Rmec=�h)

� 2 =
4
3

� 2ln(1 + b2) + 2b2
h
4 � 4barctan(b� 1) � 3ln(1 + b� 2)

i

+ 4ln(Rmec=�h); (2.81)

where

b =
Rmec

�h
1

2�
1

� (1 � � )
: (2.82)
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The quantit y � in eq. (2.77) accounts for pair production in the �eld of the atomic
electrons(triplet production), which is consideredin detail by Hubbell et al. (1980)and
Tsai (1974). In order to simplify the calculations, the dependenceof the triplet cross
sectionon the electron reducedenergy, � , is assumedto be the sameas that of the pair
crosssection. The function f C in (2.77) is the high-energyCoulomb correctionof Davies,
Bethe and Maximon (1954) given by

f C(Z ) = a2
h
(1 + a2)� 1 + 0:202059� 0:03693a2 + 0:00835a4

� 0:00201a6 + 0:00049a8 � 0:00012a10 + 0:00003a12
i

; (2.83)

with a = �Z . The total atomic crosssectionfor pair (and triplet) production is obtained
as

� (BH)
pp =

Z � max

� min

d� (BH)
pp

d�
d�; (2.84)

where

� min = mec2=E = � � 1 and � max = 1 � mec2=E = 1 � � � 1: (2.85)

Extensive tables of pair production total crosssections,evaluated by combining dif-
ferent theoretical approximations, have beenpublishedby Hubbell et al. (1980). These
tables give the separatecontributions of pair production in the �eld of the nucleusand
in that of the atomic electronsfor Z = 1 to 100and for photon energiesfrom threshold
up to 105 MeV. Following Salvat and Fern�andez-Varea (1992), the screeningradius R
hasbeendeterminedby requiring that eq.(2.77) with � = 0 exactly reproducesthe total
crosssectionsgiven by Hubbell et al. (1980) for pair production in the nuclear �eld by
105 MeV photons (after exclusionof radiative corrections,which only amount to � 1%
of the total crosssection). The screeningradii for Z = 1{92 obtained in this way are
given in table 2.2.

Actually, the triplet contribution, � , varies with the photon energy. It increases
monotonically from zero at E ' 4mec2 and reaches a saturation value, � 1 , at high
energies.It can be obtained, for all elements and energiesup to 105 MeV, as

� (E) = Z � HGO
triplet (E)=� HGO

pair (E); (2.86)

where� HGO
pair and � HGO

triplet are the total pair and triplet production crosssectionsgiven by
Hubbell et al. (1980). At 105 MeV, the high-energylimit is reached, i.e.

� 1 ' Z � HGO
triplet (105 MeV)=� HGO

pair (105 MeV): (2.87)

The valuesof � 1 for the elements Z = 1{92 are given in table 2.2. The averagedepen-
denceof � on the photon energyis approximated by the following empirical expression

� = [1 � exp(� v)]� 1 ; (2.88)
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Table 2.2: Reducedscreeningradius, Rmec=�h, and high-energy triplet contribution, � 1 , for
electron-positron pair production obtained from the tables of Hubbell et al. (1980)asdescribed
in the text. Notice that �h=mec = 3:8616� 10� 13 m is the Compton wavelength of the electron.

Z Rmec=�h � 1 Z Rmec=�h � 1 Z Rmec=�h � 1

1 122.81 1.157 32 33.422 1.158 63 26.911 1.194

2 73.167 1.169 33 33.068 1.157 64 26.705 1.196

3 69.228 1.219 34 32.740 1.158 65 26.516 1.197

4 67.301 1.201 35 32.438 1.158 66 26.304 1.196

5 64.696 1.189 36 32.143 1.158 67 26.108 1.197

6 61.228 1.174 37 31.884 1.166 68 25.929 1.197

7 57.524 1.176 38 31.622 1.173 69 25.730 1.198

8 54.033 1.169 39 31.438 1.174 70 25.577 1.198

9 50.787 1.163 40 31.142 1.175 71 25.403 1.200

10 47.851 1.157 41 30.950 1.170 72 25.245 1.201

11 46.373 1.174 42 30.758 1.169 73 25.100 1.202

12 45.401 1.183 43 30.561 1.172 74 24.941 1.204

13 44.503 1.186 44 30.285 1.169 75 24.790 1.205

14 43.815 1.184 45 30.097 1.168 76 24.655 1.206

15 43.074 1.180 46 29.832 1.164 77 24.506 1.208

16 42.321 1.178 47 29.581 1.167 78 24.391 1.207

17 41.586 1.175 48 29.411 1.170 79 24.262 1.208

18 40.953 1.170 49 29.247 1.172 80 24.145 1.212

19 40.524 1.180 50 29.085 1.174 81 24.039 1.215

20 40.256 1.187 51 28.930 1.175 82 23.922 1.218

21 39.756 1.184 52 28.721 1.178 83 23.813 1.221

22 39.144 1.180 53 28.580 1.179 84 23.712 1.224

23 38.462 1.177 54 28.442 1.180 85 23.621 1.227

24 37.778 1.166 55 28.312 1.187 86 23.523 1.230

25 37.174 1.169 56 28.139 1.194 87 23.430 1.237

26 36.663 1.166 57 27.973 1.197 88 23.331 1.243

27 35.986 1.164 58 27.819 1.196 89 23.238 1.247

28 35.317 1.162 59 27.675 1.194 90 23.139 1.250

29 34.688 1.154 60 27.496 1.194 91 23.048 1.251

30 34.197 1.156 61 27.285 1.194 92 22.967 1.252

31 33.786 1.157 62 27.093 1.194
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where

v = (0:2840� 0:1909a) ln(4=� ) + (0:1095+ 0:2206a) ln2(4=� )

+ (0:02888� 0:04269a) ln3(4=� ) + (0:002527+ 0:002623a) ln4(4=� ): (2.89)

Then, the singlequantit y � 1 characterizesthe triplet production for each element.

The approximation given by eq. (2.77) with the �tted value of the screeningradius,
fails at low energieswhere it systematically underestimatesthe total crosssection (it
can even becomenegative). To compensate for this fact we introduce an empirical
correcting term F0(�; Z ), which acts in a way similar to the Coulomb correction. To
facilitate the random sampling, the Bethe-Heitler DCS, eq. (2.77), including this low-
energycorrection and a high-energyradiative correction, is written in the form

d� pp

d�
= r 2

e�Z [Z + � ] Cr
2
3

"

2
� 1

2
� �

� 2

� 1(� ) + � 2(� )

#

; (2.90)

where

� 1(� ) = g1(b) + g0(� )

� 2(� ) = g2(b) + g0(� ) (2.91)

with

g1(b) =
1
2

(3� 1 � � 2) � 4ln(Rmec=�h) =
7
3

� 2ln(1 + b2) � 6barctan(b� 1)

� b2
h
4 � 4barctan(b� 1) � 3ln(1 + b� 2)

i
;

g2(b) =
1
4

(3� 1 + � 2) � 4ln(Rmec=�h) =
11
6

� 2ln(1 + b2) � 3barctan(b� 1)

+
1
2

b2
h
4 � 4barctan(b� 1) � 3ln(1 + b� 2)

i
;

g0(� ) = 4ln(Rmec=�h) � 4f C(Z ) + F0(�; Z ): (2.92)

Cr = 1.0093is the high-energylimit of Mork and Olsen'sradiative correction (Hubbell
et al., 1980).

The correcting factor F0(�; Z ) hasbeendeterminedby requiring that the total cross
sectionfor pair production obtained from the expressiongiven in eq. (2.90) (with � = 0)
coincideswith the total crosssectionsfor pair production in the �eld of the nucleustab-
ulated by Hubbell et al. (1980). By inspection and numerical �tting, we have obtained
the following analytical approximation

F0(�; Z ) = (� 0:1774� 12:10a + 11:18a2)(2=� )1=2

+ (8:523+ 73:26a � 44:41a2)(2=� )

� (13:52+ 121:1a � 96:41a2)(2=� )3=2

+ (8:946+ 62:05a � 63:41a2)(2=� )2: (2.93)
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The functions � 1 and � 2 are now positive except for � -valuesvery near the endpoints
of the allowed interval, given by eq. (2.85), for high atomic number elements. To avoid
inconsistencies,thesefunctions are set equal to zerowhen they take negative values.

The relative di�erences between the total atomic crosssectionsobtained from the
DCSgivenby eq.(2.90)andthe total crosssectionstabulated by Hubbell et al. (1980)are
appreciablenear the threshold [actually, (2.90) shifts the threshold for pair production
to valuesslightly larger than 2mec2], but decreaserapidly with increasingphoton energy.
At E = 3 MeV, the di�erences reduceto 4% and do not exceed2% for energieslarger
than 6 MeV, for almost all the elements. Although thesedi�erences are not important,
they may be larger than the uncertainties in the crosssectionsgiven by Hubbell et al.
(1980). To avoid systematic errors, the mean free paths for pair production used in
penelope are obtained by interpolation in a table generatedwith the xcom program
(Berger and Hubbell, 1987). The Bethe-Heitler DCS is only usedto samplethe kinetic
energiesof the producedpair.

It is alsoworth noting that the Bethe-Heitler theory predicts that the pair-production
DCS, consideredas a function of the electron reducedenergy� , is symmetrical about
� = 1=2 (see �g. 2.9). This dependenceon � is reasonablyaccurate only for photon
energieslarger than � 5 MeV. For lower photon energies,the e�ect of the electrostatic
�eld of the atom (which slows down the electronand acceleratesthe positron) becomes
increasinglyimportant, with the result that the actual DCS becomesasymmetricaland
the meanvalueof � becomeslessthan 1/2 (seee.g.Motz et al., 1969). At theserelatively
low energies,however, pair production is not dominant and, moreover, the produced
particleshaverangesthat aremuch lessthan the meanfreepath of the absorbed photon.
Therefore,no appreciablesimulation errorsareincurred by usingthe Bethe-HeitlerDCS,
eq. (2.90), for energiesdown to the threshold.

2.4.1 Simulation of pair pro duction events

The Bethe-Heitler DCS, eq. (2.90), only dependson the kinetic energyE � = �E � mec2

of the producedelectron,sothat E � canbe directly sampledfrom eq.(2.90); the kinetic
energyof the positron is obtained as E+ = E � E � � 2mec2. Notice that, although the
Bethe-Heitler total atomic crosssectionaccounts for pair and triplet production, all the
events are simulated as if they were pairs. This approximation is justi�ed by the fact
that, in triplet production, the recoiling electronhasa rangethat is much smaller than
the meanfree path of the incident photon.

The electron reducedenergy � is distributed in the interval (� � 1,1 � � � 1), seeeq.
(2.85), accordingto the PDF given by eq. (2.90) (normalization is again irrelevant)

ppp (� ) = 2
� 1

2
� �

� 2

� 1(� ) + � 2(� ); (2.94)

which is symmetrical about the point � = 1=2. Fig. 2.9 shows this PDF for lead and
various photon energies. The following algorithm for sampling � is basedon the fact
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that the functions � 1(� ) and � 2(� ) are non-negative and attain their maximum valuesat
� = 1=2.
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Figure 2.9: Pair production DCS in lead as a function of the electron reduced energy, � =
(E � + mec2)=E. (Adapted from Bar�o et al., 1994a.)

Except for a normalization constant, the PDF (2.94) can be written in the form

ppp (� ) = u1U1(� )� 1(� ) + u2U2(� )� 2(� ) (2.95)

with

u1 =
2
3

� 1
2

�
1
�

� 2

� 1(1=2); u2 = � 2(1=2); (2.96)

� 1(� ) =
3
2

� 1
2

�
1
�

� � 3 � 1
2

� �
� 2

; � 2(� ) =
1
2

� 1
2

�
1
�

� � 1

(2.97)

and
U1(� ) = � 1(� )=� 1(1=2); U2(� ) = � 2(� )=� 2(1=2): (2.98)

The functions � i (� ) are normalized PDFs in the interval (� � 1,1 � � � 1), from which
random valuesof � canbe easilysampledby usingthe inversetransform method. In this
interval, the functions Ui (� ) are positive and lessthan unity, i.e. they are valid rejection
functions. The generationof random valuesof � from the distribution (2.95) can now
be performed by combining the composition and rejection methods (see section 1.2)
accordingto the following algorithm:

(i) Samplea value of the integer i (=1, 2) accordingto the point probabilities

p(1) =
u1

u1 + u2
and p(2) =

u2

u1 + u2
: (2.99)
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(ii) Sample� from � i (� ) using the sampling formulae (inversetransform method, see
section1.2.2)

� =

8
>>><

>>>:

1
2

+
� 1

2
�

1
�

�

(2� � 1)1=3 if i = 1;

1
�

+
� 1

2
�

1
�

�

2� if i = 2:
(2.100)

(iii) Generatea new random number � .

(iv) If � > Ui (� ), go to step (i).

(v) Deliver � .

Notice that the quantit y 2� � 1 may be negative and, therefore,taking its cube root
will lead to a computer error; provision of this fact must be made when programming
the algorithm. The e�ciency of the algorithm is greater than 70%for energiesnear the
threshold, and increaseswith increasingphoton energies. For E = 1 GeV it is of the
order of 95%for all the elements in the periodic table.

Angular distribution of the pro duced particles

Actually, the completeDCS for pair production is a function of the directions of the
pair of particles. As the �nal state involvesthree bodies (the nucleusand the produced
pair), the directionsof the producedparticles cannotbe obtainedfrom only their kinetic
energies.The polar anglesof the directions of movement of the electron and positron
(� � and � + , �g. 2.1) relativeto the direction of the incident photon aresampledfrom the
leading term of the expressionobtained from high-energytheory (Heitler, 1954; Motz
et al., 1969)

p(cos� � ) = a(1 � � � cos� � )� 2 ; (2.101)

wherea is a normalization constant and

� � =

q
E � (E � + 2mec2)

E � + mec2
(2.102)

is the particle velocity in units of the speed of light. Random values of cos� � are
obtained by using the inversetransform method (seesection1.2.2), which leadsto the
sampling formula

cos� � =
2� � 1 + � �

(2� � 1)� � + 1
: (2.103)

As the directions of the producedparticles and the incident photon are not necessarily
coplanar, the azimuthal angles� � and � + of the electronand the positron are sampled
independently and uniformly in the interval (0; 2� ).

It is worth stressingthe fact that the produced chargedparticles have rangesthat
are much smaller than the mean free path of the photons. Moreover, the charged
particles immediately enter a multiple elasticscattering processwhich randomizestheir
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directions of movement. As a consequence,there should be little di�erence between
simulation results obtained with the present method and with exact random sampling
from a more accurateDCS, di�eren tial in the energiesand directions of the generated
particles.

Comp ound materials

Let us considera compound XxYy , in which the moleculesconsist of x atoms of the
element X and y atoms of the element Y. The number of electrons per molecule is
ZM = xZ(X) + yZ(Y) and the molecular weight is AM = xAw(X) + yAw(Y), where
Z(X) and Aw(X) stand for the atomic number and atomic weight of element X.

In the simulation of pair-production events, we could use the molecular DCSs ob-
tained from the additivit y rule. The simulation of each event would then consist of 1)
sampling the atom which participates in the interaction and 2) generating a random
value of the electron reducedenergy � from the corresponding atomic DCS. To save
computer time, penelope generates� by consideringan \equivalent" single element
material of the samemassdensity � as the actual medium, atomic number Zeq and
atomic weight Aeq given by

ZeqAM = ZM Aeq = xZ(X) Aw(X) + yZ(Y) Aw(Y) ; (2.104)

i.e. its atomic number (weight) is the mass-average(Z -average)of the atomic numbers
(weights) of the constituent atoms. The reducedenergyis sampledfrom the DCS of the
element with the atomic number closestto Zeq. Usually, this approximation does not
alter the simulation results appreciablyand permits a considerablesimpli�cation of the
program and a reduction of the simulation time.

2.5 A tten uation coe�cien ts

The photon inverse mean free path for a given mechanism is known as the partial
attenuation coe�cien t of that mechanism. Thus, the partial attenuation coe�cien t for
photoelectric absorption is

� ph = N � ph; (2.105)

where N = NA �=AM is the number of atoms or moleculesper unit volume and � ph is
the atomic or molecularphotoelectric crosssection. The photoelectric massattenuation
coe�cien t is de�ned as � ph=� and, therefore, is independent of the density of the ma-
terial. Analogousde�nitions apply for the other interaction processes.The total mass
attenuation coe�cien t is obtained as

�
�

=
NA

AM
(� Ra + � Co + � ph + � pp) : (2.106)

As mentioned above, penelope usestables of total crosssectionsfor photoelectric
absorption and pair production obtained from the databaseEPDL (Cullen et al., 1997)
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and the program xcom (Berger and Hubbell, 1987), respectively. Photoelectric cross
sectionsfor energiesdi�eren t from those in the tables are calculated by linear log-log
interpolation. Total crosssectionsfor pair production are evaluated by cubic spline
log-log interpolation of the function (1 � 2mec2=E)� 3� pp, which varies slowly with the
photon energy.
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Figure 2.10: Partial and total massattenuation coe�cien ts of water and lead as functions of
the photon energy.

Mean freepaths for coherent and incoherent scatteringarecomputedfrom the DCSs
described in sections2.1 and 2.3. The resulting valuesare virtually identical to those
given by the xcom program for E greater than � 50 keV. At lower energies,our mean
free paths for Compton scattering deviate from thosegiven by xcom; thesewerecalcu-
lated from a di�eren t theoretical model (Hubbell et al., 1975),which neglectsDoppler
broadening(seee.g.Brusa et al., 1996). The evaluation of the total atomic crosssection
for theseprocesses[seeeqs.(2.10) and (2.54)] involvesa numerical quadrature, which is
performedby using the function SUMGA(appendix B). Notice that for high-energypho-
tons, the integrand in the coherent scatteringcrosssection,eq. (2.10), is sharply peaked
at � = 0. In such a case,the numerical integration method is not e�ectiv e. For energies
larger than � Z=2 MeV, we take advantage of the asymptotic behaviour shown by eq.
(2.12) to avoid time-consumingintegration. Partial and total massattenuation coe�-
cients for water and lead, asrepresentativ esof low- and high-Z materials, are displayed
in �g. 2.10.
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2.6 A tomic relaxation

Atoms are primarily ionizedby photon interactionsand by electronor positron impact.
There is a fundamental di�erence betweenthe ionizing e�ects of photonsand of charged
particles. A photon is only able to directly ionize a few atoms. In the caseof pho-
toabsorption, when the photon energyis larger than the K-shell binding energy, about
80% of photoabsorptionsoccur in the K shell, i.e. the resulting ion with a vacancy in
the K shell is highly excited. Incoherent scattering is not as highly preferential, but
still the probabilit y that an inner shell is ionized is nearly proportional to the number
of electrons in the shell. Conversely, fast electronsand positrons (and other charged
particles) ionize many atoms along their paths; the ionizations occur preferentially in
the lesstightly bound atomic shells,or the conduction band in the caseof metals (see
section3.2), so that most of the producedions are only weakly excited.

Excited ions with a vacancyin an inner shell relax to their ground state through a
sequenceof radiativeandnon-radiativetransitions. In a radiativetransition, the vacancy
is �lled by an electron from an outer shell and an x ray with characteristic energy is
emitted. In a non-radiative transition, the vacancy is �lled by an outer electron and
the excessenergyis releasedthrough emissionof an electronfrom a shell that is farther
out (Auger e�ect). Each non-radiative transition generatesan additional vacancythat,
in turn, migrates \out wards". The production of vacanciesin inner shells and their
subsequent relaxation must be simulated in detail, since the energeticx rays and/or
electronsemitted during the processmay transport energy quite a distance from the
excited ion.

Auger

L2
L3
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N2N3
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Figure 2.11: Relative probabilities for radiativ e and non-radiativ e (Auger) transitions that
�ll a vacancy in the K-shell of atoms.
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penelope simulatesthe emissionof characteristicradiation andAuger electronsthat
result from vacanciesproducedin K shellsand L subshellsby photoelectric absorption,
Compton scattering and electron/positron impact (seechapter 3). The relaxation of
thesevacanciesis followed until the K and L shellsare �lled up, i.e. until the vacancies
have migrated to M and outer shells. Vacanciesin theseouter shellsoriginate much less
energeticsecondaryradiation, whosemain e�ect is to spreadout the excitation energy
of the ion within the surrounding material. To get a reliable description of the dose
distribution, and other macroscopictransport characteristics, we only have to follow
secondaryradiation that is able to propagate to distancesof the order of, say, 1% of
the penetration distance (or range) of the primary radiation. Radiation with lower
energydoesnot needto be followed, sinceits only e�ect is to blur the \primary" dose
distribution on a small length scale.

To simplify the description of the ionization processesof outer shells(i.e. photoelec-
tric absorption, Compton scattering and electron/positron impact), we simply assume
that, when ionization occurs in M or outer shells,a secondary(delta) electron is emit-
ted from the parent ion with a kinetic energyEs equal to the energydeposited by the
primary particle,

Edep =

8
>><

>>:

E � E 0 in Compton scattering;
E in photoelectric absorption,
W in electron/positron impact (seechapter 3).

(2.107)

That is, the whole excitation energyof the ion is taken up by the ejectedelectron and
no 
uorescent radiation is simulated. In reality, the emitted electronshave energiesless
than the values(2.107)andcanbefollowedby characteristicx rays, which havemeanfree
paths that are usually much larger than the Bethe range of photoelectrons. By giving
an arti�cially increasedinitial energy to the electron we allow it to transport energy
farther from the ion so as to partially compensatefor the neglect of other radiation
emitted during the de-excitation cascade.

In the caseof ionization of an inner shell i , i.e. a K shell or an L shell, we consider
that the electron is ejectedwith kinetic energy

Es = Edep � Ui ; (2.108)

whereUi is the ionization energyof the activeshell, and that the target atom is left with
a vacancy in shell i . As mentioned above, we consideronly characteristic x-rays and
Auger electronsemitted in the �rst stagesof the relaxation process. Thesesecondary
radiations are assumedto be emitted isotropically from the excited atom. We usethe
following notation to designatethe possibletransitions
� Radiative: S0-S1(an electronfrom the S1shell �lls the vacancyin the S0shell, leaving
a hole in the S1 shell). The consideredradiative transitions (for elements with Z > 18
with the M-shell �lled) are shown in �g. 2.3.
� Non-radiative: S0-S1-S2(an electronfrom the S1shell �lls the vacancyin the S0shell,
and the releasedenergyis taken away by an electron in the S2shell; this processleaves
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two vacancies,in the S1and S2 shells).
Non-radiative transitions of the type LI -LJ -Xq, which involve an electron transition
between two L-subshellsand the ejection of an electron from an outer shell Xq are
known asL-shell Coster-Kronig transitions.

The information furnished to penelope for each element consistsof a table of pos-
sible transitions, transition probabilities and energiesof the emitted x-rays or electrons
for ionized atoms with a singlevacancyin the K-shell or in an L-subshell. Thesedata
are entered through the material de�nition �le. The transition probabilities are ex-
tracted from the LLNL Evaluated Atomic Data Library (Perkins et al., 1991). Fig.
2.11displays transition probabilities for the transitions that �ll a vacancyin the K shell
as functions of the atomic number Z ; the curve labelled \Auger" corresponds to the
totalit y of non-radiative transitions. We seethat for low-Z elements, the relaxation
proceedsmostly through non-radiative transitions. It is worth noting that the ratio of
probabilities of the radiative transitions K-S2 and K-S3 (whereS standsfor L, M or N)
is approximately 1/2, asobtained from the dipoleapproximation (seee.g.Bransdenand
Joachain, 1983);radiative transitions K-S1 are strictly forbidden (to �rst order) within
the dipole approximation.

The energiesof x-rays emitted in radiative transitions are taken from Bearden's
(1967) review and reevaluation of experimental x-ray wavelengths. The energyof the
electronemitted in the non-radiative transition S0-S1-S2is set equal to

Ee = US0 � US1 � US2; (2.109)

whereUSi is the binding energyof an electron in the shell Si of the neutral atom, which
is taken from the penelope database.Theseemissionenergiescorrespond to assuming
that the presenceof the vacancy (or vacancies)does not alter the ionization energies
of the active electron shells,which is an approximation. It should be noted that these
prescriptions are also used to determine the energiesof the emitted radiation at any
stageof the de-excitation cascade,which meansthat we neglectthe possiblerelaxation
of the ion (seee.g. Sevier,1972). Therefore,our approach will not produce L � and L�

x-ray satellite lines; thesearise from the �lling of a vacancyin a doubly-ionizedL-shell
(generatede.g.by a Coster-Kronig transition), which releasesan energythat is slightly
di�eren t from the energyliberated when the shell contains only a singlevacancy. It is
also worth recalling that the adopted transition probabilities are approximate. For K
shellsthey are expectedto be accurateto within oneper cent or so,but for other shells
they are subject to much larger uncertainties. Even the L-shell 
uorescenceyield (the
sum of radiative transition probabilities for an L-shell vacancy) is uncertain by about
20%(seee.g.Hubbell, 1989;Perkins et al., 1991).

The simulation of the relaxation cascadeis performed by subroutine RELAX. The
transition that �lls the initial vacancy is randomly selectedaccording to the adopted
transition probabilities, by using Walker's aliasing method (section 1.2.3). This transi-
tion leavesthe ion with oneor two vacancies.If the energyof the emitted characteristic
x ray or Auger electron is larger than the corresponding absorption energy, the state
variables of the particle are stored in the secondarystack (which contains the initial
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states of all particles produced during the current shower that have not yet beensim-
ulated). The generation of the cascadecontinues by repeating the processfor each
remaining vacancy. It endseither when the K shell and L subshellshave been�lled up
or when there is not enoughenergyto produce \activ e" radiation (with energy larger
than the absorption energy). The excitation energyof the residual ion is assumedto be
deposited locally.

It is important to bear in mind that we are disregardingthe emissionand transport
of soft x-rays and slow electrons.This setsa lower limit to the photon energiesfor which
penelope is applicable. In principle, simulation resultsare expectedto be reliable only
for photons with energieslarger than the ionization energy of the M1 subshellof the
heaviest element present (125 eV for copper, 720eV for silver, 3.4 keV for gold and 5.5
keV for uranium).



Chapter 3

Electron and positron in teractions

In this chapter we consider the interactions of fast electronsand positrons of kinetic
energyE with matter. For the sake of simplicity, westart by assumingthat the particles
move in a single-element medium of atomic number Z and density � , with N atomsper
unit volume. The extension to compounds, and mixtures, is normally done on the
basis of the additivit y approximation, i.e. the molecular DCS is approximated as the
incoherent sum of the atomic DCSsof all the atoms in a molecule.
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Figure 3.1: Basic interactions of electronsand positrons with matter.
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The possible interactions of electrons and positrons with the medium are elastic
scattering, inelastic collisionsand bremsstrahlungemission;positrons can alsoundergo
annihilation, either in 
igh t or at rest. The atomic DCSs adopted in penelope are
de�ned either asanalytical functions or by meansof numerical tables, or asa combina-
tion of both. TheseDCSs,which are su�cien tly accuratefor most practical simulation
purposes,allow fast and accurate random sampling of the individual interactions. It
is worth pointing out that multiple scattering distributions are quite insensitive to the
�ne details of the single scattering DCSs. If the adopted DCSs have a physically rea-
sonableshape, only the values of a few integrals of the DCS have a direct in
uence
on the simulation results (Liljequist, 1987; Fern�andez-Varea et al., 1993b). As a con-
sequence,a general-purposesimulation procedurecan be made fairly simple by using
approximate DCSs with the proviso that they exactly reproduce the correct valuesof
the relevant integrals. The DCSsdescribed below represent a compromisebetweenreli-
abilit y and simplicity; they are simpleenoughto allow the useof fast samplingmethods
and, at the sametime, they are 
exible enoughto account for the relevant featuresof
the interactions.

Owing to the large number of interactions su�ered by a fast electron or positron
beforecoming to rest, detailed simulation is unfeasibleat high energies.In penelope
we overcomethis practical di�cult y by usinga mixed simulation procedure(seechapter
4) instead of the habitual condensedsimulation schemesadopted in other high-energy
simulation codes|e.g. etran (Berger and Seltzer,1988), its3 (Halbleib et al., 1992),
egs4 (Nelson et al., 1985), geant3 (Brun et al., 1986). The formulation of mixed
simulation is complicatedby the fact that the samplingof hard interactionsis donefrom
restricted DCSs, with cuto�s that vary with the particle energyduring the evolution
of a track. This limits the complexity of the DCSs that can be e�cien tly used in a
simulation code.

3.1 Elastic collisions

In this sectionweconsiderthe theoretical descriptionof elasticcollisionsof electronsand
positronswith isolatedneutral atomsof atomic number Z at rest. By de�nition, elastic
interactions are those in which the initial and �nal quantum states of the target atom
are the same,normally the groundstate. The angularde
ections of electrontra jectories
in matter are mainly (but not completely) due to elastic scattering. Notice that there
is a certain energytransfer from the projectile to the target, which causesthe recoil of
the latter (seesectionA.1.1). Becauseof the largemassof the target (� 3600Zme), the
averageenergylost by the projectile is a very small fraction of its initial energy(a few
meV for scattering of 30 keV electron by aluminium atoms) and is usually neglected,
which is equivalent to assumingthat the target hasan in�nite massand doesnot recoil.

For a wide energyrange(say from a few hundredeV to � 1 GeV), elastic interactions
can be described as scattering of the projectile by the electrostatic �eld of the target
(Mott and Massey, 1965). The charge distribution of the target atom consistsof the
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nucleusand the electron cloud. The density of atomic electrons� (r ) can be calculated
by using available Hartree-Fock codes (e.g. the one of Desclaux, 1975). For atoms
with closedshell con�gurations, the electrondistribution is sphericallysymmetrical; for
atoms with open shells,we assumethat an averageover directions is performedto give
a sphericaldensity � (r ). To account for the e�ect of the �nite sizeof the nucleuson the
elastic DCS (which is appreciableonly for projectiles with energyE larger than a few
MeV), we can represent the nucleusas a uniformly chargedsphereof radius

Rnuc = 1:05� 10� 15A1=3
w m; (3.1)

whereAw is the atomic mass(in g/mol). The electrostatic potential of the target atom
is

' (r ) = ' nuc(r ) � e4�
� 1

r

Z r

0
� (r 0)r 02 dr 0+

Z 1

r
� (r 0)r 0dr 0

�

; (3.2)

where

' nuc(r ) =

8
>>>><

>>>>:

1
2

Ze
Rnuc

"

3 �
� r

Rnuc

� 2
#

if r � Rnuc,

Ze
r

if r > Rnuc

(3.3)

is the potential of the nucleus.

Within the static-�eld approximation (Mott and Massey, 1965;Walker, 1971), the
DCS for elastic scattering of electronsor positrons is obtained by solving the partial-
wave expandedDirac equation for the motion of the projectile in the �eld of the target
atom. The interaction energyis given by

V(r ) = z0e' (r ) + Vex(r ); (3.4)

wherez0 is the chargeof the projectile in units of e (� 1 for electrons,+1 for positrons).
The term Vex(r ), which applies only for electrons,represents a local approximation to
the exchangeinteraction betweenthe projectile and the atomic electrons(seee.g.Salvat,
1998). We shall limit our considerationsto the caseof spin unpolarized projectiles, i.e.
their spin is randomly oriented. Then, the e�ect of elastic interactionscan be described
as a de
ection of the projectile tra jectory, characterizedby the polar and azimuthal
scatteringangles� and � . For a central �eld, the angular distribution of singly scattered
electronsis axially symmetric about the direction of incidence, i.e. independent of � .
The DCS (per unit solid angle) for elastic scattering of a projectile with kinetic energy
E into the solid angleelement d
 about the direction (� ; � ) is given by (Walker, 1971)

d� el

d

= jf (� )j2 + jg(� )j2; (3.5)

where

f (� ) =
1

2ik

1X

`=0

f (` + 1) [exp(2i� `+ ) � 1] + ` [exp(2i� ` � ) � 1]gP` (cos� );

g(� ) =
1

2ik

1X

`=0

f exp(2i� ` � ) � exp(2i� `+ )gP1
` (cos� ) (3.6)
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are the direct and spin-
ip scattering amplitudes, respectively.

k �
p
�h

=
1
�hc

h
E(E + 2mec2)

i 1=2
(3.7)

is the wave number of the projectile, P` (cos� ) are Legendrepolynomials, P1
` (cos� ) are

associated Legendrefunctions and � ` � are the phaseshifts. Theseare determinedfrom
the asymptotic behaviour of the Dirac radial functions for larger (Walker, 1971). Thus,
to determineeach phaseshift we must solve the radial Dirac equationsfor the potential
V(r ). The convergenceof the partial-waveseries(3.6) slowsdown whenthe energyof the
projectile increases.This makesthe calculation di�cult for energieslarger than a few
MeV (in the caseof scattering by gold atoms, about 10,000phaseshifts are required at
E = 10 MeV). The partial-wave DCS, eq. (3.5), rigourously accounts for spin and other
relativistic e�ects, as well as �nite nuclear size e�ects. A computer code to calculate
elastic scattering crosssectionsby this method hasbeenwritten by Salvat (2000).

Single elastic collisions are determined by the values of the polar and azimuthal
scattering angles,� and � , respectively. Owing to the assumedsphericalsymmetry of
the scattering centres, single and multiple scattering angular distributions are axially
symmetrical about the direction of incidence,i.e. they are independent of the azimuthal
scattering angle � . For simulation purposes,it is convenient to measurepolar angular
de
ections producedby singlescattering events in terms of the variable [seeeq. (1.61)]

� = (1 � cos� )=2 (3.8)

instead of the scattering angle � . Notice that � varies from 0 (forward scattering) to 1
(backward scattering). The DCS per unit angular de
ection is

d� el

d�
= 4�

d� el

d

: (3.9)

Fig. 3.2 displays DCSs for elastic scattering of electronsand positrons of various en-
ergiesby aluminium and gold atoms. Thesenumerical results illustrate the variation
of the DCS with the atomic number Z , the chargeof the projectile and the energyE.
Since the interaction V(r ) is attractiv e for electronsand repulsive for positrons, the
scattering is more intensefor electrons(which can fall deeply into the potential well of
the atom) than for positrons (which are repelled from the nucleusand cannot \see" the
inner part of the atom). The DCS for low-energyelectronsexhibits a di�raction-lik e
structure, while the DCS for positrons decreasesmonotonouslywith the de
ection � .
The Born approximation (seee.g.Mott and Massey, 1965)predicts a structurelessDCS
that decreaseswith � and is proportional to the squaredchargeof the projectile (i.e. the
samefor electronsand positrons). This approximation considersthe scattering �eld asa
perturbation (to �rst order) and, hence,it is valid only for weak�elds (low-Z elements).
The di�erence betweenthe (partial wave) DCSsfor electronsand positronsgivesa clear
indication of the applicabilit y of the Born approximation.

The total elastic crosssectionis given by

� el =
Z d� el

d

d
 =

Z d� el

d�
d�: (3.10)
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Figure 3.2: DCS for elastic scattering of electrons and positrons by aluminium and gold
atoms as a function of the de
ection � = (1 � cos� )=2. Notice the changefrom logarithmic to
linear scaleat � = 0:05.
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Notice that we can write
d� el

d�
= � el pel(� ); (3.11)

where pel(� ) is the normalized PDF of � in a single collision. The mean free path
betweenconsecutive elastic events in a homogeneoussingle-element medium is

� el = 1=(N � el); (3.12)

whereN is the number of atoms per unit volume.

Other important quantities (seesection4.1) are the transport crosssections1

� el;` �
Z

[1 � P` (cos� )]
d� el

d

d
 : (3.13)

The `-th transport meanfree path is de�ned by

� el;` � 1=(N � el;` ): (3.14)

The �rst and secondtransport crosssections,� el;1 and � el;2, are given by

� el;1 =
Z

(1 � cos� )
d� el

d

d
 = 2� el

Z 1

0
�p el(� ) d� = 2� el h� i (3.15)

and

� el;2 =
Z 3

2
(1� cos2 � )

d� el

d

d
 = 6� el

Z 1

0
(� � � 2)pel(� ) d� = 6� el

�
h� i � h� 2i

�
; (3.16)

where h�� �i indicates the averagevalue in a single collision. The quantities � el;1 and
� el;2, eq. (3.14), determine the �rst and secondmoments of the multiple scattering
distributions (seesection4.1). The inverseof the �rst transport meanfree path,

� � 1
el;1 = N � el;1 =

2
� el

h� i ; (3.17)

givesa measureof the averageangular de
ection per unit path length. By analogywith
the \stopping power", which is de�ned as the mean energy loss per unit path length
(seesection3.2.3), the quantit y 2� � 1

el;1 is sometimescalled the \scattering power"2.

Fig. 3.3 shows elastic mean free paths and transport mean free paths for electrons
in aluminium and gold. At low energies,the di�erences betweenthe DCS of the two
elements (see�g. 3.2) produce very visible di�erences betweenthe transport meanfree

1The Legendrepolynomials of lowest orders are

P0(x) = 1; P1(x) = x; P2(x) =
1
2

(3x2 � 1):

2At high energies,where the scattering is concentrated at very small angles, h� i ' h� 2 i =4 and
� � 1

el;1 ' h� 2 i =(2� el).
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paths. When E increases,the DCS becomesstrongly peaked in the forward direction
and h� 2i becomesmuch smaller than h� i . In the high-energylimit, � el;2 ' 3� el;1 (� el;2 '
� el;1=3). The total crosssection, / 1=(�� el), decreasesmonotonouslywith E to reach a
constant value at high energies.This saturation is a relativistic e�ect: the total cross
section measuresthe interaction probabilit y, which is proportional to the time spent
by the projectile within the region where the scattering �eld is appreciable. This time
is determinedby the speedof the projectile, which approachesc from below when the
projectile energyincreases.In the non-relativistic theory, the speedvn:r: = (2E=me)1=2

increaseswithout limit with E and the calculated non-relativistic total crosssection
tends to zeroat high energies.
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Figure 3.3: Elastic mean free path, � el, and �rst and secondtransport mean free paths, � el;1

and � el;2, for electrons scattered in aluminium and gold as functions of the kinetic energy of
the projectile.

3.1.1 The mo di�ed Wentzel (MW) mo del

Although it is possibleto do Monte Carlo simulation of electron and positron trans-
port using numerical partial-wave DCSs (Benedito et al., 2001), this procedure is too
laborious to be adopted as the basisof a simulation code for generalpurposes(mostly
becauseof the largevolumeof requirednumerical information). It is moreconvenient to
usesuitableanalytical approximate DCSsthat may di�er in detail from the partial-wave
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DCSs but lead to nearly the samemultiple scattering distributions. In penelope we
usea model in which the DCS is expressedas

d� (MW)
el

d�
= � el pMW (� ): (3.18)

The singlescattering distribution pMW (� ) is de�ned by a simple analytical expression,
with a physically plausible form, depending on two adjustable parameters. Thesepa-
rametersare determined in such a way that the valuesof h� i and h� 2i obtained from
pMW (� ) are equal to thoseof the actual (partial-wave) DCS:

h� i MW �
Z 1

0
�p MW (� ) d� = h� i =

1
2

� el;1

� el
(3.19)

and
h� 2i MW �

Z 1

0
� 2pMW (� ) d� = h� 2i =

1
2

� el;1

� el
�

1
6

� el;2

� el
: (3.20)

Thus, the MW model will give the samemeanfree path and the same�rst and second
transport mean free paths as the partial-wave DCS. As a consequence(see chapter
4), detailed simulations using this model will yield multiple scattering distributions
that do not di�er signi�cantly from those obtained from the partial wave DCS, quite
irrespectively of other details of the \arti�cial" distribution pMW (� ).

To set the distribution pMW (� ), we start from the Wentzel (1927) angular distribu-
tion,

pW ;A 0 (� ) �
A0(1 + A0)
(� + A0)2

; (A0 > 0) (3.21)

which describes the scattering by an exponentially screenedCoulomb �eld within the
Born approximation (seee.g.Mott and Massey, 1965), that is, it provides a physically
plausible angular distribution, at least for light elements or high-energyprojectiles. It
is alsoworth mentioning that the multiple scattering theory of Moli �ere(1947,1948)can
be derivedby assumingthat electronsscatter accordingto the Wentzel distribution (see
Fern�andez-Vareaet al., 1993b). The �rst moments of the Wentzel distribution are

h� i W ;A 0 =
Z 1

0
�

A0(1 + A0)
(� + A0)2 d� = A0

�

(1 + A0) ln
� 1 + A0

A0

�

� 1
�

(3.22)

and

h� 2i W ;A 0 =
Z 1

0
� 2 A0(1 + A0)

(� + A0)2 d� = A0 [1 � 2h� i W ;A 0 ] : (3.23)

Let usde�ne the valueof the screeningconstant A0 sothat h� i W ;A 0 = h� i . The value
of A0 can be easily calculated by solving eq. (3.22) numerically, e.g. by the Newton-
Raphsonmethod. Usually, we shall have h� 2i W ;A 0 6= h� 2i . At low energies,the Wentzel
distribution that givesthe correct averagede
ection is too \narrow" [h� 2i W ;A 0 < h� 2i
for both electronsand positronsand for all the elements]. At high energies,the angular
distribution is strongly peaked in the forward direction and the Wentzel distribution
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becomestoo \wide". This suggestsusing a modi�ed Wentzel (MW) model obtained by
combining a Wentzel distribution with a simpledistribution, which takesdi�eren t forms
in thesetwo cases,
� CaseI. If h� 2i W ;A 0 > h� 2i (the Wentzel distribution is too wide), we take pMW (� ) asa
statistical admixture of the Wentzel distribution and a delta distribution (a zero-width,
�xed scattering angleprocess)

pMW ;I (� ) = (1 � B ) pW ;A (� ) + B � (� � h� i ) (3.24)

with

A = A0 and B =
h� 2i W ;A � h� 2i
h� 2i W ;A � h� i 2

: (3.25)

Notice that in this casewe usually have h� i � 1, so that the delta distribution is at
very small angles. Although we have introduceda discretepeak in the DCS, its e�ect
is smearedout by the successive collisions and not visible in the multiple scattering
angular distributions.
� CaseI I. If h� 2i W ;A 0 < h� 2i (the Wentzel distribution is too narrow), weexpresspMW (� )
asa statistical admixture of a Wentzel distribution (with A not necessarilyequal to A0)
and a triangle distribution in the interval (1/2,1),

pMW ;I I (� ) = (1 � B ) pW ;A (� ) + B 8(� � 1=2) � (� � 1=2) : (3.26)

The parametersA and B are obtained from the conditions (3.19) and (3.20), which give

(1 � B ) h� i W ;A + B
5
6

= h� i

(1 � B ) h� 2i W ;A + B
17
24

= h� 2i : (3.27)

From the �rst of theseequations,

B =
h� i � h� i W ;A

(5=6) � h� i W ;A
: (3.28)

Inserting this value in the secondof eqs.(3.27), we obtain

� 17
24

� h� 2i
�

h� i W ;A �
� 5

6
� h� i

�

h� 2i W ;A =
17
24

h� i �
5
6

h� 2i : (3.29)

For all situations of interest, this equationhasa singleroot A in the interval (0; A0) and
can be easily solved by meansof a bipartition procedure. The value of B given by eq.
(3.28) is then positive and lessthan unity, as required.

In �g. 3.4we comparepartial-waveDCSsand MW model DCSsfor elasticscattering
of electronsof various energiesby gold atoms. The consideredenergiescorrespond to
the case-II MW model [so that the distribution pMW (� ) is continuous]. We seethat
the MW model does imitate the partial wave DCSs,but the di�erences are signi�cant.
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Figure 3.4: Partial-w ave and MW model DCSs for elastic scattering of electrons by gold
atoms.

Nevertheless,the important fact hereis that both DCSsgive exactly the samevaluesof
� el, h� i and h� 2i .

The information neededto determinethe parametersof the MW model reducesto the
characteristic functions � el(E), � el;1(E) and � el;2(E). penelope readsthesefunctions
from a precalculateddatabasefor electronsand positrons, for the elements Z = 1{92
and for a grid of energiesthat is denseenough to permit accurate cubic spline log-
log interpolation. This elastic scattering databasewas generatedby using the partial-
wave code of Salvat (2000); the atomic electrondensitieswereobtained from the Dirac-
Hartree-Fock code of Desclaux(1975), which correspond to free atoms. Beforestarting
the simulation, penelope evaluatesa table of the parametersA and B , and storesit in
the computer memory. Instead of B , penelope tabulates the quantit y B 0 = + B (case
I) and B 0 = � B (caseI I); this avoids the needto specify the case,which canbe inferred
from the sign of B 0. It is worth noting that A and B 0 are continuousfunctions of energy
and, therefore,can be rapidly evaluated, for any energy, by interpolation in the stored
table. In caseI, h� i concideswith h� i W ;A , which is determined by A, eq. (3.22). Fig.
3.5 displays the MW model parametersfor aluminium and gold, as representativ e of
low- and high-Z elements. Notice that at high energies,wherethe caseI model applies,
the strength of the delta contribution increasesrapidly with energy, indicating that the
partial-wave DCS is much narrower than the Wentzel distribution.

The MW model is directly applicable to compounds (and mixtures) by using the
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Figure 3.5: Parameters of the MW model for scattering of electrons and positrons by alu-
minium and gold atoms. The scaleof the energyaxesis logarithmic.

appropriate values of the total crosssection and the �rst and secondtransport cross
sections.In penelope , theseare calculatedfrom atomic total and transport crosssec-
tions by meansof the additivit y approximation (incoherent sumof scatteredintensities).
This amounts to neglectingchemicalbinding e�ects. A more accurateapproach, which
yields a good estimate of thesee�ects, is provided by the following independent-atom
approximation (Walker, 1968;Yates,1968). Assumethat the interaction of the projec-
tile with each atom is still given by the free-atomstatic potential (3.4). The molecular
DCS may then be evaluated by adding the waves(not the currents) scatteredfrom the
various atoms in the moleculeand averagingover molecularorientations. The resulting
DCS is given by

d� el

d

=

X

i;j

sin(qaij =�h)
qaij =�h

h
f i (� )f �

j (� ) + gi (� )g�
j (� )

i
; (3.30)

where q = 2�hk sin(� =2) is the momentum transfer, aij is the distance between the
atoms i and j and f i , gi are the scattering amplitudes, eq. (3.6), for the atom i . It
hasbeenclaimed that DCSsobtained from this formulation agreewith experiments to
within � 2% (Walker, 1968; Yates, 1968). DCSs for scattering of 100 eV and 2.5 keV
electronsin water vapour, obtained from the simple additivit y rule and computed from
eq.(3.30), arecomparedin �g. 3.6. It is seenthat, for energiesabove a fewkeV, chemical
binding causesa slight distortion of the DCS at small angles,and a slight rippling for
intermediate angles.Therefore, the useof the additivit y approximation (i.e. neglecting
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chemicalbinding e�ects) in Monte Carlo simulation at theseenergiesis justi�ed.
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Figure 3.6: DCSs for elastic scattering of electrons by water molecules,calculated as the
coherent sum of scatteredwaves,eq. (3.30), and from the additivit y approximation (incoherent
sum).

3.1.2 Simulation of single elastic events with the MW mo del

As mentioned above, the angulardistribution in singleelasticevents is axially symmetri-
cal about the direction of incidence.Hence,the azimuthal scatteringangle� is sampled
uniformly in the interval (0; 2� ) using the sampling formula � = 2� � . In detailed sim-
ulations, � is sampledin the whole interval (0,1). However, we shall also make useof
the MW model for mixed simulation (seechapter 4), in which only hard events, with
de
ection � larger than a given cuto� value � c, are sampledindividually . In this section
we describe analytical (i.e. exact) methods for random sampling of � in the restricted
interval (� c; 1).

� CaseI. The cumulative distribution function of pMW ;I (� ) is

PMW ;I (� ) �
Z �

0
pMW ;I (� 0) d� 0 =

8
>>>><

>>>>:

(1 � B )
(1 + A)�

A + �
if 0 � � < h� i ,

B + (1 � B )
(1 + A)�

A + �
if h� i � � � 1.

(3.31)

Owing to the analytical simplicity of this function, the random sampling of � can be
performedby usingthe inversetransform method (section1.2.2). The samplingequation
for � in (0,1) reads

� = P � 1
MW ;I (� ); (3.32)
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whereP � 1
MW ;I (� ) is the inverseof the cumulative distribution function, which is given by

P � 1
MW ;I (� ) =

8
>>>>>>>><

>>>>>>>>:

� A
(1 � B )(1 + A) � �

if 0 � � < � 0,

h� i if � 0 � � < � 0 + B,

(� � B )A
(1 � B )(1 + A) � (� � B )

if � 0 + B � � � 1,

(3.33)

with

� 0 = (1 � B )
(1 + A)h� i

A + h� i
: (3.34)

To sample � in the restricted interval (� c,1), we can still use the inverse transform
method, eq. (3.32), but with the random number � sampleduniformly in the interval
(� c,1) with

� c = PMW ;I (� c): (3.35)

� CaseI I. The cumulative distribution function is

PMW ;I I (� ) �
Z �

0
pMW ;I I (� 0) d� 0

=

8
>>>><

>>>>:

(1 � B )
(1 + A)�

A + �
if 0 � � < 1

2,

(1 � B )
(1 + A)�

A + �
+ B 4

�

� 2 � � +
1
4

�

if 1
2 � � � 1.

(3.36)

In principle, to sample � in (0,1), we can adopt the inversetransform method. The
samplingequation

� = PMW ;I I (� ) (3.37)

can be cast in the form of a cubic equation. This equationcanbe solved either by using
the analytical solution formulasfor the cubicequation,which aresomewhatcomplicated,
or numerically, e.g. by the Newton-Raphsonmethod. We employ this last procedure
to determine the cuto� de
ection (seesection 4.1) for mixed simulation. To sample�
in the restricted interval (� c,1) we use the composition method, which is easierthan
solving eq. (3.37). Notice that the samplingfrom the (restricted) Wentzel and from the
triangle distributions can be performedanalytically by the inversetransform method.

3.2 Inelastic collisions

The dominant energylossmechanismsfor electronsand positronswith intermediateand
low energiesare inelastic collisions, i.e. interactions that produce electronicexcitations
and ionizations in the medium. The quantum theory of inelastic collisionsof charged
particleswith individual atomsand moleculeswas�rst formulated by Bethe(1930,1932)
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on the basisof the �rst-order (plane-wave) Born approximation. The extensionof the
theory to inelastic collisionsin condensedmaterials hasbeendiscussedby Fano (1963).
The formal aspectsof the quantum theory for condensedmatter are quite complicated.
Fortunately, the resultsareessentially equivalent to thosefrom classicaldielectric theory.

The e�ect of individual inelastic collisions on the projectile is completely speci�ed
by giving the energy loss W and the polar and azimuthal scattering angles� and � ,
respectively. For amorphousmedia with randomly oriented atoms (or molecules),the
DCS for inelastic collisionsis independent of the azimuthal scattering angle� . Instead
of the polar scatteringangle� , it is convenient to usethe recoil energyQ [seeeqs.(A.29)
and (A.30)], de�ned by

Q(Q + 2mec2) = (cq)2: (3.38)

The quantit y q is the magnitude of the momentum transfer q � p � p0, wherep and p0

are the linear momenta of the projectile beforeand after the collision. Notice that Q is
the kinetic energyof an electron that moveswith a linear momentum equal to q.

Let us �rst considerthe inelastic interactions of electronsor positrons (z2
0 = 1) with

an isolated atom (or molecule) containing Z electrons in its ground state. The DCS
for collisions with energy loss W and recoil energy Q, obtained from the �rst Born
approximation, can be written in the form (Fano, 1963)

d2� in

dW dQ
=

2� z2
0e4

mev2

 
2mec2

WQ(Q + 2mec2)
+

� 2 sin2 � rW2mec2

[Q(Q + 2mec2) � W 2]2

!
df (Q; W)

dW
; (3.39)

where v = � c is the velocity of the projectile. � r is the angle between the initial
momentum of the projectile and the momentum transfer, which is given by eq. (A.42),

cos2 � r =
W 2=� 2

Q(Q + 2mec2)

 

1 +
Q(Q + 2mec2) � W 2

2W(E + mec2)

! 2

: (3.40)

The result (3.39) is obtained in the Coulomb gauge(Fano, 1963);the two terms on the
right-hand sideare the contributions from interactions through the instantaneous(lon-
gitudinal) Coulomb �eld and through the exchangeof virtual photons(transverse�eld),
respectively. The factor df (Q; W)=dW is the atomic generalizedoscillator strength
(GOS), which completelydeterminesthe e�ect of inelastic interactionson the projectile,
within the Born approximation. Notice, however, that knowledgeof the GOS doesnot
su�ce to describe the energyspectrum and angular distribution of secondaryknock-on
electrons(delta rays).

The GOS can be represented asa surfaceover the (Q; W) plane, which is called the
Bethesurface(seeInokuti, 1971;Inokuti et al., 1978). Unfortunately, the GOSis known
in analytical form only for two simplesystems,namely, the (non-relativistic) hydrogenic
ions(see�g. 3.7)and the free-electrongas. Evenin thesecases,the analytical expressions
of the GOSsare too complicatedfor simulation purposes.For ionization of inner shells,
the GOScanbe computednumerically from �rst principles (seee.g.Manson,1972),but
using GOSsde�ned through extensive numerical tables is impractical for Monte Carlo
simulation. Fortunately, the physicsof inelastic collisionsis largely determinedby a few
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global featuresof the Bethe surface.Relatively simple GOS modelscan be devisedthat
are consistent with thesefeaturesand, therefore, lead to a fairly realistic description of
inelastic interactions (seee.g.Salvat and Fern�andez-Varea,1992).
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Figure 3.7: The GOS for ionization of the hydrogen atom (Z = 1) in the ground state.
All energiesare in units of the ionization energy Ui = 13:6 eV. The GOS for ionization of
(non-relativistic) hydrogenic ions is independent of Z if energiesare expressedin units of the
ionization energy.

As mentioned above, the \atomic" DCS for inelastic interactions in densemedia
can be obtained from a semiclassicaltreatment in which the medium is consideredas
a dielectric, characterizedby a complex dielectric function � (k; ! ), which depends on
the wave number k and the frequency! . In the classicalpicture, the (external) electric
�eld of the projectile polarizes the medium producing an induced electric �eld that
causesthe slowing down of the projectile. The dielectric function relates the Fourier
components of the total (external+induced) and the external electric potentials. It is
convenient to interpret the quantities q = �hk and W = �h! asthe momentum and energy
transfers and considerthat the dielectric function dependson the variablesQ [de�ned
by eq. (3.38)] and W. The DCSsobtained from the dielectric and quantum treatments
are consistent (i.e. the former reducesto the latter for a low-density medium) if one
assumesthe identit y

df (Q; W)
dW

� W
Q + mec2

mec2

2Z
� 
 2

p
Im

 
� 1

� (Q; W)

!

; (3.41)

where 
 p is the plasma energyof a free-electrongas with the electron density of the
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medium, given by

 2

p = 4� N Z �h2e2=me: (3.42)

Eq. (3.41) establishesthe connectionbetweenthe atomic GOS(a property of individual
atoms) and the dielectric function (a macroscopicconcept). The DCS for the condensed
medium can be expressedin the form [cf. eq. (3.39)],

d2� in

dW dQ
=

2� z2
0e4

mev2

df (Q; W)
dW

 
2mec2

WQ(Q + 2mec2)

+

(
� 2 sin2 � rW2mec2

[Q(Q + 2mec2) � W 2]2
� D(Q; W)

) !

; (3.43)

wherethe term D(Q; W), which is appreciableonly for smallQ, accounts for the so-called
density-e�ect correction(Sternheimer,1952). The origin of this term is the polarizabilit y
of the medium,which \screens"the distant transverseinteraction causinga net reduction
of its contribution to the stopping power. The density-e�ect correction D(Q; W) is
determined by the dielectric function that, in turn, is related to the GOS. Thus, the
GOS contains all the information neededto compute the DCS for electron/positron
inelastic interactions in condensedmedia.

In the limit of very large recoil energies,the binding and momentum distribution
of the target electronshave a small e�ect on the interaction. Therefore, in the large-
Q region, the target electronsbehave as if they were essentially free and at rest and,
consequently, the GOS reducesto a ridge along the line W = Q, which was namedthe
Bethe ridge by Inokuti (1971). In the caseof hydrogenic ions in the ground state, �g.
3.7, the Bethe ridge becomesclearly visible at relatively small recoil energies,of the
order of the ionization energyUi . For smaller Q's, the structure of the Bethe surface
is characteristic of the material. In the limit Q ! 0, the GOS reducesto the optical
oscillator strength (OOS),

df (W)
dW

�
df (Q = 0; W)

dW
; (3.44)

which is closelyrelated to the (dipole) photoelectric crosssectionfor photonsof energy
W (Fano, 1963). Experimental information on the OOS is provided by measurements
of either photoelectric crosssectionsor dielectric functions (seee.g.Fern�andez-Vareaet
al., 1993a). The GOS satis�es the Bethe sum rule (Inokuti, 1971)

Z 1

0

df (Q; W)
dW

dW = Z for any Q. (3.45)

This sum rule, which is a result from non-relativistic theory (seee.g.Mott and Massey,
1965), is assumedto be generallysatis�ed. It leadsto the interpretation of the GOS as
the e�ectiv enumber of electronsper unit energytransfer that participate in interactions
with given recoil energy Q. The mean excitation energy I , de�ned by (Fano, 1963;
Inokuti, 1971)

Z ln I =
Z 1

0
ln W

df (W)
dW

dW; (3.46)
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plays a central role in the Bethe stopping power formula [eq. (3.103) below]. This
quantit y has beendetermined empirically for a large number of materials (seeBerger
and Seltzer,1982,and referencestherein) from measurements of the stopping power of
heavy charged particles and/or from experimental optical dielectric functions. In the
following, we shall assumethat the meanexcitation energyof the stopping medium is
known.

3.2.1 GOS mo del

The simulation of inelastic collisions of electronsand positrons in penelope is per-
formed on the basisof the following GOS model, which is tailored to allow fast random
samplingof W and Q. We assumethat the GOS splits into contributions from the dif-
ferent atomic electron shells. Each atomic shell k is characterizedby the number Zk of
electronsin the shell and the ionization energyUk . To model the contribution of a shell
to the GOS,we refer to the exampleof the hydrogenatom (�g. 3.7) and observe that for
Q > Uk the GOS reducesto the Bethe ridge, whereasfor Q < Uk it is nearly constant
with Q and decreasesrapidly with W; a large fraction of the OOS concentrates in a
relatively narrow W-interval. Considerationof other well-known systems,such as inner
shellsof heavy atoms(Manson,1972)and the free-electrongas(Lindhard and Winther,
1964),shows that thesegrossfeaturesof the GOS are universal. Liljequist (1983) pro-
posedmodelling the GOS of each atomic electronshell as a single\ � -oscillator", which
is an entit y with a simple GOS given by (see�g. 3.8)

F (Wk ; Q; W) = � (W � Wk)�( Wk � Q) + � (W � Q)�( Q � Wk); (3.47)

where � (x) is the Dirac delta function and �( x) is the step function. The �rst term
represents resonant low-Q (distant) interactions, which are described as a single reso-
nanceat the energyWk . The secondterm corresponds to large-Q (close) interactions,
in which the target electronsreact as if they were free and at rest (W = Q). Notice
that the oscillator GOS satis�es the sum rule

Z 1

0
F (Wk ; Q; W) dW = 1 for any Q (3.48)

and, consequently, a � -oscillator correspondsto oneelectronin the target. The Liljequist
GOS model for the whole atom is given by

df (Q; W)
dW

=
X

k

f k [� (W � Wk)�( Wk � Q) + � (W � Q)�( Q � Wk )] : (3.49)

where the summation in k extendsover all bound electron shells (and the conduction
band, in the caseof conductors)and the partial oscillator strength f k is identi�ed with
the number of electronsin the k-th shell, i.e. f k = Zk . The corresponding OOS reduces
to

df (W)
dW

=
X

k

f k � (W � Wk); (3.50)
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which hasthe sameform (a superposition of resonances)asthe OOSusedby Sternheimer
(1952) in his calculations of the density e�ect correction. In order to reproduce the
high-energystopping power given by the Bethe formula (Berger and Seltzer,1982),the
oscillator strengths must satisfy the Bethe sum rule (3.45),

X

k
f k = Z; (3.51)

and the excitation energiesmust be de�ned in such a way that the GOS model leads,
through eq. (3.46), to the acceptedvalue of the meanexcitation energyI ,

X

k
f k ln Wk = Z ln I : (3.52)

As the partial oscillator strength f k hasbeenset equalto the number of electronsin the
k-th shell, the Bethe sum rule is automatically satis�ed.
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Figure 3.8: Oscillator model for the GOS of an inner shell with Uk = 2 keV. The contin uous
curve represents the maximum allowed energy lossas a function of the recoil energy, Wm(Q),
for electrons/positrons with E = 10 keV. For distant interactions the possiblerecoil energieslie
in the interval from Q� to Wk . Recoil energieslarger than Wk correspond to closeinteractions.
The largest allowed energy lossWmax is E =2 for electronsand E for positrons (seetext).

The largest contribution to the total crosssection arisesfrom low-W (soft) excita-
tions. Therefore, the total crosssection is mostly determined by the OOS of weakly
bound electrons,which is strongly dependent on the state of aggregation. In the case
of conductorsand semiconductors,electronsin the outermost shells form the conduc-
tion band (cb). Theseelectronscan move quite freely through the medium and, hence,
their binding energyis set to zero,Ucb = 0. Excitations of the conduction band will be
described by a singleoscillator, with oscillator strength f cb and resonanceenergyWcb.
Theseparametersshould be identi�ed with the e�ectiv e number of electrons(per atom
or molecule) that participate in plasmon excitations and the plasmon energy, respec-
tiv ely. They can be estimated e.g. from electron energy-lossspectra or from measured
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optical data. When this information is not available, we will simply �x the value of f cb

(as the number of electronswith ionization energieslessthan, say, 15 eV) and set the
resonanceenergyWcb equal to the plasmonenergyof a free-electrongaswith the same
density as that of conduction electrons,

Wcb =
q

4� N f cb�h2e2=me =

s
f cb

Z

 p: (3.53)

This gives a fairly realistic model for free-electron-like metals (such as aluminium),
becausethe resonanceenergy is set equal to the plasmon energy of the free-electron
gas (see e.g. Kittel, 1976). A similar prescription, with f cb set equal to the lowest
chemicalvalenceof an element, wasadoptedby Sternheimeret al. (1982,1984)in their
calculationsof the density e�ect correction for single-element metals.

Following Sternheimer (1952), the resonanceenergy of a bound-shell oscillator is
expressedas

Wj =

s

(aUj )2 +
2
3

f j

Z

 2

p; (3.54)

where Uj is the ionization energy and 
 p is the plasma energy corresponding to the
total electrondensity in the material, eq. (3.42). The term 2f j 
 2

p=3Z under the square
root accounts for the Lorentz-Lorenz correction (the resonanceenergiesof a condensed
medium di�er from those of a free atom/molecule. The empirical adjustment factor a
in eq. (3.54) (the samefor all bound shells)is determinedfrom the condition (3.52), i.e.
from

Z ln I = f cb ln Wcb +
X

j

f j ln

s

(aUj )2 +
2
3

f j

Z

 2

p: (3.55)

For a one-shellsystem, such as the hydrogen atom, relations (3.51) and (3.52) imply
that the resonanceenergy Wi is equal to I . Considering the � W � 3 dependenceof
the hydrogenicOOS, it is concludedthat a should be of the order of exp(1=2) = 1:65
(Sternheimer et al., 1982). It is worth noting that the Sternheimeradjustment factor
a is a characteristic of the consideredmedium; therefore, the DCSs for ionization of a
shell of a given element in two di�eren t compoundsmay be slightly di�eren t.

It shouldbe mentioned that the oscillator model givesa Bethe ridge with zerowidth,
i.e. the broadeningcausedby the momentum distribution of the target electronsis ne-
glected. This is not a seriousdrawback for light projectiles (electronsand positrons),
but it can introduce sizeableerrors in the computed crosssectionsfor slow heavy pro-
jectiles with m � me. The oscillator model also disregardsthe fact that, for low-Q
interactions, there is a transfer of oscillator strength from inner to outer shells(seee.g.
Shileset al., 1980). As a consequence,the shell ionization crosssectionsobtained from
this GOS model are only roughly approximate. Their use in a Monte Carlo code is
permissibleonly becausethe ionization of inner shellsis a low-probability process(see
�g. 3.9 below) that hasa very weak e�ect on the global transport properties.

In mixed (classI I) simulations, only hard collisions,with energyloss larger than a
speci�ed cuto� value Wcc, are simulated (seechapter 4). The e�ect of soft interactions
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(with W < Wcc) is described by meansof a multiple scattering approximation, which
does not require detailed knowledge of the shell DCSs. Hard collisions may produce
ionizations in deep electron shells, which leave the target atom in a highly excited
state (with a vacancyin an inner shell) that decays by emissionof energeticx-rays and
Auger electrons. In penelope we usethe GOS model only to describe the e�ect of the
interactions on the projectile and the emissionof knock-on secondaryelectrons.K and
L shellswith ionization energyUj larger than max(200eV; Wcc) will be referred to as
\inner" shells. The production of vacanciesin theseinner shellsis simulated by means
of more accurateionization crosssections(seesection3.2.6). Electron shellsother than
K and L shells,or with Uj < max(200eV; Wcc), will be referredto as \outer" shells.

The present theory is directly applicable to compounds (and mixtures), since the
oscillators may pertain either to atoms or molecules. When the value of the mean
excitation energy of the compound is not known, it may be estimated from Bragg's
additivit y rule as follows. Considera compound XxYy, in which the moleculesconsist
of x atoms of the element X and y atoms of the element Y. The number of electrons
per moleculeis ZM = xZX + yZY , where ZX stands for the atomic number of element
X. According to the additivit y rule, the GOS of the compound is approximated as the
sum of the atomic GOSsof the atoms so that

ZM ln I = xZX ln I X + yZY ln I Y ; (3.56)

whereI X denotesthe meanexcitation energyof element X.

For heavy elements, and alsofor compoundsand mixtures with several elements, the
number of electron shellsmay be fairly large (of the order of sixty for an alloy of two
heavy metals). In thesecases,it would be impractical to treat all shellswith the same
detail/accuracy. In fact, the description of the outer shellscan be simpli�ed without
sacri�cing the reliabilit y of the simulation results. In penelope , the maximum number
of oscillatorsfor each material is limited. When the number of actual shellsis too large,
oscillatorswith similar resonanceenergiesare grouped together and replacedby a single
oscillator with oscillator strength equalto the sumof strengthsof the original oscillators.
The resonanceenergyof the group oscillator is set by requiring that the contribution to
the meanexcitation energyI equalsthe sumof contributions of the grouped oscillators;
this ensuresthat grouping will not alter the stopping power of fast particles (with E
substantially greater than the ionization energyof the grouped oscillators).

3.2.2 Di�eren tial cross sections

The DCS for inelastic collisionsobtained from our GOS model can be split into contri-
butions from distant longitudinal, distant transverseand closeinteractions,

d2� in

dW dQ
=

d2� dis;l

dW dQ
+

d2� dis;t

dW dQ
+

d2� clo

dW dQ
: (3.57)
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The DCS for distant longitudinal interactions is given by the �rst term in eq. (3.43),

d2� dis;l

dW dQ
=

2� e4

mev2

X

k

f k
1

W
2mec2

Q(Q + 2mec2)
� (W � Wk) �( Wk � Q): (3.58)

As mentioned above, the DCS for distant transverseinteractions has a complicated
expression. To simplify it, we shall ignore the (very small) angular de
ections of the
projectile in theseinteractions and replacethe expressionin curly brackets in eq. (3.43)
by an averagedW-independent value that gives the exact contribution of the distant
transverseinteractions to the high-energystopping power (Salvat and Fern�andez-Varea,
1992). This yieldsthe following approximate expressionfor the DCSof distant transverse
interactions,

d2� dis;t

dW dQ
=

2� e4

mev2

X

k

f k
1

W

(

ln

 
1

1 � � 2

!

� � 2 � � F

)

� � (W � Wk) �( Wk � Q) � (Q � Q� ); (3.59)

whereQ� is the minimum recoil energy3 for the energytransfer W, eq. (A.31), and � F

is the Fermi density e�ect correction on the stopping power, which has been studied
extensively in the past (Sternheimer,1952;Fano, 1963). � F can be computedas (Fano,
1963)

� F �
1
Z

Z 1

0

df (Q = 0; W)
dW

ln

 

1 +
L2

W 2

!

dW �
L2


 2
p

�
1 � � 2

�
; (3.60)

where L is a real-valued function of � 2 de�ned as the positive root of the following
equation (Inokuti and Smith, 1982):

F (L) �
1
Z


 2
p

Z 1

0

1
W 2 + L2

df (Q = 0; W)
dW

dW = 1 � � 2: (3.61)

The function F (L) decreasesmonotonically with L, and hence,the root L(� 2) exists
only when 1 � � 2 < F (0); otherwiseit is � F = 0. Therefore, the function L(� 2) starts
with zeroat � 2 = 1� F (0) and grows monotonically with increasing� 2. With the OOS,
given by eq. (3.50), we have

F (L) =
1
Z


 2
p

X

k

f k

W 2
k + L2 (3.62)

and

� F �
1
Z

X

k

f k ln

 

1 +
L2

W 2
k

!

�
L2


 2
p

�
1 � � 2

�
: (3.63)

In the high-energylimit (� ! 1), the L value resulting from eq. (3.61) is large (L �
Wk) and can be approximated as L 2 = 
 2

p=(1 � � 2). Then, using the Bethe sum rule

3The recoil energy Q� corresponds to � = 0, i.e. we consider that the projectile is not de
ected by
distant transverseinteractions.



90 Chapter 3. Electron and positron interactions

(
P

f k = Z) and the relation (3.52), we obtain

� F ' ln

 

 2

p

(1 � � 2)I 2

!

� 1; when � ! 1: (3.64)

The DCS for closecollisionsis given by

d2� clo

dW dQ
=

2� e4

mev2

X

k

f k
1

W

 
2mec2

W(W + 2mec2)
+

� 2 sin2 � clo

2mec2

!

� (W � Q) �( W � Wk);

where� clo is the recoil angle,de�ned by eq. (3.40) with Q = W,

cos2 � clo =
W
E

E + 2mec2

W + 2mec2
: (3.65)

We have

d2� clo

dW dQ
=

2� e4

mev2

X

k

f k
1

W 2

 

1 +
� 2(E � W)W � EW

E(W + 2mec2)

!

� (W � Q) �( W � Wk): (3.66)

DCS for close collisions of electrons

When the projectile is an electron, the DCS must be correctedto account for the indis-
tinguishabilit y of the projectile and the target electrons. For distant interactions, the
e�ect of this correction is small (much smaller than the distortion introduced by our
modelling of the GOS) and will be neglected.The energylossDCS for binary collisions
of electrons with free electrons at rest, obtained from the Born approximation with
proper account of exchange,is given by the M�ller (1932) formula,

d2� M

dWdQ
=

2� e4

mev2

1
W 2

"

1 +
� W

E � W

� 2

�
W

E � W

+ a
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E � W
+

W 2

E 2

!#

� (W � Q); (3.67)

where

a =
� E

E + mec2

� 2

=

 

 � 1




! 2

: (3.68)

To introduceexchangee�ects in the DCS for closeinteractions of electrons,we replace
the factor in parenthesis in eq. (3.66) by the analogousfactor in M�ller's formula , i.e.
we take

d2� ( � )
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dW dQ
=

2� e4

mev2

X

k

f k
1

W 2
F ( � )(E; W)� (W � Q) �( W � Wk); (3.69)

with

F ( � )(E; W) � 1 +
� W

E � W

� 2

�
W

E � W
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E � W
+

W 2

E 2

!

: (3.70)
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In the �nal statewehavetwo indistinguishablefreeelectrons,and it is natural to consider
the fastestoneas the \primary". Accordingly, the maximum allowed energytransfer in
closecollisionsis

Wmax = E=2: (3.71)

DCS for close collisions of positrons

Positrons in matter are unstableparticles that annihilate with electronsgiving photons
(seesection 3.4). On the other hand, electron-positron pairs can be created if enough
electromagneticenergy(> 2mec2) is available (either from real or virtual photons). A
positron does not interact with matter as a usual (stable) positively chargedparticle,
sincethe competing processof annihilation followed by re-creationcan causethe same
transitions as\direct" scattering (seee.g.Sakurai, 1967). The DCS for binary collisions
of positrons with free electronsat rest, obtained from the �rst Born approximation in-
cluding the \annihilation/creation" mechanism,is given by the Bhabha (1936) formula,

d2� B

dWdQ
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1
W 2
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� W
E

� 2
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� W
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� (W � Q); (3.72)

where
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! 2 (
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(
 + 1)2
: (3.73)

To account approximately for the e�ect of annihilation/creation on the DCSfor close
inelastic interactions of positrons, we shall usethe expression(3.66), with the factor in
parenthesis replacedby the Bhabha factor,

F (+) (E; W) = 1 � b1
W
E

+ b2

� W
E

� 2

� b3

� W
E

� 3

+ b4

� W
E

� 4

: (3.74)

That is,
d2� (+)

clo

dW dQ
=

2� e4

mev2

X

k

f k
1

W 2F (+) (E; W)� (W � Q) �( W � Wk): (3.75)

Notice that the maximum energylossin collisionsof positronswith energyE is Wmax =
E.

3.2.3 In tegrated cross sections

The energy-lossDCS is de�ned as

d� in

dW
�

Z Q+

Q �

d2� in

dW dQ
dQ =

d� dis;l

dW
+

d� dis;t

dW
+

d� clo

dW
; (3.76)
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where Q� and Q+ are the minimum and maximum kinematically allowed recoil ener-
gies given by eq. (A.31). The contributions from distant longitudinal and transverse
interactions are

d� dis;l

dW
=

2� e4

mev2

X

k

f k
1

Wk
ln
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� (W � Wk ) �( Wk � Q� ) (3.77)

and
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� (W � Wk) �( Wk � Q� ); (3.78)

respectively. The energy-lossDCS for closecollisionsis

d� ( � )
clo

dW
=

2� e4

mev2

X

k

f k
1

W 2 F ( � )(E; W) �( W � Wk): (3.79)

Our analytical GOS model provides quite an accurateaverage description of inelastic
collisions (seebelow). However, the continuous energy loss spectrum associated with
singledistant excitationsof a givenatomic electronshell is approximated hereasa single
resonance(a � -distribution). As a consequence,the simulated energylossspectra show
unphysically narrow peaksat energylossesthat are multiples of the resonanceenergies.
Thesespuriouspeaksare automatically smoothed out after multiple inelastic collisions
and also when the bin width usedto tally the energy lossdistributions is larger than
the di�erence betweenresonanceenergiesof neighbouring oscillators.

The PDF of the energylossin a singleinelastic collision is given by

pin (W) =
1

� in

d� in

dW
; (3.80)

where

� in =
Z Wmax

0

d� in

dW
dW (3.81)

is the total crosssection for inelastic interactions. It is convenient to introduce the
quantities

� (n)
in �

Z Wmax

0
W n d� in

dW
dW = � in

Z Wmax

0
W npin (W) dW = � in hW n i ; (3.82)

where hW n i denotesthe n-th moment of the energy loss in a single collision (notice
that � (0)

in = � in ). � (1)
in and � (2)

in are known as the stopping crosssection and the energy
straggling crosssection(for inelastic collisions), respectively.

The meanfree path � in for inelastic collisionsis

� � 1
in = N � in ; (3.83)
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whereN is the number of scattering centres (atoms or molecules)per unit volume. The
stopping power Sin and the energystraggling parameter 
 2

in are de�ned by

Sin = N � (1)
in =

hWi
� in

(3.84)

and


 2
in = N � (2)

in =
hW 2i
� in

: (3.85)

Notice that the stopping power givesthe averageenergylossper unit path length4. The
physical meaningof the straggling parameter is lessdirect. Considera monoenergetic
electron (or positron) beam of energyE that impingesnormally on a foil of material
of (small) thicknessds, and assumethat the electrons do not scatter (i.e. they are
not de
ected) in the foil. The product 
 2

in ds then gives the variance of the energy
distribution of the beam after traversingthe foil (seealsosection4.2).

The integrated crosssections� (n)
in can be calculatedas

� (n)
in = � (n)

dis;l + � (n)
dis;t + � (n)

clo : (3.86)

The contributions from distant longitudinal and transverseinteractions are
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and
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�( Wmax � Wk ); (3.88)

respectively. Notice that for distant interactions Wmax = E, for both electrons and
positrons.

The integrated crosssectionsfor closecollisionsare

� (n)
clo =

2� e4

mev2

X

k

f k

Z Wmax

Wk

W n� 2F ( � )(E; W) dW: (3.89)

In the caseof electrons,the integrals in this formula are of the form

J ( � )
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Z
W n� 2

"

1 +
� W
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� 2

�
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dW (3.90)

and can be calculatedanalytically. For the orders0, 1 and 2 we have

J ( � )
0 = �

1
W

+
1

E � W
+

1 � a
E

ln
� E � W

W

�

+
aW
E 2

; (3.91)

4The term \stopping power" is somewhatmisleading; in fact, Sin has the dimensionsof force.
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J ( � )
1 = ln W +

E
E � W

+ (2 � a) ln(E � W) +
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2E 2
(3.92)

and
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For positrons, the integrals in (3.89),
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can alsobe evaluated analytically as
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J (+)
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W
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W 3
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and

J (+)
2 = W � b1

W 2
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W 4

4E 3 + b4
W 5

5E 4 : (3.97)

Fig. 3.9 displays total inelastic crosssectionsfor electronsin aluminium and gold,
aswell ascontributions from various groupsof shells,as functions of the kinetic energy
of the projectile. The curves labelled \K" and \L1+. . . " represent crosssectionsfor
ionization in these shells. The crosssection for ionization in a bound shell decreases
rapidly with the shell ionization energyUi (since energy transfers lessthan Ui , which
would promote the target electronto occupiedstates,are forbidden). As a consequence,
collisionsoccur preferentially with electronsin the conduction band and in outer bound
shells. Inner-shell ionization by electron/positron impact is a relatively unlikely process.
It should be noted that our GOS model is too crude to provide an accuratedescription
of inner-shell ionization. To illustrate this, �g. 3.9 includes K- and L-shell ionization
crosssectionsobtained from the optical-data model described in section3.2.6,which are
known to agreereasonablywell with experimental data (Mayol and Salvat, 1990). We
seethat there aresigni�cant di�erencesbetweenthe crosssectionsfrom the optical-data
model and the predictionsof our simpleGOSmodel, which is designedto yield accurate
stopping powersonly. To get a realistic picture of inner-shell ionization, we have to rely
on much more elaborate physical schemes.In fact, even the Born approximation ceases
to be appropriate for projectiles with kinetic energiesnear the ionization threshold.

Collision stopping powers for electronsin aluminium, silver and gold obtained from
the present analytical model are comparedwith samplevaluesfrom the ICRU37 (1984)
stopping power tables [given also in Berger and Seltzer (1982)] for E � 10 keV in �g.
3.10. Our results practically coincidewith the valuesin the tables of reference.In �g.
3.11, inelastic mean free paths and stopping powers for low-energyelectrons(E = 100
eV to 100keV) in aluminium and gold obtained from the present model are compared
with experimental data from several authors. We see that the theory predicts the
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Figure 3.9: Total inelastic crosssectionsfor electrons in aluminium and gold and contribu-
tions from the K shell, L shell, conduction band (cb) and outer shells, calculated from our
model GOS ignoring density e�ect corrections (i.e. with � F = 0). The short-dashed curves
represent K- and L-shell ionization crosssectionscalculated from the optical-data model de-
scribed in section3.2.6,which yields results in closeagreement with experimental data. Note:
1 barn=10 � 24 cm2.

energy variation of total integrated crosssectionsdown to relatively low energies. It
should be noted that the adopted value of Wcb, the resonanceenergy of conduction
band electrons,has a strong e�ect on the calculated mean free paths. In the caseof
free-electron-likematerials such asaluminium, Wcb can be identi�ed with the energyof
plasmonexcitations (which is the dominant energy-lossmechanism). For other solids,
the outermost electronshave a broad energylossspectrum and there is no simple way
of predicting this parameter. Fortunately, the stopping power (and, hence,the global
stopping process)is practically independent of the adopted value of Wcb. To generate
the data for aluminium, �g. 3.11, we have set Wcb = 15 eV, which is the measured
energyof volume plasmonsin the metal [eq. (3.53) with f cb = 3 conduction electrons
per atom gives Wcb = 15:8 eV]; in this case,the calculated mean free paths are seen
to agreefairly well with measureddata. In the caseof gold, eq. (3.53) with f cb = 11
conduction electronsper atom givesWcb = 30 eV. Fig. 3.11shows stopping powersand
meanfree paths for electronsin gold obtained with Wcb = 30 and 40 eV. We seethat,
as indicated above, the mean free path varies strongly with this parameter, but the
stopping power is practically insensitive to it.
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Figure 3.10: Collision stopping power Sin=� for electronsand positrons in aluminium, silver
(� 10) and gold (� 100) as a function of the kinetic energy. Contin uous and dashedcurvesare
results from the present model. Crossesare data from the ICRU37 tables (1984) [also, Berger
and Seltzer, 1982)]. The dotted curves are predictions from the Bethe formula (3.103), for
electronsand positrons.

3.2.4 Stopping power of high-energy electrons and positrons

It is of interest to evaluateexplicitly the stoppingpower for projectileswith high energies
(E � Uk ). We shall assumethat Uk � 2mec2 (for the most unfavourable caseof the
K shell of heavy elements, Uk is of the order of 2mec2=10). Under thesecircumstances,
Q� � 2mec2 and we can usethe approximation [seeeq. (A.35)]

Q� ' W 2
k =(2mec2� 2): (3.98)

The contribution from distant (longitudinal and transverse)interactions to the stopping
crosssectionis then [seeeqs.(3.77) and (3.78)]
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: (3.99)

The contribution of closeinteractions is given by

� (1)
clo =

2� e4

mev2

X

k

f k

Z Wmax

Wk

W � 1F ( � )(E; W) dW: (3.100)
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Figure 3.11: Collision mean free path and stopping power for low-energy electrons in alu-
minium and gold. The plotted quantities are �� in and Sin=� . Special symbols are experimental
data from di�eren t sources(seeFern�andez-Varea et al., 1993a); closedsymbols for mean free
paths and open symbols for stopping powers.

Recalling that E � Uk , we have
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for electronsand
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for positrons. Adding the distant andclosestoppingcrosssections,andusingthe relation
(3.52), we arrive at the familiar Bethe formula for the stopping power,
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and

f (+) (
 ) = 2ln 2 �
� 2

12
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23+
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 + 1
+
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 + 1)2

+
4

(
 + 1)3

#

(3.105)

for electronsand positrons, respectively. This formula can be derived from very general
arguments that do not requireknowing the �ne details of the GOS;the only information
neededis contained in the Bethesumrule (3.45) and in the de�nition (3.46) of the mean
excitation energy(seee.g.Fano, 1963). Sinceour approximate analytical GOS model is
physically motivated, it satis�es the sum rule and reproducesthe adoptedvalue of the
meanionization energy, it yields (at high energies)the exact Bethe formula.

It is striking that the \asymptotic" Betheformula is in fact valid down to fairly small
energies,of the order of 10 keV for high-Z materials (see�g. 3.10). It also accounts
for the di�erences betweenthe stopping powersof electronsand positrons (to the same
degreeas our GOS model approximation).

For ultrarelativistic projectiles, for which the approximation (3.64) holds, the Bethe
formula simpli�es to

Sin ' N
2� e4

mev2
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ln

 
E 2


 2
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 + 1
2
 2

!

+ f ( � ) (
 ) + 1

)

: (3.106)

The mean excitation energy I has disappeared from this formula, showing that at
very high energiesthe stopping power depends only on the electron density N Z of
the medium.

3.2.5 Simulation of hard inelastic collisions

The DCSsgiven by expressions(3.76)-(3.79)permit the random samplingof the energy
lossW and the angularde
ection � by usingpurely analytical methods. In the following
we considerthe caseof mixed (classI I) simulation, in which only hard collisions,with
energy loss larger than a speci�ed cuto� value Wcc, are simulated (seechapter 4). As
the value of the cuto� energy loss can be selectedarbitrarily , the sampling algorithm
can alsobe usedin detailed (interaction-by-interaction) simulations (Wcc = 0).

The �rst stageof the simulation is the selectionof the active oscillator, for which we
needto know the restricted total crosssection,

� (Wcc) �
Z Wmax

Wcc

d� in

dW
dW = � dis;l(Wcc) + � dis;t (Wcc) + � clo(Wcc)

=
X

k

� k(Wcc); (3.107)

as well as the contribution of each oscillator, � k(Wcc). The active oscillator is sampled
from the point probabilities pk = � k(Wcc)=� (Wcc). Sincetheseprobabilities are calcu-
lated analytically, the sampling algorithm is relatively slow. In mixed simulations, the
algorithm can be sped up by using a larger cuto� energylossWcc, which eliminatesall
the oscillatorswith Wk < Wcc from the sum.
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After selectingthe active oscillator, the oscillator branch (distant or close)is deter-
mined and, �nally , the variables W and Q (or cos� ) are sampledfrom the associated
DCS.For closecollisions,Q = W and, therefore,the scatteringangleis obtaineddirectly
from the energyloss.

Hard distan t in teractions

In distant interactions with the k-th oscillator, W = Wk . The contributions of trans-
verse and longitudinal interactions to the restricted cross section de�ne the relative
probabilities of these interaction modes. If the interaction is (distant) transverse,the
angular de
ection of the projectile is neglected,i.e. cos� = 1. For distant longitudinal
collisions,the (unnormalized) PDF of Q is given by [seeeq. (3.58)]

Pdk (Q) =

8
>><

>>:

1
Q [1 + Q=(2mec2)]

if Q� < Q < Wk ,

0 otherwise,
(3.108)

whereQ� is the minimum recoil energy, eq. (A.31). Random sampling from this PDF
can be performedby the inversetransform method, which givesthe sampling formula

Q = QS

( � QS

Wk

�

1 +
Wk

2mec2

�� �

�
QS

2mec2

) � 1

; (3.109)

where

QS �
Q�

1 + Q� =(2mec2)
: (3.110)

Oncethe energylossand the recoil energyhavebeensampled,the polar scatteringangle
� is determinedfrom eq. (A.40),

cos� =
E(E + 2mec2) + (E � W)(E � W + 2mec2) � Q(Q + 2mec2)

2
q

E(E + 2mec2) (E � W)(E � W + 2mec2)
: (3.111)

The azimuthal scattering angle� is sampleduniformly in the interval (0; 2� ).

Hard close collisions of electrons

For the formulation of the samplingalgorithm, it is convenient to introducethe reduced
energy loss � � W=E. The PDF of � in closecollisions of electrons with the k-th
oscillator is given by [seeeqs.(3.69) and (3.70)]
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with � c � max(Wk ; Wcc)=E. Notice that the maximum allowed value of � is 1=2. Here,
normalization is irrelevant.

We introducethe distribution

� ( � )(� ) � (� � 2 + 5a) �( � � � c) �
� 1

2
� �

�

; a �

 

 � 1




! 2

: (3.113)

It may be shown that � ( � ) > P ( � )
k in the interval (� c; 1

2). Therefore,we can samplethe
reducedenergyloss� from the PDF (3.112) by using the rejection method (seesection
1.2.4)with trial valuessampledfrom the distribution (3.113)and acceptanceprobabilit y
P ( � )

k =� ( � ) .

Randomsamplingfrom the PDF (3.113),canbe performedby usingthe composition
method (section 1.2.5). We consider the following decomposition of the (normalized)
PDF given by eq. (3.113):

� ( � )
norm (� ) =

1
1 + 5a� c=2

[p1(� ) + (5a� c=2)p2(� )] ; (3.114)

where
p1(� ) =

� c

1 � 2� c
� � 2; p2(� ) =

2
1 � 2� c

(3.115)

are normalizedPDFs in the interval (� c; 1
2). Randomvaluesof � from the PDF (3.113)

can be generatedby using the following algorithm:

(i) Generate� .

(ii) Set � = (1 + 5a� c=2)� .

(iii) If � < 1, deliver the value � = � c=[1 � � (1 � 2� c)].

(iv) If � > 1, deliver the value � = � c + (� � 1)(1 � 2� c)=(5a� c).

The rejection algorithm for random sampling of � from the PDF (3.112) proceeds
as follows:

(i) Sample� from the distribution given by eq. (3.113).

(ii) Generatea random number � .

(iii) If � (1 + 5a� 2) < � 2P ( � )
k (� ), deliver � .

(iv) Go to step (i).

Notice that in the third step we accept the � value with probabilit y P ( � )
k =� ( � ) , which

approachesunity when � is small.

The e�ciency of this sampling method dependson the valuesof the energyE and
the cuto� reducedenergyloss� c, asshown in table 3.1. For a given energyand for Wcc

valueswhich are not too large, the e�ciency increaseswhen Wcc decreases.
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Table 3.1: E�ciency (%) of the random sampling algorithm of the energy loss in close
collisions of electronsand positrons for di�eren t valuesof the energy E and the cuto� energy
loss � c.

E (eV) � c

0.001 0.01 0.1 0.25 0.4

103 99.9 99.9 99.8 99.7 99.6

105 99.7 98 87 77 70

107 99 93 70 59 59

109 99 93 71 62 63

After sampling the energy loss W = �E , the polar scattering angle � is obtained
from eq. (A.40) with Q = W. This yields

cos2 � =
E � W

E
E + 2mec2

E � W + 2mec2
; (3.116)

which agreeswith eq. (A.17). The azimuthal scatteringangle� is sampleduniformly in
the interval (0; 2� ).

Hard close collisions of positrons

The PDF of the reducedenergyloss� � W=E in positron closecollisionswith the k-th
oscillator is given by [seeeqs.(3.74) and (3.75)]

P (+)
k (� ) = � � 2F (+)

k (E; W) �( � � � c) �(1 � � )

=

"
1
� 2

�
b1

�
+ b2 � b3� + b4� 2

#

�( � � � c) �(1 � � ) (3.117)

with � c � max(Wk ; Wcc)=E. The maximum allowed reducedenergy loss is 1. Again,
normalization is not important.

Considerthe distribution

� (+) (� ) � � � 2�( � � � c) �(1 � � ): (3.118)

It is easyto seethat � (+) > P (+)
k in the interval (� c; 1). Therefore, we can generate�

from the PDF, eq.(3.117),by using the rejection method with trial valuessampledfrom
the distribution of eq. (3.118)and acceptanceprobabilit y P (+)

k =� (+) . Samplingfrom the
PDF � (+) can easily be performedwith the inversetransform method.

The algorithm for random sampling from the PDF (3.117), is:
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(i) Sample� from the PDF (3.118), as � = � c=[1 � � (1 � � c)].

(ii) Generatea new random number � .

(iii) If � < � 2P (+)
k (� ), deliver � .

(iv) Go to step (i).

The e�ciency of this algorithm, for given valuesof the kinetic energyand the cuto�
reduced energy loss � c, practically coincideswith that of the algorithm for electron
collisionsdescribed above (seetable 3.1).

Secondary electron emission

According to our GOS model, each oscillator Wk corresponds to a shell with f k elec-
trons and ionization energyUk . After a hard collision with an inner-shell electron, the
primary electron/positron has kinetic energyE � W, the \secondary" electron (delta
ray) is ejectedwith kinetic energyEs = W � Ui , and the residual ion is left in an excited
state, with a vacancy in shell i , which corresponds to an excitation energy equal to
Ui . This energy is eventually releasedby emissionof energeticx rays and Auger elec-
trons. However, in penelope the relaxation of ions produced in hard collisionsis not
followed. The production of vacanciesin inner shellsand their relaxation is simulated
by an independent, moreaccurate,scheme(seesection3.2.6) that is freefrom the crude
approximations involved in our GOS model. To avoid double counting, the excitation
energyUi of the residual ion is deposited locally. On the other hand, when the impact
ionization occurs in an outer shell or in the conduction band, the initial energyof the
secondaryelectronis set equal to W and no 
uorescent radiation from the ionizedatom
is followedby the simulation program. This is equivalent to assumingthat the secondary
electroncarriesaway the excitation energyof the target atom.

To set the initial direction of the delta ray, we assumethat the target electron was
initially at rest, i.e. the delta ray is emitted in the direction of the momentum transfer
q. This implies that the polar emissionangle � s (see�g. 3.1) coincideswith the recoil
angle� r [which is given by eq. (A.42)],

cos2 � s =
W 2=� 2

Q(Q + 2mec2)

 

1 +
Q(Q + 2mec2) � W 2

2W(E + mec2)

! 2

: (3.119)

In the caseof closecollisions(Q = W), this expressionsimpli�es to

cos� s (Q = W) =

 
W
E

E + 2mec2

W + 2mec2

! 1=2

; (3.120)

which agreeswith the result for binary collisions with free electronsat rest, seeeq.
(A.18). Since the momentum transfer lies on the scattering plane (i.e. on the plane
formedby the initial and �nal momenta of the projectile), the azimuthal emissionangle
is � s = � + � .
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In reality, the target electronsarenot at rest and, therefore,the angular distribution
of emitted delta rays is broad. Since the averagemomentum of bound electrons is
zero, the averagedirection of delta rays coincideswith the direction of q. Thus, our
simple emissionmodel correctly predicts the averageinitial direction of delta rays, but
disregardsthe \Doppler broadening" of the angular distribution. This is not a serious
drawback, becausesecondaryelectronsare usually emitted with initial kinetic energies
that are much smaller than the initial energy of the projectile. This meansthat the
direction of motion of the delta ray is randomized, by elastic and inelastic collisions,
after a relatively short path length (much shorter than the transport meanfree path of
the projectile).

3.2.6 Ionization of inner shells

As indicated above, the theory presented in sections3.2.1and 3.2.2doesnot give realis-
tic valuesof the crosssectionsfor ionization of inner shells. Hence,it is not appropriate
to simulate inner-shell ionization by electron and positron impact and the subsequent
emissionof 
uorescent radiation, i.e. Auger electronsand characteristic x rays. Never-
theless,the GOSmodel doesprovide an appropriatedescriptionof the average(stopping
and scattering) e�ect of inelastic collisionson the projectile.

A consistent model for the simulation of inner-shell ionization and relaxation must
account for the following featuresof the process:1) spacedistribution of inner-shellion-
izations along the projectile's track, 2) relative probabilities of ionizing various atomic
electronshellsand 3) energiesand emissionprobabilities of the electronsand x rays re-
leasedthrough the de-excitation cascadeof the ionized atom. The correlation between
energyloss/scatteringof the projectile and ionization events is of minor importanceand
may be neglected(it is observable only in single-scatteringexperiments where the in-
elastically scatteredelectronsand the emitted x rays or Auger electronsare observed in
coincidence). Consequently, we shall considerinner-shell ionization as an independent
interaction processthat hasno e�ect on the state of the projectile. Accordingly, in the
simulation of inelastic collisions the projectile is assumedto causeonly the ejection of
knock-on electrons(delta rays); in thesecollisions the target atom is consideredto re-
main unaltered to avoid doublecounting of ionizations. Thus, to determinethe location
of ionizing events and the atomic shell that is ionized we only needto considercross
sectionsfor ionization of individual inner shells,which can be obtained from elaborate
theoretical models. The relaxation of the vacanciesproducedby inner-shell ionizations
is simulated as described in section 2.6. This kind of simulation scheme is trivial to
implement, but it may causeartifacts (in the form of small negative doses)in spacere-
gionswherethe simulated dosedistributions have largerelativestatistical uncertainties.
The reasonis that simulated Auger electronsand x rays remove energyfrom their site
(volumebin) of birth, in quantities that may exceedthe actual energydeposited by the
projectile.

To simulate the ionization of K shells and L subshells(with ionization energies
larger than 200 eV) by electron and positron impact, penelope usestotal ionization
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cross sections obtained from an optical-data model of the GOS (Mayol and Salvat,
1990). This model assumesthe following relationship between the optical oscillator
strength (OOS) of the i -th inner shell, df i (W)=dW, and the photoelectric crosssection
� ph;i (Z; W) for absorption of a photon with energyW,

df i (W)
dW

=
mec

2� 2e2�h
� ph;i (Z; W): (3.121)

This equality holds when the dipole approximation is applicable, i.e. when the wave-
length of the photon is much larger than the \size" of the active electron shell. In
the calculations we use the photoelectric crosssectionsfrom the penelope database,
which were extracted from the EPDL (Cullen et al., 1997). The GOS is modelled as a
continuoussuperposition of � -oscillatorsweighted by the OOS,

df i (Q; W)
dW

=
Z 1

Ui

df i (W 0)
dW 0

F (W 0; Q; W) dW 0+ Zr � (W � Q) �( W � Ui ) (3.122)

with

Zr = Z i �
Z 1

Ui

df i (W 0)
dW 0

dW 0: (3.123)

This GOS model satis�es the Bethe sum rule

Z 1

Ui

df i (Q; W)
dW

dW = Z i if Q > Ui : (3.124)

For Q < Ui the integral of the GOS over W is lessthan the number Z i of electronsin
the active shell (becausethere is a transfer of oscillator strength to outer shells). As
shown by Mayol and Salvat (1990), this model is formally equivalent to the Weizs•acker-
Williams method of virtual quanta (seee.g.Jackson,1975).

To compute the inner-shell ionization (\si") crosssection for electronsor positrons
of energyE we �rst considerthe energy-lossDCS, which is given by

d� ( � )
si;i (E)
dW

=
2� e4

mev2

(
df i (W)

dW
1

W

"

ln

 
W
Q�

Q� + 2mec2

W + 2mec2

!

+ ln

 
1

1 � � 2

!

� � 2

#

+

 

Zr +
Z W

Ui

df i (W 0)
dW 0

dW 0

!
1

W 2
F ( � )(E; W)

)

�( W � Ui ) �( Wmax � Ui ); (3.125)

whereQ� is the minimumrecoilenergyfor the energylossW, eq.(A.31), andF ( � )(E; W)
are the M�ller (� ) and Bhabha (+) factors, eqs.(3.70) and (3.74).

It is well known that the Born approximation overestimatesthe ionization cross
sectionsfor incident electronswith kinetic energiesnear the ionization threshold. This
is mainly due to the distortion of the projectile wave function by the electrostatic �eld
of the target atom. This �eld producesan increasein the e�ectiv e kinetic energy of
the projectile, which is expectedto be important in closecollisions. To account for this
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Figure 3.12: Crosssectionsfor ionization of the K shell and the L subshellsof argon, silver,
gold and uranium atomsby electron impact asfunctions of the kinetic energyof the projectiles.
Solid curves are results from the present optical data model. Circles represent cross-section
values calculated by Sco�eld (1978) using the relativistic plane-wave Born approximation.
The dashedcurvesare crosssectionsfor ionization by impact of positrons calculated from eq.
(3.126b).
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e�ect we assumethat the incident electrongainsa kinetic energy5 2Ui beforeit interacts
with a target electron, which is bound with binding energyUi . The maximum energy
loss is assumedto be Wmax = (E + Ui )=2, becausethe �nal energiesof the projectile
(E � W) and the knock-on secondaryelectron(W � Ui ) are equalwhen W equalsthat
value. With this \Coulomb" correction, the ionization crosssectionfor electronsis

� ( � )
si;i (E) =

Z (E + Ui )=2

Ui

d� ( � )
si;i (E + 2Ui )

dW
dW: (3:126a)

The Coulomb correction reducesthe ionization crosssection near the threshold and
yields valuesin better agreement with experimental data. For positronsthe e�ect of the
Coulomb distortion is introducedempirically by simply multiplying the ionization cross
sectionby a global factor (1 + Ui =E)� 3. That is,

� (+)
si;i (E) =

� E
E + Ui

� 3 Z E

Ui

d� (+)
si;i (E)
dW

dW: (3:126b)

This correction gives positron ionization crosssectionsthat are smaller than those of
electronsnear the ionization threshold, in qualitativ e agreement with available exper-
imental data (seee.g. Hippler, 1990; Schneider et al., 1993). Fig. 3.12 displays cross
sectionsfor ionization of K shellsand L subshellsof atomsof the elements argon,silver,
gold and uranium by impact of electronsobtained from the present optical-data model,
eq. (3.126a), together with results from the relativistic plane-wave �rst Born approx-
imation (Sco�eld, 1978). The di�erences at relatively low energiesare mostly due to
exchangeand Coulomb corrections,which were not included in Sco�eld's calculations.
The dashedcurves in �g. 3.12 represent crosssectionsfor ionization by positron im-
pact, eq. (3.126b). The relative di�erences betweenthe crosssectionsfor electronsand
positrons are seento increasewith the binding energyof the active shell. It is worth
mentioning that the present optical-data model disregardsthe in
uence of the polar-
izabilit y of the medium (density e�ect) on inner-shell ionization. This e�ect causesa
reduction of the ionization crosssectionsfor projectiles with very high energies,which
decreaseswith the binding energyof the knock-on electron.

The molecular crosssection for ionization of inner shellsis evaluated as (additivit y
approximation)

� ( � )
si;mol(E) =

X

i

� ( � )
si;i (E); (3.127)

wherethe summation extendsover all inner shellsof the atoms in the molecule.

3.3 Bremsstrahlung emission

As a result of the accelerationcausedby the electrostatic �eld of atoms, swift electrons
(or positrons) emit bremsstrahlung(braking radiation). In each bremsstrahlungevent,

5For one-electronatoms and ions, the virial theorem implies that the averagepotential energy of
the bound electron is equal to 2Ui . In closecollisions, for which the projectile reaches the position of
the target electron, the gain in kinetic energy should be of the order of 2Ui .
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an electron with kinetic energyE generatesa photon of energyW, which takesvalues
in the interval from 0 to E. The processis described by an atomic DCS, di�eren tial in
the energylossW, the �nal direction of the projectile and the direction of the emitted
photon (Koch and Motz, 1959; Tsai, 1974). The habitual practice in Monte Carlo
simulation is to samplethe energylossfrom the single-variable distribution obtained by
integrating the DCS over the other variables. This permits the generationof W easily,
but information on the angular distributions is completely lost and has to be regained
from suitable approximations. Angular de
ections of the projectile are consideredto be
accounted for by the elasticscatteringDCSand, consequently, the direction of movement
of the projectile is kept unaltered in the simulation of radiative events.

3.3.1 The energy-loss scaled DCS

A simple description of the bremsstrahlungDCS is provided by the Bethe-Heitler for-
mula with screening,which is derivedwithin the Born approximation (Bethe andHeitler,
1934;Tsai, 1974). Although this formula is valid only when the kinetic energyof the
electron before and after photon emissionis much larger than its rest energymec2, it
accounts for the most relevant featuresof the emissionprocess.Within the Born approx-
imation, bremsstrahlungemissionis closelyrelated to electron-positron pair production.
In particular, the Bethe-Heitler DCS formulae for pair production and bremsstrahlung
emissioninvolve the samescreeningfunctions. Considering the exponential screening
model (2.78), the Bethe-Heitler DCS for bremsstrahlungemissionby electronsin the
�eld of an atom of atomic number Z and screeningradius R canbe expressedas(Salvat
and Fern�andez-Varea,1992)

d� (BH)
br

dW
= r 2

e�Z (Z + � )
1

W

�

� 2 ' 1(b) +
4
3

(1 � � ) ' 2(b)
�

; (3.128)

where� is the �ne-structure constant, r e is the classicalelectron radius,

� =
W

E + mec2 =
W


 mec2 ; b=
Rmec

�h
1

2

�

1 � �
; (3.129)

and

' 1(b) = 4ln(Rmec=�h) + 2 � 2ln(1 + b2) � 4barctan(b� 1);

' 2(b) = 4ln(Rmec=�h) +
7
3

� 2ln(1 + b2) � 6barctan(b� 1)

� b2
h
4 � 4barctan(b� 1) � 3ln(1 + b� 2)

i
: (3.130)

The quantit y � in eq. (3.128)accounts for the production of bremsstrahlungin the �eld
of the atomic electrons (see e.g. Seltzer and Berger, 1985); in the high-energy limit
� ' 1:2.
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The Bethe-Heitler formula indicates that, for a given value of Z , the quantit y
Wd� br=dW varies smoothly with E and W. It is therefore customary to expressthe
DCS for bremsstrahlungemissionby electronsin the form

d� br

dW
=

Z 2

� 2

1
W

� (Z; E; � ); (3.131)

whereW is the energyof the emitted photon, � is the reducedphoton energy, de�ned
as

� � W=E; (3.132)

which takesvaluesbetween0 and 1. The quantit y

� (Z; E; � ) = (� 2=Z 2)W
d� br

dW
(3.133)

is known asthe \scaled" bremsstrahlungDCS; for a given element Z , it variessmoothly
with E and � . Seltzerand Berger (1985,1986)producedextensive tables of the scaled
DCS for all the elements (Z =1{92) and for electron energiesfrom 1 keV to 10 GeV.
They tabulated the scaledDCSs for emission in the (screened)�eld of the nucleus
(electron-nucleusbremsstrahlung)and in the �eld of atomic electrons(electron-electron
bremsstrahlung)separately, as well as their sum, the total scaledDCS. The electron-
nucleusbremsstrahlungDCS wascalculatedby combining analytical high-energytheo-
rieswith results from partial-wavecalculationsby Pratt et al. (1977)for bremsstrahlung
emission in screenedatomic �elds and energiesbelow 2 MeV. The scaled DCS for
electron-electronbremsstrahlungwas obtained from the theory of Haug (1975) com-
bined with a screeningcorrection that involvesHartree-Fock incoherent scattering func-
tions. Seltzer and Berger's scaledDCS tables constitute the most reliable theoretical
representation of bremsstrahlungenergyspectra available at present.

The penelope databaseof scaledbremsstrahlung DCSs consistsof 92 �les, one
for each element from hydrogen to uranium, which were generated from the origi-
nal databaseof Seltzer and Berger. The �le of the element Z contains the valuesof
� (Z; E i ; � j ) for a set of electron kinetic energiesE i , which covers the rangefrom 1 keV
to 10 GeV and is suitably spacedto allow accuratenatural cubic spline interpolation in
ln E. For each energyE i in this grid, the table contains the valuesof the scaledDCS
for a given set of 32 reducedphoton energies� j (the samefor all elements), which span
the interval (0,1), with a higher density at the upper end of this interval to reproduce
the structure of the bremsstrahlung\tip" (see�g. 3.13). The spacingof the � -grid is
denseenoughto allow linear interpolation of � (Z; E i ; � j ) in � .

In the caseof compounds(or mixtures) we usethe additivit y rule and compute the
molecular DCS as the sum of the DCSs of all the atoms in a molecule. Consider a
compound XxYy , whosemoleculesconsistof x atoms of the element X and y atoms of
the element Y. The molecularDCS is

d� br ;mol

dW
= x

Z 2
X

� 2

1
W

� (ZX ; E ; � ) + y
Z 2

Y

� 2

1
W

� (ZY ; E ; � ): (3.134)
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Figure 3.13: Numerical scaledbremsstrahlung energy-lossDCSs of aluminium and gold for
electronswith the indicated energies(Seltzer and Berger, 1986).

To simulate each radiative event in a compound, we should �rst selectthe element (X
or Y) wherethe emissionoccursand then samplethe photon energyand direction from
the corresponding atomic DCS. This is a lengthy processand requiresstoring the scaled
DCSs for all the elements present. To simplify the simulation, we shall expressthe
molecularDCS in the sameform as the atomic DCS, eq. (3.131),

d� br ;mol

dW
=

Z 2
eq

� 2

1
W

� mol (Zeq; E ; � ); (3.135)

where

Z 2
eq �

1
x + y

�
xZ 2

X + yZ 2
Y

�
(3.136)

is the \equivalent" atomic number Zeq and

� mol (Zeq; E ; � ) =
xZ 2

X

Z 2
eq

� (ZX ; E ; � ) +
yZ 2

Y

Z 2
eq

� (ZY ; E ; � ) (3.137)

is the molecularscaledDCS. Radiative events will be sampleddirectly from the molec-
ular DCS (3.135). This method may introduce slight inconsistenciesin the angular
distribution of the emitted photons (seebelow), which usually have a negligible e�ect
on the simulation results.
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The radiative DCS for positronsreducesto that of electronsin the high-energylimit
but is smaller for intermediate and low energies. Owing to the lack of more accurate
calculations, the DCS for positrons is obtained by multiplying the electron DCS by a
� -independent factor, i.e.

d� (+)
br

dW
= Fp(Z; E)

d� ( � )
br

dW
: (3.138)

The factor Fp(Z; E) is setequalto the ratio of the radiativestoppingpowersfor positrons
and electrons,which has beencalculated by Kim et al. (1986) (cf. Berger and Seltzer,
1982). In the calculationswe usethe following analytical approximation

Fp(Z; E) = 1 � exp(� 1:2359� 10� 1 t + 6:1274� 10� 2 t2 � 3:1516� 10� 2 t3

+ 7:7446� 10� 3 t4 � 1:0595� 10� 3 t5 + 7:0568� 10� 5 t6

� 1:8080� 10� 6 t7); (3.139)

where

t = ln

 

1 +
106

Z 2

E
mec2

!

: (3.140)

Expression(3.139) reproducesthe valuesof Fp(Z; E) tabulated by Kim et al. (1986) to
an accuracyof about 0.5%.

3.3.2 In tegrated cross sections

The total crosssection for bremsstrahlungemissionis in�nite due to the divergenceof
the DCS (3.131) for small reducedphoton energies.Nevertheless,the crosssection for
emissionof photons with reducedenergylarger than a given cuto� value Wcr is �nite.
The corresponding meanfree path is

� � 1
br (E; Wcr) � N

Z E

Wcr

d� br

dW
dW = N

Z 2

� 2

Z 1

� cr

1
�

� (Z; E; � ) d�; (3.141)

where � cr = Wcr=E. The radiative stopping power and the radiative energystraggling
parameter,de�ned by

Sbr (E) � N
Z E

0
W

d� br

dW
dW = N

Z 2

� 2
E

Z 1

0
� (Z; E; � ) d� (3.142)

and


 2
br (E) � N

Z E

0
W 2 d� br

dW
dW = N

Z 2

� 2
E 2

Z 1

0
� � (Z; E; � ) d�; (3.143)

are both �nite. For the kinetic energiesE i of the grid, thesequantities are easilycalcu-
lated from the tabulated scaledDCS by using linear interpolation in � . For positrons,
the de�nitions (3.141)-(3.143)must be multiplied by the factor Fp(Z; E) [eq. (3.139)].

Radiative stopping powersof aluminium, silver and gold for electronsand positrons
are shown asfunctions of the kinetic energyin �g. 3.14. The stopping powerscomputed
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Figure 3.14: Radiativ e stopping power Sbr =� for electronsand positrons in aluminium, silver
(� 10) and gold (� 100) asa function of the kinetic energy. Solid and dashedcurvesare results
from the present model. Crossesare data from the ICRU37 report (1984) (also in Berger and
Seltzer, 1982).

from the DCS given by eq. (3.131) practically coincide with ICRU37 (1984) values
(also Berger and Seltzer, 1982). To leave room for future improvements, penelope
readsthe radiative stopping power for electronsfrom the input material data �le, and
renormalizesthe DCS, eq. (3.131),(i.e. multiplies it by a � -independent factor) soas to
exactly reproducethe input radiative stopping power.

CSDA range

As mentioned above, the stopping power gives the averageenergy loss per unit path
length. Thus,whenanelectron/positron with kinetic energyE advancesa small distance
ds within a medium, it losesan (average)energydE = � S(E)ds, where

S(E) = Sin (E) + Sbr (E) = �
dE
ds

(3.144)

is the total (collisional+radiativ e) stoppingpower. Many electrontransport calculations
and old Monte Carlo simulations are basedon the so-calledcontinuous slowing down
approximation (CSDA), which assumesthat particles loseenergy in a continuous way
and at a rate equal to the stopping power. Evidently, the CSDA disregardsenergy-loss

uctuations and, therefore, it should be usedwith caution.
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Figure 3.15: CSDA rangesfor electronsand positrons in aluminium and gold as functions of
the kinetic energyof the particle.

A parameterof practical importance is the so-calledCSDA range(or Bethe range),
which is de�ned asthe path length travelledby a particle (in an in�nite medium) before
being absorbed and is given by

R(E) =
Z E

Eabs

dE 0

S(E 0)
; (3.145)

where we have consideredthat particles are e�ectiv ely absorbed when they reach the
energy Eabs. Notice that the CSDA range gives the average path length, actual (or
Monte Carlo generated)path lengths 
uctuate about the meanR(E); the distribution
of rangeshasbeenstudiedby Lewis(1952). Fig. 3.15displays CSDA rangesfor electrons
and positrons in aluminium and gold, this information is useful e.g. in estimating the
maximum penetration depth of a beam and for range rejection (a variance-reduction
method). Compare�g. 3.15with �gs. 3.10and 3.14(right plots only) to get a feelingof
how di�erences in stopping power betweenelectronsand positrons are re
ected on the
CSDA rangesof theseparticles.

3.3.3 Angular distribution of emitted photons

The direction of the emitted bremsstrahlungphoton is de�ned by the polar angle� (see
�g. 3.1) and the azimuthal angle� . For isotropic media,with randomly oriented atoms
or molecules,the bremsstrahlungDCS is independent of � and can be expressedas

d2� br

dW d(cos� )
=

d� br

dW
p(Z; E; � ; cos� ) =

Z 2

� 2

1
W

� (Z; E; � ) p(Z; E; � ; cos� ); (3.146)
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wherep(Z; E; � ; cos� ) is the PDF of cos� .

Numerical valuesof the \shape function" p(Z; E; � ; cos� ), calculatedby partial-wave
methods, have beenpublishedby Kisselet al. (1983) for the following benchmark cases:
Z = 2, 8, 13, 47, 79, 92; E = 1, 5, 10, 50, 100, 500 keV and � = 0, 0.6, 0.8, 0.95.
Theseauthors alsogave a parameterizationof the shape function in terms of Legendre
polynomials. Unfortunately, their analytical form is not suited for random sampling
of the photon direction. In penelope we usea di�eren t parameterization that allows
the random samplingof cos� in a simple way. Owing to the lack of numerical data for
positrons, it is assumedthat the shape function for positronsis the sameasfor electrons.

In previoussimulation studiesof x-ray emissionfrom solidsbombarded by electron
beams(Acosta et al., 1998), the angular distribution of bremsstrahlungphotons was
described by meansof the semiempirical analytical formulae derived by Kirkpatric k
and Wiedmann (1945) [and subsequently modi�ed by Statham (1976)]. Theseformulae
were obtained by �tting the bremsstrahlungDCS derived from Sommerfeld'stheory.
The shape function obtained from the Kirkpatric k-Wiedmann-Statham�t reads

p(KWS) (Z; E; � ; cos� ) =
� x (1 � cos2 � ) + � y(1 + cos2 � )

(1 � � cos� )2 ; (3.147)

where the quantities � x and � y are independent of � . Although this simple formula
predicts the global trends of the partial-wave shape functions of Kissel et al. (1983)
in certain energyand atomic number ranges,its accuracyis not su�cien t for general-
purposesimulations. In a preliminary analysis, we tried to improve this formula and
determined the parameters� x and � y by direct �tting to the numerical partial-wave
shape functions, but the improvement was not substantial. However, this analysiscon-
�rmed that the analytical form (3.147) is 
exible enough to approximate the \true"
(partial-wave) shape.

The analytical form (3.147) is plausible even for projectiles with relatively high
energies,say E larger than 1 MeV, for which the angulardistribution of emitted photons
is peaked at forward directions. This can be understood by meansof the following
classicalargument (seee.g.Jackson,1975). Assumethat the incident electronis moving
in the direction of the z-axisof a referenceframeK at rest with respect to the laboratory
frame. Let (� 0; � 0) denotethe polar and azimuthal anglesof the direction of the emitted
photon in a referenceframe K0 that moveswith the electronand whoseaxesare parallel
to thoseof K. In K0, we expect that the angular distribution of the emitted photonswill
not depart much from the isotropic distribution. To be more speci�c, we considerthe
following ansatz(modi�ed dipole distribution) for the shape function in K 0,

pd(cos� 0) = A
3
8

(1 + cos2 � 0) + (1 � A)
3
4

(1 � cos2 � 0); (0 � A � 1); (3.148)

which is motivated by the relative successof the Kirkpatric k-Wiedmann-Statham for-
mula at low energies(note that the projectile is at rest in K 0). The direction of emission
(� ; � ) in K is obtained by meansof the Lorentz transformation

cos� =
cos� 0+ �

1 + � cos� 0
; � = � 0: (3.149)
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Thus, the angular distribution in K reads

p(cos� ) = pd(cos� 0)
d(cos� 0)
d(cos� )

= A
3
8

2

41 +

 
cos� � �

1 � � cos�

! 2
3

5 1 � � 2

(1 � � cos� )2

+ (1 � A)
3
4

2

41 �

 
cos� � �

1 � � cos�

! 2
3

5 1 � � 2

(1 � � cos� )2
: (3.150)

Now, it is clear that when � tends to unity, the shape function concentrates at forward
directions.

We found that the benchmark partial-wave shape functions of Kissel et al. (1983)
can be closelyapproximated by the analytical form (3.150) if oneconsidersA and � as
adjustable parameters.Explicitly , we write

p�t (cos� ) = A
3
8

2

41 +

 
cos� � � 0

1 � � 0 cos�

! 2
3

5 1 � � 02

(1 � � 0 cos� )2

+ (1 � A)
3
4

2

41 �

 
cos� � � 0

1 � � 0 cos�

! 2
3

5 1 � � 02

(1 � � 0 cos� )2
; (3.151)

with � 0 = � (1 + B). The parametersA and B have beendetermined,by least squares
�tting, for the 144 combinations of atomic number, electron energyand reducedpho-
ton energycorresponding to the benchmark shape functions tabulated by Kissel et al.
(1983). Resultsof this �t are comparedwith the original partial-wave shape functions
in �g. 3.16. The largest di�erences between the �ts and the data were found for the
higher atomic numbers,but even then the �ts are very accurate,as shown in �g. 3.16.
The quantities ln(AZ � ) and B � vary smoothly with Z , � and � and can be obtained
by cubic spline interpolation of their valuesfor the benchmark cases.This permits the
fast evaluation of the shape function for any combination of Z , � and � . Moreover, the
random samplingof the photon direction, i.e. of cos� , can be performedby meansof a
simple, fast analytical algorithm (seebelow). For electronswith kinetic energieslarger
than 500 keV, the shape function is approximated by the classicaldipole distribution,
i.e. by the analytical form (3.151) with A = 1 and � 0 = � .

3.3.4 Simulation of hard radiativ e events

Let us now considerthe simulation of hard radiative events (W > Wcr) from the DCS
de�ned by eqs.(3.146) and (3.151). penelope readsthe scaledbremsstrahlungDCS
from the database�les and, by natural cubic spline interpolation/extrap olation in ln E,
producesa table for a denserlogarithmic grid of 200 energies(and for the \standard"
meshof 32 � 's), which is storedin memory. This energygrid spansthe full energyrange
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Figure 3.16: Shape functions (angular distributions) for bremsstrahlungemissionby electrons
of the indicated energiesin the �elds of aluminium and gold atoms. Dashedcurvesare partial-
wave shape functions of Kissel et al. (1983). Contin uouscurvesare the present analytical �ts,
eq. (3.151). For visual aid, somecurveshave been shifted upwards in the amounts indicated
in parentheses.
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consideredin the simulation and allows accurate(and fast) linear interpolation of the
scaledDCS in the variable ln E, which is moreadequatethan E wheninterpolation over
a wide energyinterval is required.

Notice that in the Monte Carlo simulation the kinetic energy of the transported
electron (or positron) varies in a random way and may take arbitrary values within
a certain domain. Hence, we must be able to simulate bremsstrahlung emissionby
electronswith energiesE not included in the grid.

Sampling of the photon energy

The PDF for the reducedphoton energy, � = W=E, is given by [seeeq. (3.131)]

p(E; � ) =
1
�

� (Z; E; � ) �( � � � cr) �(1 � � ); (3.152)

where� cr = Wcr=E and � (Z; E; � ) is calculatedby linear interpolation, in both ln E and
� , in the stored table. That is, � (Z; E; � ) is consideredto be a piecewiselinear function
of � . To sample� from the PDF (3.152) for an energyE i in the grid, we expressthe
interpolated scaledDCS as

� (Z; E i ; � ) = aj + bj � if � j � � � � j +1 , (3.153)

and introducethe cumulative distribution function,

Pj =
Z � j

� cr

p(E i ; � ) d�; (3.154)

which, for a piecewiselinear � , can be computedexactly. We alsode�ne

� max;j = max
�

� (Z; E; � ); � 2 (� j ; � j +1 )
�

j = 1; : : : ; 32: (3.155)

With all this we can formulate the following sampling algorithm, which combines a
numerical inversetransform and a rejection,

(i) Generatea random number � and determine the index j for which P j � � P32 �
Pj +1 using the binary search method.

(ii) Sample� from the distribution � � 1 in the interval (� j ; � j +1 ), i.e.

� = � j (� j +1 =� j )
� : (3.156)

(iii) Generatea new random number � . If � � max;j < aj + bj � , deliver � .

(iv) Go to step (i).
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This sampling algorithm is exact and very fast [notice that the binary search in step
(i) requiresat most 5 comparisons],but is only applicable for the energiesin the grid
where� is tabulated.

To simulate bremsstrahlungemissionby electronswith energiesE not includedin the
grid, we should �rst obtain the PDF p(E; � ) by interpolation along the energyaxis and
then perform the random sampling of � from this PDF using the algorithm described
above. This procedure is too time consuming. A faster method consistsof assuming
that the grid of energiesis denseenoughsothat linear interpolation in ln E is su�cien tly
accurate. If E i < E < E i +1 , we can expressthe interpolated PDF as

pint (E; � ) = � i p(E i ; � ) + � i +1 p(E i +1 ; � ) (3.157)

with

� i =
ln E i +1 � ln E
ln E i +1 � ln E i

; � i +1 =
ln E � ln E i

ln E i +1 � ln E i
: (3.158)

These\in terpolation weights" are positive and add to unity, i.e. they can be interpreted
as point probabilities. Therefore, to perform the random sampling of � from pint (E; � )
we can employ the composition method (section 1.2.5), which leads to the following
algorithm:

(i) Sample the integer variable I , which can take the values i or i + 1 with point
probabilities � i and � i +1 , respectively.

(ii) Sample� from the distribution pint (E I ; � ).

With this \in terpolation by weight" method weonly needto sample� from the tabulated
PDFs, i.e. for the energiesE i of the grid.

Angular distribution of emitted photons

The random samplingof cos� is simpli�ed by noting that the PDF given by eq. (3.151)
results from a Lorentz transformation, with speed� 0, of the PDF (3.148). This means
that we can samplethe photon direction cos� 0 in the referenceframe K0 from the PDF
(3.148) and then apply the transformation (3.149) (with � 0 instead of � ) to get the
direction cos� in the laboratory frame.

To generaterandom values of cos� from (3.151) we use the following algorithm,
which combinesthe composition and rejection methods,

(i) Samplea random number � 1.

(ii) If � 1 < A, then
1) Samplea random number � and set cos� 0 = � 1 + 2� .
2) Samplea random number � .
3) If 2� > 1 + cos2 � 0, go to 1).
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(iii) If � 1 � A, then
4) Samplea random number � and set cos� 0 = � 1 + 2� .
5) Samplea random number � .
6) If � > 1 � cos2 � 0, go to 4).

(iv) Deliver cos� =
cos� 0+ � 0

1 + � 0 cos� 0
.

The e�ciencies of the rejections in steps(ii) and (iii) are both equal to 0.66. That is,
on average,we need4 random numbers to generateeach value of cos� .

3.4 Positron annihilation

Following Nelson et al. (1985), we consider that positrons penetrating a medium of
atomic number Z with kinetic energyE canannihilate with the electronsin the medium
by emissionof two photons. We assumethat the target electronsare free and at rest,
thusdisregardingelectronbinding e�ects, which enableone-photonannihilation (Heitler,
1954). When annihilation occursin 
igh t, i.e. whenthe kinetic energyE of the positron
is larger than the \absorption" energy, the two photonsmay have di�eren t energies,say
E � and E+ , which add to E + 2mec2. In what follows, quantities referring to the photon
with the lowest energywill be denotedby the subscript \ � ". Each annihilation event
is then completelycharacterizedby the quantit y

� �
E �

E + 2mec2
: (3.159)

Assumingthat the positron movesinitially in the direction of the z-axis, from conserva-
tion of energyand momentum it follows that the two photonsare emitted in directions
with polar angles[seeeqs.(A.21) and (A.22) in appendix A]

cos� � = (
 2 � 1)� 1=2(
 + 1 � 1=� ) (3.160)

and
cos� + = (
 2 � 1)� 1=2[
 + 1 � 1=(1 � � )]; (3.161)

and azimuthal angles� � and � + = � � + � . The quantit y 
 = 1+ E=(mec2) is the total
energyof the positron in units of its rest energy.

The maximum value of � is 1/2, its minimum value is found when cos� � = � 1 and
is given by

� min =
1


 + 1 + (
 2 � 1)1=2 : (3.162)

The DCS (per electron) for two-photon annihilation, as observed in the centre-of-
masssystemof the positron and the electron, is given by Heitler (1954). Nelsonet al.
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(1985) transformed this DCS to the laboratory system(where the electron is at rest),
their result can be written as

d� an

d�
=

� r 2
e

(
 + 1)(
 2 � 1)
[S(� ) + S(1 � � )] ; (3.163)

where
S(� ) = � (
 + 1)2 + (
 2 + 4
 + 1)

1
�

�
1
� 2

: (3.164)

Owing to the axial symmetry of the process,the DCS is independent of the azimuthal
angle � � , which is uniformly distributed on the interval (0; 2� ). For fast positrons,
annihilation photonsare emitted preferentially at forward directions. When the kinetic
energy of the positron decreases,the angular distribution of the generatedphotons
becomesmore isotropical (see�g. 3.17).
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Figure 3.17: Left: angular distributions of photons produced by annihilation in 
igh t of
positrons with the indicated kinetic energies. The dashed line represents the isotropic dis-
tribution. Right: Annihilation cross section per target electron as a function of the kinetic
energyof the positron.

The crosssection(per target electron) for two-photon annihilation is

� an =
Z 1=2

� min

d� an

d�
d� =

� r 2
e

(
 + 1)(
 2 � 1)

�
�

(
 2 + 4
 + 1) ln
�


 +
�

 2 � 1

� 1=2
�

� (3 + 
 )
�

 2 � 1

� 1=2
�

: (3.165)
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The annihilation meanfree path is given by

� � 1
an = N Z� an; (3.166)

whereN Z is the density of electronsin the medium. The annihilation crosssection is
displayedin �g. 3.17. The crosssectiondecreaseswith the kinetic energyand, therefore,
high-energypositrons can travel path lengths of the order of the CSDA range before
annihilating.

3.4.1 Generation of emitted photons

The PDF of � is given by (normalization is irrelevant here)

pan(� ) = S(� ) + S(1 � � ); � min � � � 1=2: (3.167)

To sample � , we may take advantage of the symmetry of this expressionunder the
exchangeof the two photons, which corresponds to exchanging � and 1 � � . We �rst
considerthe distribution

P(� ) � S(� ); � min � � � 1 � � min (3.168)

and write it in the form
P(� ) = � (� )g(� ) (3.169)

with

� (� ) =

"

ln

 
1 � � min

� min

!# � 1 1
�

(3.170)

and

g(� ) =
�

� (
 + 1)2� + (
 2 + 4
 + 1) �
1
�

�

: (3.171)

� (� ) is a proper PDF (i.e. it is de�nite positive and normalized to unity) and g(� ) is a
monotonically decreasingfunction. Randomvaluesof � from the distribution P(� ) can
be generatedby using the following algorithm (rejection method):

(i) Samplea value � from the distribution � (� ). This is easily donewith the inverse
transform method, which yields the following sampling equation

� = � min

 
1 � � min

� min

! �

: (3.172)

(ii) Generatea new random number � .

(iii) If � g(� min ) > g(� ), go to step (i).

(iv) Deliver � .
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It is clear that the random value

� = min(� ; 1 � � ) (3.173)

follows the distribution given by eq. (3.167) when � is sampledfrom the distribution
P(� ). The e�ciency of this sampling algorithm practically equals100%for positrons
with kinetic energyE lessthan 10keV, decreaseswhenE increasesto reach a minimum
value of � 80%at E � 10 MeV and increasesmonotonically for larger energies.

As the result of annihilation, two photons with energiesE � = � (E + 2mec2) and
E+ = (1� � )(E + 2mec2) are emitted in the directions givenby eqs.(3.160)and (3.161).
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Chapter 4

Electron/p ositron transp ort
mechanics

In principle, the scattering model and sampling techniquesdescribed in chapter 3 al-
lows the detailed Monte Carlo simulation of electronand positron transport in matter.
However, detailed simulation is feasibleonly when the meannumber of interactionsper
track is small (a few hundred at most). This occursfor electronswith low initial kinetic
energiesor for thin geometries.The number of interactionsexperiencedby an electronor
positron beforebeing e�ectiv ely stopped increaseswith its initial energyand, therefore,
detailed simulation becomesimpractical at high energies.

penelope implements a \mixed" simulation scheme (Berger, 1963; Reimer and
Krefting, 1976;Andreo and Brahme, 1984),which combines the detailed simulation of
hard events (i.e. events with polar angular de
ection � or energy loss W larger than
previouslyselectedcuto� values� c and Wc) with condensedsimulation of soft events, in
which � < � c or W < Wc. Owing to the fact that for high-energyelectronsthe DCSsfor
the variousinteraction processesdecreaserapidly with the polar scatteringangleand the
energyloss,cuto� valuescan be selectedsuch that the meannumber of hard events per
electron track is su�cien tly small to permit their detailed simulation. In general,this
is accomplishedby using relatively small cuto� values,so that each soft interaction has
only a slight e�ect on the simulated track. The global e�ect of the (usually many) soft
interactions that take place betweeneach pair of consecutive hard events can then be
simulated accurately by using a multiple scattering approach. Hard events occur much
lessfrequently than soft events, but they have severee�ects on the track evolution (i.e.
they causelarge angular de
ections and lateral displacements or considerableenergy
losses),which can only be properly reproduced by detailed simulation. The computer
time neededto simulate each track diminishes rapidly when the cuto� values for the
angular de
ection and the energy lossare increased.Mixed simulation algorithms are
usually very stable under variations of the adopted cuto� values, whenever these are
kept below somereasonablelimits. Mixed simulation is then preferableto condensed
simulation because1) spatial distributions are simulated more accurately, 2) tracks in
the vicinit y of interfacesare properly handled,and 3) possibledependenceof the results
on user-de�nedparametersis largely reduced.
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4.1 Elastic scattering

Let us start by consideringelectrons(or positrons) with kinetic energyE moving in a
hypothetical in�nite homogeneousmedium, with N scattering centres per unit volume,
in which they experienceonly pure elastic collisions(i.e. with no energyloss).

4.1.1 Multiple elastic scattering theory

Assumethat an electronstarts o� from a certain position, which we selectas the origin
of our referenceframe, moving in the direction of the z-axis. Let f (s; r ; d̂) denote the
probabilit y density of �nding the electron at the position r = (x; y; z), moving in the
direction givenby the unit vector d̂ after having travelleda path length s. The di�usion
equation for this problem is (Lewis, 1950)

@f
@s

+ d̂ � r f = N
Z h

f (s; r ; d̂0) � f (s; r ; d̂)
i d� el(� )

d

d
 ; (4.1)

where� � arccos(̂d � d̂0) is the scattering anglecorresponding to the angular de
ection
d̂0 ! d̂ . This equation has to be solved with the boundary condition f (0; r ; d̂) =
(1=� )� (r )� (1 � cos� ), where � is the polar angle of the direction d̂. By expanding
f (s; r ; d̂) in sphericalharmonics,Lewis(1950)obtainedexactexpressionsfor the angular
distribution and for the �rst moments of the spatial distribution after a givenpath length
s. The probabilit y density F (s; � ) of having a �nal direction in the solid angleelement
d
 around a direction de�ned by the polar angle� is given by

F (s; � ) =
Z

f (s; r ; d̂) dr =
1X

`=0

2` + 1
4�

exp(� s=� el;` )P` (cos� ); (4.2)

where P` (cos� ) are Legendrepolynomials and � el;` = 1=(N � el;` ) is the `-th transport
mean free path de�ned by eq. (3.14). The result given by eq. (4.2) coincideswith the
multiple scattering distribution obtained by Goudsmit and Saunderson(1940a,1940b).
Evidently, the distribution F (s; � ) is symmetric about the z-axis, i.e. independent of
the azimuthal angleof the �nal direction.

From the orthogonality of the Legendrepolynomials, it follows that

hP` (cos� )i � 2�
Z 1

� 1
P` (cos� )F (s; � ) d(cos� ) = exp(� s=� el;` ): (4.3)

In particular, we have
hcos� i = exp(� s=� el;1) (4.4)

and

hcos2 � i =
1
3

[1 + 2exp(� s=� el;2)] : (4.5)
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Lewis (1950) also derived analytical formulae for the �rst moments of the spatial
distribution and the correlation function of z and cos� . Neglectingenergy losses,the
results explicitly given in Lewis' paper simplify to

hzi � 2�
Z

zf (s; r ; d̂) d(cos� ) dr = � el;1 [1 � exp(� s=� el;1)] ; (4.6)

hx2 + y2i � 2�
Z �

x2 + y2
�

f (s; r ; d̂) d(cos� ) dr

=
4
3

Z s

0
dt exp(� t=� el;1)

Z t

0
[1 � exp(� u=� el;2)] exp(u=� el;1) du; (4.7)

hz cos� i � 2�
Z

z cos�f (s; r ; d̂) d(cos� ) dr

= exp(� s=� el;1)
Z s

0
[1 + 2exp(� t=� el;2)] exp(t=� el;1) dt: (4.8)

It is worth observingthat the quantities (4.4){(4.8) are completely determinedby the
valuesof the transport meanfreepaths � el;1 and � el;2; they are independent of the elastic
meanfree path � el.

4.1.2 Mixed simulation of elastic scattering

At high energies,where detailed simulation becomesimpractical, � el;1 � � el (see�g.
3.3) so that the averageangular de
ection in each collision is small. In other words,
the great majorit y of elasticcollisionsof fast electronsare soft collisionswith very small
de
ections. We shall considermixed simulation procedures(seeFern�andez-Vareaet al.,
1993b;Bar�o et al., 1994b)in which hard collisions,with scatteringangle� larger than a
certain value� c, areindividually simulated and soft collisions(with � < � c) aredescribed
by meansof a multiple scattering approach.

In practice, the mixed algorithm will be de�ned by specifying the mean free path
� (h)

el betweenhard elastic events, de�ned by [seeeqs.(3.10) and (3.12)]

1

� (h)
el

= N 2�
Z �

� c

d� el(� )
d


sin � d� : (4.9)

This equation determinesthe cuto� angle � c as a function of � (h)
el . A convenient recipe

to set the meanfree path � (h)
el is

� (h)
el (E) = maxf � el(E); C1� el;1(E)g; (4.10)

whereC1 is a pre-selectedsmall constant (say, lessthan � 0.1). For increasingenergies,
� el attains a constant value and � el;1 increasessteadily (see�g. 3.3) so that the formula
(4.10) gives a mean free path for hard collisions that increaseswith energy, i.e. hard
collisionsare lessfrequent when the scattering e�ect is weaker. The recipe (4.10) also
ensuresthat � (h)

el will reduceto the actual meanfreepath � el for low energies.In this case,
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soft collisions ceaseto occur (� c = 0) and mixed simulation becomespurely detailed.
It is worth noticing that, when mixed simulation is e�ectiv e (i.e. when � (h)

el > � el), the
meanangular de
ection in a path length � (h)

el is [seeeq. (4.4)]

1 � hcos� i = 1 � exp(� � (h)
el =� el;1) ' C1: (4.11)

Hence, when using the prescription (4.10), the averageangular de
ection due to all
elastic collisionsoccurring along a path length � (h)

el equalsC1.

The PDF of the step length s betweentwo successive hard collisionsis

p(s) =
1

� (h)
el

exp(� s=� (h)
el ); (4.12)

and random valuesof s can be generatedby meansof the sampling formula, eq. (1.36)

s = � � (h)
el ln � : (4.13)

The (unnormalized) PDF of the polar de
ection � in singlehard collisionsis

p(h) (� ) =
d� el(� )

d

sin � �( � � � c); (4.14)

where�( x) standsfor the step function.

The inversetransport mean free paths � � 1
el;` , seeeq. (3.14), for the actual scattering

processcan be split into contributions from soft and hard collisions,i.e.

1
� el;`

=
1

� (s)
el;`

+
1

� (h)
el;`

; (4.15)

where
1

� (s)
el;`

= N 2�
Z � c

0
[1 � P` (cos� )]

d� el(� )
d


sin� d� (4:16a)

and
1

� (h)
el;`

= N 2�
Z �

� c

[1 � P` (cos� )]
d� el(� )

d

sin� d� : (4:16b)

Let us assumethat an electron starts o� from the origin of coordinates moving in
the direction of the z-axis and undergoes the �rst hard collision after travelling a path
length s. The exact angular distribution producedby the soft collisionsalong this step
is

F (s)(s; � ) =
1X

`=0

2` + 1
4�

exp(� s=� (s)
el;` )P` (cos� ): (4.17)

The exact averagelongitudinal and transversedisplacements at the end of the step are
given by [seeeqs.(4.6) and (4.7)]

hzi (s) = � (s)
el;1

h
1 � exp(� s=� (s)

el;1)
i

= s

2

6
41 �

1
2

0

@ s

� (s)
el;1

1

A +
1
6

0

@ s

� (s)
el;1

1

A

2

� : : :

3

7
5 ; (4.18)
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hx2 + y2i (s) =
2
9

s3

� (s)
el;2

2

41 �
1
4

0

@1 +
� (s)

el;1

� (s)
el;2

1

A

0

@ s

� (s)
el;1

1

A + : : :

3

5 ; (4.19)

where� (s)
el;1, the �rst transport meanfree path for soft collisions,is larger than � el;1. As

the meanfree path betweenhard collisionsis normally much lessthan � (s)
el;1 (depending

on the value of C1), the value s=� (s)
el;1 is, on average,much lessthan unity (note that

hsi = � (h)
el ). Therefore,the globale�ect of the soft collisionsin the step, i.e. the changein

direction of movement and the lateral displacement, is very small (part of the de
ection
is causedby the hard interaction at the end of the step).

In penelope , the angularde
ection and the lateral displacement dueto the multiple
soft collisionsin a stepof length s are simulated by meansof the random hingemethod1

(Fern�andez-Vareaet al., 1993b). The associated algorithm can be formulated as follows
(see�g. 4.1),

(i) The electron �rst movesa random distance� , which is sampleduniformly in the
interval (0; s), in the initial direction.

(ii) Then a single arti�cial soft scattering event (a hinge) takes place, in which the
electron changesits direction of movement according to the multiple scattering
distribution F (s)(s; � ).

(iii) Finally, the electron movesa distances � � in the new direction.

�

��

� � �

�

�

�

Figure 4.1: Simulation of the global e�ect of soft collisions between two consecutive hard
collisions by the random hinge method.

Obviously, this algorithm leadsto the exact angular distribution at the end of the
step. The averagelongitudinal displacement at the end of the simulated step is

hzi (s)
sim =

s
2

+
s
2

hcos� i (s) = s

2

6
41 �

1
2

0

@ s

� (s)
el;1

1

A +
1
4

0

@ s

� (s)
el;1

1

A

2

� : : :

3

7
5 ; (4.20)

which agreescloselywith the exact result given by eq. (4.18). Moreover, the average
simulated transversedisplacement is

hx2 + y2i (s)
sim = h(s � � )2 sin2 � i (s)

sim =
1
3

s2
�
1 � hcos2 � i (s)

�

1The name was coined by Ron Kensek.
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=
2
9

s3

� (s)
el;2

2

41 �
1
2

� (s)
el;1

� (s)
el;2

0

@ s

� (s)
el;1

1

A + : : :

3

5 ; (4.21)

which doesnot di�er much from the exact value given by eq. (4.19). From thesefacts,
we may concludethat the random hinge method provides a faithful description of the
transport whenthe step length s is much shorter than the �rst transport meanfreepath
� el;1, so that the global angular de
ection and lateral displacement are small. Surpris-
ingly, it doeswork well also in condensed(classI) simulations, where this requirement
is not met. In spite of its simplicity, the random hinge method competes in accuracy
and speedwith other, much more sophisticatedtransport algorithms (seeBielajew and
Salvat, 2001,and referencestherein). It seemsthat the randomnessof the hinge posi-
tion � leadsto correlations between the angular de
ection and the displacement that
are closeto the actual correlations.

�

�

� � � ��� � � � ��

�

� �

��

�

�

�

Figure 4.2: Simulation of a track near the crossingof an interface.

The random hinge algorithm can be readily adapted to simulate multiple elastic
scattering processesin limited material structures, which may consistof several regions
of di�eren t compositions separatedby well-de�ned surfaces(interfaces). In these ge-
ometries, when the track crossesan interface, we simply stop it at the crossingpoint,
and resumethe simulation in the new material. In spite of its simplicity, this recipe
givesa fairly accuratedescription of interfacecrossing.To seethis, considerthat a hard
collision hasoccurredat the position r in region\1" and assumethat the following hard
collision occurs in region \2". The step length s between thesetwo hard collisions is
larger than the distancet from r to the interface(see�g. 4.2). If the arti�cial soft elastic
collision occursin region\1", the angular de
ection in this collision is sampledfrom the
distribution F (s)(s; � ). Otherwise, the electron reachesthe interface without changing
its direction of movement. Assumings � � (s)

el;1, the meanangular de
ection due to soft
collisionsis

1 � hcos� i (s) = 1 � exp(� s=� (s)
el;1) '

s

� (s)
el;1

: (4.22)

Moreover, when this assumptionis valid, lateral displacements due to soft collisionsare
small and can be neglectedto a �rst approximation. As the probabilit y for the soft
collision to occur within region \1" equals t=s, the averageangular de
ection of the
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simulated electron track when it reachesthe interface is

1 � hcos� i =
t
s

�
1 � hcos� i (s)

�
'

t

� (s)
el;1

; (4.23)

which practically coincideswith the exactmeandeviation after the path length t within
region\1", asrequired. Thus, by samplingthe position of the soft collision uniformly in
the segment (0; s) we make sure that the electronreachesthe interfacewith the correct
averagedirection of movement.

Angular de
ections in soft scattering events

In the random hinge method, the global e�ect of the soft collisions experiencedby
the particle along a path segment of length s betweentwo consecutive hard events is
simulated as a singlearti�cial soft scattering event. The angular de
ection follows the
multiple scatteringdistribution F (s)(s; � ). Unfortunately, the exactLegendreexpansion,
eq. (4.17), is not appropriate for Monte Carlo simulation, sincethis expansionconverges
very slowly (becausethe associated single scattering DCS is not continuous) and the
sum variesrapidly with the path length s.

Whenever the cuto� angle � c is small, the distribution F (s)(s; � ) may be calculated
by using the small angle approximation (seee.g. Lewis, 1950). Notice that � c can be
made as small as desired by selectinga small enoughvalue of C1, seeeqs. (4.9) and
(4.10). Introducing the limiting form of the Legendrepolynomials

P` (cos� ) ' 1 �
1
4

`(` + 1)� 2 (4.24)

into eq. (4.16a) we get

1

� (s)
el;`

= N 2�
`(` + 1)

4

Z � c

0
� 2 d� el(� )

d

sin � d� =

`(` + 1)
2

1

� (s)
el;1

; (4.25)

i.e. the transport mean free paths � (s)
el;` are completely determined by the single value

� (s)
el;1. The angular distribution F (s) then simpli�es to

F (s)(s; � ) =
1X

`=0

2` + 1
4�

exp

2

4 �
`(` + 1)

2
s

� (s)
el;1

3

5 P` (cos� ): (4.26)

This expressioncan be evaluated by using the Moli �ere (1948) approximation for the
Legendrepolynomials, we obtain (seeFern�andez-Vareaet al., 1993b)

F (s)(s; � ) =
1

2�

 
�

sin�

! 1=2 � (s)
el;1

s
exp

2

4 s

8� (s)
el;1

�
� (s)

el;1

2s
� 2

3

5 ; (4.27)

which doesnot di�er signi�cantly from the Gaussiandistribution with variances=� (s)
el;1.

This result is accurate whenever s � � (s)
el;1 and � c � 1. It o�ers a possiblemethod
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of generatingthe angular de
ection in arti�cial soft events. When the result given by
eq. (4.27) is applicable, the single parameter � (s)

el;1 completely determinesthe multiple
scattering distribution due to soft collisions,i.e. other details of the DCS for scattering
angles less than � c are irrelevant. However, in actual Monte Carlo simulations, the
small-angleapproximation is seldomapplicable.

In most practical casesthe number of hard collisionsper electrontrack can be made
relatively largeby simply usinga small valueof the parameterC1 [seeeq. (4.10)]. When
the number of stepsis large enough,say larger than � 10, it is not necessaryto usethe
exact distribution F (s)(s; � ) to samplethe angular de
ection in arti�cial soft collisions.
Instead, we may usea simpler distribution, Fa(s; � ), with the samemeanand variance,
without appreciably distorting the simulation results. This is so becausethe details of
the adopted distribution are washedout after a su�cien tly large number of stepsand
will not be seenin the simulated distributions. Notice that, within the small angle
approximation, it is necessaryto keep only the proper value of the �rst moment to
get the correct �nal distributions. However, if the cuto� angle � c is not small enough,
the angular distribution F (s)(s; � ) may becomesensitive to higher-order moments of
the soft single scattering distribution. Thus, by also keepingthe proper value of the
variance,the rangeof validit y of the simulation algorithm is extended,i.e. we canspeed
up the simulation by using larger valuesof C1 (or of � (h)

el ) and still obtain the correct
distributions.

We now return to the notation of section3.1, and usethe variable � � (1 � cos� )=2
to describe angular de
ections in soft scattering events. The exact �rst and second
moments of the multiple scattering distribution F (s)(s; � ) are

h� i (s) �
Z 1

0
�F a(s; � ) d� =

1
2

h
1 � exp(� s=� (s)

el;1)
i

(4.28)

and
h� 2i (s) �

Z 1

0
� 2Fa(s; � ) d� = h� i (s) �

1
6

h
1 � exp(� s=� (s)

el;2)
i
: (4.29)

The angular de
ection in soft scattering events will be generatedfrom a distribution
Fa(s; � ), which is required to satisfy eqs.(4.28) and (4.29), but is otherwisearbitrary.
penelope usesthe following,

Fa(s; � ) = aU0;b(� ) + (1 � a)Ub;1(� ); (4.30)

whereUu;v (x) denotesthe normalizeduniform distribution in the interval (u; v),

Uu;v (x) =

8
><

>:

1=(v � u) if u � x � v,

0 otherwise.
(4.31)

The parametersa and b, obtained from the conditions (4.28) and (4.29), are

b=
2h� i (s) � 3h� 2i (s)

1 � 2h� i (s) ; a = 1 � 2h� i (s) + b: (4.32)
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The simple distribution (4.30) is 
exible enoughto reproducethe combinations of �rst
and secondmoments encountered in the simulations [notice that h� i (s) , eq. (4.28), is
always lessthan 1/2] and allows fast random samplingof � .

4.1.3 Simulating with the MW mo del

penelope simulates elastic scattering by using the MW model (seesection3.1), which
allows the formulation of the mixed simulation algorithm in closedanalytical form.

The meanfree path � (h)
el betweenhard elastic events and the cuto� de
ection � c =

(1 � cos� c)=2 are related through [seeeqs.(3.18) and (4.9)]

1

� (h)
el

=
1

� el

Z 1

� c

pMW (� ) d�: (4.33)

This equation can be easily inverted to give

� c = P � 1
MW (� c) ; (4.34)

where

� c � 1 �
� el

� (h)
el

(4.35)

and P � 1
MW is the inverseof the single scattering cumulative distribution function given

by eqs.(3.31) and (3.36).

In the following, we assumethat the MW distribution is that of caseI, eq. (3.24);
the formulae for caseI I can be derived in a similar way. The random sampling of the
angular de
ection � in hard collisions is performed by the inversetransform method
(section 1.2.2); random valuesof � are obtained from the samplingequation

Z �

� c

pMW (� 0) d� 0 = �
Z 1

� c

pMW (� 0) d� 0: (4.36)

With the MW distribution, eq. (3.24), this equation can be solved analytically to give

� = P � 1
MW

 

1 �
� el

� (h)
el

(1 � � )

!

: (4.37)

To determinethe angular distribution of soft events Fa(s; � ), eq. (4.30), we needthe
�rst and secondtransport meanfree paths for soft collisions,which are given by

�
� (s)

el;1

� � 1
=

2
� el

T1(� c) and
�
� (s)

el;2

� � 1
=

6
� el

[T1(� c) � T2(� c)] (4.38)

with

T1(� c) =
Z � c

0
�p MW (� ) d� and T2(� c) =

Z � c

0
� 2pMW (� ) d�: (4.39)
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Theselatter quantities can be computedanalytically as

T1(� c) =

8
>>>><

>>>>:

(1 � B )I 1(� c) if 0 � � c < � 0

(1 � B )I 1(� 0) + (� c � � 0) � 0 if � 0 � � c < � 0 + B

(1 � B )I 1(� c) + B � 0 if � 0 + B � � c � 1

(4.40)

and

T2(� c) =

8
>>>><

>>>>:

(1 � B )I 2(� c) if 0 � � c < � 0

(1 � B )I 2(� 0) + (� c � � 0) � 2
0 if � 0 � � c < � 0 + B

(1 � B )I 2(� c) + B � 2
0 if � 0 + B � � c � 1

(4.41)

with

I 1(� ) � A

"

(1 + A) ln
� A + �

A

�

�
(1 + A)�

A + �

#

(4.42)

and

I 2(� ) � A

"
(1 + A)� 2

A + �
� 2I 1(� )

#

: (4.43)

The quantities � 0 and � c are de�ned by eqs.(3.34) and (4.35), respectively.

4.2 Soft energy losses

The high-energycodescurrently available implement di�eren t approximate methods to
simulate inelastic collisions. Thus, etran and its3 make useof the multiple scattering
theoriesof Landau (1944) and Blunck and Leisegang(1950) to obtain the energy loss
distribution due to inelastic collisionsafter a given path length; the production of sec-
ondary electronsis simulated by meansof the M�ller (1932) and Bhabha (1936)DCSs,
which neglectbinding e�ects. This approach accounts for the whole energystraggling,
within the accuracy of the multiple scattering theory, but disregardsthe correlation
betweendelta ray emissionand energy loss in each track segment. As a consequence,
energeticdelta rays can be generatedin a track segment where the energylost by the
primary particle is smaller than the energy of the emitted delta rays. egs4 usesa
mixed procedure to simulate collision energy losses:hard inelastic collisions are sim-
ulated from the M�ller and Bhabha DCSs, thus neglecting binding e�ects, and soft
inelastic collisionsare described by meansof the continuous slowing down approxima-
tion (CSDA), i.e. energystraggling due to soft inelastic collisionsis ignored. As regards
bremsstrahlungemission,egs4 implements a mixed procedurein which hard radiative
events are simulated in detail and useis madeof the CSDA to simulate the e�ect of soft
photon emission;etran usesstrictly detailed simulation.

To makethe arguments moreprecise,weintroducethe cuto� valuesWcc andWcr , and
considerinelastic collisionswith energy lossW < Wcc and emissionof bremsstrahlung
photons with W < Wcr as soft stopping interactions. The useof the CSDA to describe
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soft interactions is well justi�ed when the energystraggling due to these interactions
is negligible, as happenswhen the cuto� energiesWcc and Wcr are both small, so that
the fraction of the stopping power due to soft interactions is alsosmall. To improve the
description of energystraggling oneshould reducethe cuto� energies,but this enlarges
the number of hard inelastic and radiative events to be simulated along each track and
hencethe simulation time. Our purposeis to gobeyondthe CSDA by introducingenergy
straggling in the descriptionof soft stopping interactions. It is clear that, by proceeding
in this way, we will be able to uselarger valuesof the cuto� energiesWcc and Wcr, and
hencespeedup the simulation, without distorting the energydistributions.

In previous versionsof penelope , soft energy losseswere simulated by using the
mixed simulation algorithm described by Bar�o et al. (1995). The quantities that de�ne
the algorithm are the meanfreepaths � (h)

in and � (h)
br betweenhard collisionsand hard ra-

diativeevents, the stopping power Ss and the energystragglingparameter
 2
s associated

with soft interactions. Thesequantities are given by

� (h)
in (E) =

 

N
Z E

Wcc

d� in

dW
dW

! � 1

; (4.44)

� (h)
br (E) =

 

N
Z E

Wcr

d� br

dW
dW

! � 1

; (4.45)

Ss(E) = N
Z Wcc

0
W

d� in

dW
dW + N

Z Wcr

0
W

d� br

dW
dW (4.46)

and


 2
s(E) = N

Z Wcc

0
W 2 d� in

dW
dW + N

Z Wcr

0
W 2d� br

dW
dW: (4.47)

To prevent � (h)
br (E) from vanishing (infrared divergence),in penelope the radiative

cuto� energyWcr is required to be larger than or equal to 10 eV.

Let us considerthat a particle, electron or positron, travels a step of length s be-
tweentwo consecutive hard events of any kind (i.e. hard elastic or inelastic collisions,
hard bremsstrahlungemissions,and annihilation in the caseof positrons). Along this
step, the particle is assumedto interact only through soft inelastic collisionsand soft
bremsstrahlungemission.We considerthat the averageenergylossin this path length,
Ss(E)s, is much less than the initial energy E so that the DCSs can be assumedto
stay essentially constant along the step. Let G(s; ! ) denotethe PDF of the energyloss
! along the path length s; this distribution satis�es the transport equation (Landau,
1944)

@G(s; ! )
@s

= N
Z 1

0
[G(s; ! � W) � G(s; ! )] � s(E; W) dW (4.48)

with the initial value G(0; ! ) = � (! ). Here, � s(E; W) stands for the DCS for soft
stopping interactions, i.e.

� s(E; W) �
d� s

dW
=

d� in

dW
�( Wcc � W) +

d� br

dW
�( Wcr � W); (4.49)
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where�( x) is the step function. A closedformal solution of the integral equation(4.48)
may be obtainedby consideringits Fourier, or Laplace,transform with respect to ! (see
e.g. Landau, 1944,Blunck and Leisegang,1950). For our purposesit is only necessary
to know the �rst moments of the energylossdistribution after the path length s,

h! n i �
Z 1

0
! nG(s; ! ) d! : (4.50)

From eq. (4.48) it follows that

d
ds

h! n i = N
Z 1

0
d!

Z 1

0
dW ! n [G(s; ! � W) � G(s; ! )] � s(E; W)

= N
� Z 1

0
d! 0

Z 1

0
dW (! 0+ W)nG(s; ! 0)� s(E; W) � h! n i

Z 1

0
� s(E; W) dW

�

=
nX

k=1

n!
k!(n � k)!

h! n� k iN
Z 1

0
W k � s(E; W) dW; (4.51)

whereusehasbeenmadeof the fact that � s(E; W) vanisheswhenW < 0. In particular,
we have

d
ds

h! i = N
Z 1

0
W� s(E; W) dW = Ss; (4.52)

d
ds

h! 2i = 2h! iN
Z 1

0
W� s(E; W) dW + N

Z 1

0
W 2� s(E; W) dW

= 2h! i Ss + 
 2
s (4.53)

and, hence,
h! i = Sss; (4.54)

h! 2i = (Sss)2 + 
 2
ss: (4.55)

The varianceof the energylossdistribution is

var(! ) = h! 2i � h! i 2 = 
 2
ss; (4.56)

i.e. the energystragglingparameter
 2
s equalsthe varianceincreaseper unit path length.

The key point in our argument is that soft interactions involve only comparatively
small energylosses.If the number of soft interactionsalongthe path length s is statisti-
cally su�cien t, it follows from the central limit theoremthat the energylossdistribution
is Gaussianwith meanSss and variance
 2

ss, i.e.

G(s; ! ) '
1

(2� 
 2
s(E)s)1=2 exp

"

�
(! � Ss(E)s)2

2
 2
s(E)s

#

: (4.57)

This result is accurateonly if 1) the averageenergy lossSs(E)s is much smaller than
E (so that the DCS d� s=dW is nearly constant along the step) and 2) its standard
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deviation [
 2
s(E)s]1=2 is much smaller than its mean Ss(E)s (otherwise there would be

a �nite probabilit y of negative energylosses),i.e.

h

 2

s(E)s
i 1=2

� Ss(E)s � E: (4.58)

Requirement 1) implies that the cuto� energiesWcc and Wcr for delta ray production
and photon emissionhave to be relatively small. The secondrequirement holds for path
lengths larger than scrit = 
 2

s=S2
s .

Now, we addressourselvesto the problem of simulating the energylossesdue to soft
stopping interactionsbetweentwo consecutivehard events. The distribution (4.57)gives
the desiredresult when conditions (4.58) are satis�ed. In fact, the use of a Gaussian
distribution to simulate the e�ect of soft stopping interactions waspreviously proposed
by Andreo and Brahme(1984). Unfortunately, the step lengthsfound in our simulations
are frequently too short for conditions (4.58) to hold (i.e. s is usually lessthan scrit ). To
get over this problem, we replacethe actual energylossdistribution G(s; ! ) by a simpler
\equivalent" distribution Ga(s; ! ) with the samemeanand variance,givenby eqs.(4.54)
and (4.56). Other details of the adopted distribution have no e�ect on the simulation
results,provided that the number of stepsalongeach track is statistically su�cien t (say,
larger than � 20). penelope generates! from the following distributions
� CaseI. If h! i 2 > 9var(! ), we usea truncated Gaussiandistribution,

Ga;I (s; ! ) =

8
>><

>>:

exp

"

�
(! � h! i )2

2(1:015387� )2

#

if j! � h! ij < 3� .

0 otherwise.
(4.59)

where � = [var(! )]1=2 is the standard deviation and the numerical factor 1.015387
corrects for the e�ect of the truncation. Notice that the shape of this distribution is
very similar to that of the \true" energy-lossdistribution, eq. (4.57). Randomsampling
from (4.59) is performed by meansof the Box-M•uller method, eq. (1.54), rejecting the
generated! 's that are outside the interval h! i � 3� .
� CaseI I. When 3var(! ) < h! i 2 < 9var(! ), the energylossis sampledfrom the uniform
distribution

Ga;I I(s; ! ) = U! 1 ;! 2 (! ) (4.60)

with
! 1 = h! i �

p
3� ; ! 2 = h! i +

p
3� : (4.61)

� CaseI I I. Finally, whenh! i 2 < 3var(! ), the adopteddistribution is an admixture of a
delta and a uniform distribution,

Ga;I I I(s; ! ) = a� (! ) + (1 � a)U0;! 0(! ) (4.62)

with

a =
3var(! ) � h! i 2

3var(! ) + 3h! i 2 and ! 0 =
3var(! ) + 3h! i 2

2h! i
: (4.63)
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It can be easily veri�ed that thesedistributions have the required mean and variance.
It is alsoworth noticing that they yield ! valuesthat are lessthan

! max =

8
>><

>>:

h! i + 3� in caseI;

! 2 in caseI I;

! 0 in caseI I I:

(4.64)

! max is normally much lessthan the kinetic energyE of the transported particle. Energy
losseslarger than E might be generatedonly when the step length s hasa value of the
order of the Bethe range,but this never happensin practical simulation (seebelow). It
is worth noticing that, after a moderately large number of steps,this simple simulation
schemee�ectiv ely yields an energylossdistribution that hasthe correct �rst and second
moments and is similar in shape to the \true" distribution. Further improvements of
the distribution of soft energylosseswould meanconsideringhigher order moments of
the singlescattering inelastic DCS given by eq. (4.49).

In spatial-dosecalculations,the energyloss! dueto soft stopping interactionscanbe
consideredto be locally deposited at a random position uniformly distributed along the
step. This procedureyields dosedistributions identical to those obtained by assuming
that the energylossis depositedat a constant rate alongthe step,but is computationally
simpler. According to this, penelope simulates the combined e�ect of all soft elastic
collisions and soft stopping interactions that occur between a pair of successive hard
events, separateda distances, as a singleevent (a hinge) in which the particle changes
its direction of movement accordingto the distribution Fa(s; � ), eqs.(4.30)-(4.32),and
losesenergy! that is generatedfrom the distribution Ga(s; ! ), eqs.(4.59)-(4.63). The
position of the hingeis sampleduniformly alongthe step, as in the caseof purely elastic
scattering (section4.1.2). When the step crossesan interface(see�g. 4.2), the arti�cial
event is simulated only when its position lies in the initial material; otherwisethe track
is stopped at the interfaceand restarted in the new material. It can be easily veri�ed
that the particle reaches the interface not only with the correct averagedirection of
movement, but alsowith the correct averageenergy, E � Sst.

4.2.1 Energy dependence of the soft DCS

The simulation model for soft energylossesdescribed above is basedon the assumption
that the associated energy-lossDCS does not vary with the energyof the transported
particle. To account for the energydependenceof the DCS in a rigorous way, we have
to start from the transport equation [cf. eq. (4.48)]

@G(s; ! )
@s

= N
Z 1

0
G(s; ! � W) � s(E0 � ! + W; W) dW

� N
Z 1

0
G(s; ! ) � s(E0 � ! ; W) dW; (4.65)

whereE0 denotesthe kinetic energyof the particle at the beginningof the step. We de-
sire to obtain expressionsfor the �rst and secondmoments, h! i and h! 2i , of the multiple
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scatteringenergy-lossdistribution, which de�ne the arti�cial distribution Ga(s; ! ) asde-
scribed above. Unfortunately, for a realistic DCS, thesemoments can only be obtained
after arduousnumerical calculationsand we have to rely on simple approximations that
can be easily implemented in the simulation code.

Let us considerthat, at least for relatively small fractional energy losses,the DCS
varies linearly with the kinetic energyof the particle,

� s(E0 � ! ; W) ' � s(E0; W) �

"
@� s(E; W)

@E

#

E = E0

! : (4.66)

We recall that we are consideringonly soft energy-lossinteractions (inelastic collisions
and bremsstrahlungemission)for which the cuto� energies,Wcc and Wcr , do not vary
with E. Therefore, the upper limit of the integrals in the right hand side of eq. (4.65)
is �nite and independent of the energyof the particle. The stopping power Ss(E0 � ! )
can then be approximated as

Ss(E0 � ! ) � N
Z

W� s(E0 � ! ; W) dW ' Ss(E0) � S0
s(E0) ! ; (4.67)

where the prime denotesthe derivative with respect to E. Similarly, for the straggling
parameter 
 2

s(E) we have


 2
s(E0 � ! ) � N

Z
W 2� s(E0 � ! ; W) dW ' 
 2

s(E0) � 
 2
s

0
(E0) ! : (4.68)

From eq. (4.65) it follows that the moments of the multiple scattering distribution,

h! n i =
Z

! nG(s; ! ) d! ;

satisfy the equations

d
ds

h! n i = N
Z

d!
Z

dW [(! + W)nG(s; ! )� s(E0 � ! ; W)]

� N
Z

d!
Z

dW ! nG(s; ! )� s(E0 � ! ; W)

= N
nX

k=1

n!
k!(n � k)!

Z
d!

Z
dW ! n� kW kG(s; ! )� s(E0 � ! ; W): (4.69)

By inserting the approximation (4.66), we obtain

d
ds

h! n i =
nX

k=1

n!
k!(n � k)!

� D
! n� k

E
M k �

D
! n� k+1

E
M 0

k

�
; (4.70)

where
M k � N

Z
W k � s(E0; W) dW (4.71)
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and

M 0
k � N

Z
W k

"
@� s(E; W)

@E

#

E = E0

dW =

"
dM k

dE

#

E = E0

: (4.72)

The equations (4.70) with the boundary conditions h! n i s=0 = 0 can now be solved
sequentially to any order. For n = 1 we have

d
ds

h! i = Ss(E0) � S0
s(E0)h! i ; (4.73)

which yields

h! i =
Ss(E0)
S0

s(E0)

n
1 � exp[� S0

s(E0)s]
o

: (4.74)

The equation for n = 2 reads,

d
ds

h! 2i = 
 2
s(E0) +

h
2Ss(E0) � 
 2

s
0
(E0)

i
h! i � 2S0

s(E0)h! 2i ; (4.75)

and its solution is

h! 2i = 
 2
s(E0)

1 � exp[� 2S0
s(E0)s]

2S0
s(E0)

+ s
h
2Ss(E0) � 
 2

s
0
(E0)

i
Ss(E0)

"
1 � exp[� S0

s(E0)s]
2S0

s(E0)

#2

: (4.76)

Hence,

var(! ) = h! 2i � h! i 2

= 
 2
s(E0)

1 � exp[� 2S0
s(E0)s]

2S0
s(E0)

� 2
 2
s

0
(E0)Ss(E0)

"
1 � exp[� S0

s(E0)s]
2S0

s(E0)

#2

: (4.77)

Since theseexpressionsare derived from the linear approximation, eq. (4.66), it is
consistent to evaluate h! i and var(! ) from their Taylor expansionsto secondorder,

h! i = Ss(E0) s
�

1 �
1
2

S0
s(E0) s + O(s2)

�

' Ss(E0) s

(

1 �
1
2

"
d ln Ss(E)

dE

#

E = E0

Ss(E0) s

)

(4.78)

and

var(! ) = 
 2
s(E0) s �

� 1
2


 2
s

0(E0) Ss(E0) + 
 2
s(E0) S0

s(E0)
�

s2 + O(s3)

' 
 2
s(0) s

(

1 �

"
1
2

d ln 
 2
s(E)

dE
+

d ln Ss(E)
dE

#

E = E0

Ss(E0) s

)

; (4.79)
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wherethe logarithmic derivativeshave beenintroducedfor numerical convenience.The
factors in curly bracketsaccount for the globale�ect of the energydependenceof the soft
energy-lossDCS (within the linear approximation). To simulate soft energylosses,we
sample! from the arti�cial distribution Ga(! ; s), eqs.(4.59) to (4.63),with the \correct"
�rst moment and variance, given by expressions(4.78) and (4.79). In penelope , we
usestep lengthss such that the fractional energylossalongeach step is relatively small
(seebelow) and, consequently, the energy-dependencecorrection is also small (i.e. the
correcting factors are closeto unity).

4.3 Com bined scattering and energy loss

Up to this point, soft scattering and energy loss have been regardedas essentially in-
dependent processes,while in reality they coexist. In this section, we consider their
interplay and set the basisof an algorithm that simulates their combined e�ect.

Ours is a mixed algorithm, wherehard interactions are described individually from
the associated DCSs (seechapter 3). Theseinteractions are 1) hard elastic collisions,
\el", 2) hard inelastic collisions, \in", 3) hard bremsstrahlungphoton emission,\br",
4) ionization of inner shells,\si", and, in the caseof positrons,5) positron annihilation,
\an". The meanfree path betweenconsecutive hard events, � (h)

T , is given by

h
� (h)

T

i � 1
= N � (h)

T = N
h
� (h)

el + � (h)
in + � (h)

br + � si (+ � an)
i

� � h; (4.80)

where � (h)
T is the total atomic crosssection for hard interactions. We recall that the

inversemeanfreepath, � h, givesthe interaction probabilit y per unit path length. In the
absenceof soft energy-lossevents, the PDF of the step length s betweentwo successive
hard events (or from a given point in the track to the next hard event) is

p(s) = � h exp(� � hs) : (4.81)

In each hard event, oneand only oneinteraction (i=\el", \in", \br", \si" or \an") occurs
with probabilit y

pi = � (h)
i =� (h)

T : (4.82)

When soft energy-lossesare considered,the PDF of the distances travelled by the
particle to the following hard interaction is not given by eq. (4.81), becausethe mean
free path � (h)

T varies with energyand may changeappreciably along a singlestep. The
simplest way to cope with this problem is to limit the length of the step to make sure
that the averageenergylossis much smaller than the kinetic energyE at the beginning
of the step,and considerthat � (h)

T (E) remainsessentially constant alongthe step. Then,
the meanenergylossin a step is given by

h� E i = � (h)
T S(E); (4.83)



140 Chapter 4. Electron/p ositron transport mechanics

where
S(E) = Sin (E) + Sbr (E) (4.84)

is the total stoppingpower. Sincethe meanfreepath betweenconsecutivehard events of
any kind is shorter than the meanfreepath betweenhard elasticevents, the energyloss
per step can be limited by re-de�ning the hard mean free path. If we wish to tolerate
averagefractional energy losses� E=E along a step of the order of C2 (a small value,
say, 0.05), we simply take

� (h)
el (E) = max

(

� el(E); min

"

C1� el;1(E); C2
E

S(E)

#)

: (4.85)

This e�ectiv ely limits the averageenergylossper step at the expenseof increasingthe
frequencyof hard elasticevents. The parametersC1 and C2 in eq. (4.85), to be selected
by the user, determine the computer time neededto simulate each track. Ideally, they
should not have any in
uence on the accuracy of the simulation results. This happens
only when their valuesare su�cien tly small (seebelow).
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Figure 4.3: Elastic mean free path � el, �rst transport mean free path � el;1 and E =S(E ) for
electrons in aluminium and lead. The solid line represents the mean free path betweenhard
elastic events � (h)

el obtained from eq. (4.85) with C1 = C2 = 0.05.

It shouldbenoted that C1 and C2 act on di�eren t energydomains. This is illustrated
in �g. 4.3, wherethe lengths � el, � el;1 and E=S for electronsin aluminium and lead are
represented as functions of the kinetic energy. The meanfree path � (h)

el for hard elastic
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events, determinedfrom the prescription (4.85) with C1 = C2 = 0.05is alsoplotted. For
low energies,� (h)

el = � el and the simulation is purely detailed (� c = 0). For intermediate
energies,� (h)

el = C1� el;1, whereas� (h)
el = C2E=S(E) in the high-energydomain. From �g.

4.3 it is clear that increasingthe value of C2 doesnot have any e�ect on the simulation
of electron tracks with initial energiesthat are lessthan � 10 MeV.

4.3.1 Variation of � (h)
T with energy

With the de�nition (4.85) of the hard elastic mean free path, we only set a limit on
the averagestep length. However, sinces is sampledfrom the exponential distribution,
its realizations 
uctuate amply about the averagevalue. On the other hand, the soft
energy loss ! along a step of given length s also 
uctuates about the mean value h! i
given by eq. (4.78). This meansthat the inversemeanfree path � h(E) variesalong the
step in an essentially unpredictableway.

Let us consider for a moment that the CSDA is applicable (i.e. that the e�ect of
soft energystraggling is negligible). In this case,there is a one-by-one correspondence
betweenthe kinetic energyE of the electronand the travelled path length s,

s =
Z E0

E

dE 0

Ss(E 0)
; (4.86)

whereE0 is the initial energy(at s = 0) and Ss(E) is the soft stopping power, eq. (4.46)
[we considerthat no hard interactions occur along the step]. Equivalently ,

ds
dE

= �
1

Ss(E)
: (4.87)

Thus, the inversemeanfreepath � h canbe formally consideredasa function of the path
length s. The probabilit y p(s) ds of having the �rst hard interaction when the particle
has travelled a length in the interval (s;s + ds) is determined by the equation [cf. eq.
(1.87)]

p(s) = � h(s)
Z 1

s
p(s0) ds0; (4.88)

with the normalization condition,
Z 1

0
p(s) ds = 1: (4.89)

Instead of the path length s, it is convenient to considerthe dimensionlessvariable

q �
Z E0

E

� h(E 0)
Ss(E 0)

dE 0 =
Z s

0
� h(s0) ds0; (4.90)

which varieswith energyand
dq
dE

= �
� h(E)
Ss(E)

: (4.91)
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The PDF of q is

� (q) = p(s)
ds
dq

= p(s)
ds
dE

dE
dq

= p(s)
1

� h(s)
: (4.92)

From eq. (4.88) it follows that � (q) satis�es the equation

� (q) =
Z 1

q
� (q0) dq0: (4.93)

Therefore,q is distributed exponentially ,

� (q) = exp(� q): (4.94)

The PDF of the step length s is obtained by inverting the transformation (4.90),

p(s) = � h(s) exp
�

�
Z s

0
� h(s0) ds0

�

: (4.95)

It is not practical to samples from this complicatedPDF. It is much more convenient
to sampleq [as � ln � , cf. eq. (1.36)] and then determine s from (4.90), which can be
inverted numerically (for practical details, seeBerger, 1998). Although this sampling
method e�ectiv ely accounts for the energydependenceof � s(E), it is applicableonly to
simulations in the CSDA.

A more versatile algorithm for samplingthe position of hard events, still within the
CSDA, is the following. We let the electron move in stepsof maximum length smax , a
value speci�ed by the user. This determinesthe maximum energylossalong the step,

! max =
Z smax

0
Ss(s) ds: (4.96)

Let � h;max denotean upper bound for the inversemean free path of hard events in the
swept energyinterval, i.e.

� h;max > maxf � h(E); E 2 (E0 � ! max ; E0)g (4.97)

We now assumethat the electronmay undergo�ctitious events in which the energyand
direction remain unaltered (delta interactions). The inversemean free path of these
interactions is de�ned as

� � (E) = � h;max � � h(E); (4.98)

so that the inversemean free path of the combined process(delta interactions + hard
events) equals� h;max , a constant. Owing to the Markovian character of the processes,
the introduction of delta interactions does not in
uence the path-length distribution
between hard events. Therefore, the occurrence of hard events can be sampled by
meansof the following simple algorithm,

(i) Samplea distances from the exponential distribution with inversemeanfreepath
� h;max , i.e. s = (� ln � )=� h;max .
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(ii) If s > smax , move the electron a path length smax and determine the soft energy
loss ! along this path length. Modify the electron energy2, E  E � ! , and
assumethat a delta interaction occursat the end of the step.

(iii) If s < smax , move the electrona step of length s. Determine the energyloss! and
update the energy, E  E � ! . Samplea random number � .

(1) If � � h;max < � h(E), simulate a hard interaction
(2) Otherwise,assumethat the particle undergoesa delta interaction.

(iv) Return to (i).

It is clear that the path-length s to the �rst hard interaction generatedwith this algo-
rithm follows the PDF (4.95). The interesting peculiarity of this algorithm is that it
makesno explicit referenceto the CSDA. Therefore, it can be adopted in mixed sim-
ulations with soft-energy-lossstraggling, provided only that an upper bound exists for
the energy! lost along the path length smax .
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Figure 4.4: Inversemean free path (interaction probabilit y per unit path length) for hard
interactions of electrons in aluminium and gold for the indicated values of the simulation
parameters. The plotted curveswere calculated with Wcc = Wcr = 100 eV.

Fortunately, the energylossgeneratedfrom the arti�cial distribution Ga(! ; s), eqs.
(4.59)-(4.63),is always lessthan ! max , eq. (4.64). Indeed,in caseI we usethe truncated

2In the description of the algorithms we usethe symbol  in expressionssuch as\ a  b" to indicate
that the value b replacesthe value of a.
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Gaussiandistribution (4.59) just to enforcethis property. In our mixed simulation we
shall selecta maximum step length smax , which serves to set an upper bound for the
energythat the transported electronsmay losealong each step. Sincethe hard inverse
meanfreepath � h(E) hasa broad minimum (and no local maxima) in the wholeenergy
interval of interest(see�g. 4.4), the maximum valueof � h within a certain energyinterval
(E1; E2) occurs at one of the end points. This makes the practical implementation of
the above algorithm very easy.

4.3.2 Scattering by atomic electrons

Most of the existing high-energysimulation codeshave di�culties in accounting for the
angular de
ections of the projectile due to inelastic collisions (seee.g. Jenkins et al.,
1988). The inelastic crosssection di�eren tial in the scattering angle can be calculated
approximately in terms of the incoherent scattering function (seee.g.Mott and Massey,
1965). This was the approach followed by Fano (1954) in order to introduce electron
scattering e�ects in the Moli �ere (1948) multiple scattering theory. However, the DCS
calculatedin this way accounts for all excitationsand, hence,it is not adequatefor mixed
simulations, where the part of electron scattering due to hard collisions is explicitly
simulated. Moreover, the calculation of the DCSfrom the incoherent scattering function
involvesan averageover excitation energiesthat cannot be performedexactly; instead
an e�ectiv e \minim um momentum transfer" is introduced, which must be estimated
empirically. This may causeinconsistenciesfor low-energyprojectiles. A moreconsistent
approach (Bar�o et al., 1995) is obtained by simply computing the restricted angular
DCS, for soft collisionswith W < Wcc, from our inelastic scattering model (seesection
3.2), as follows.

We recall that the recoil energyQ is given by (seeappendix B)

Q(Q + 2mec2) = c2(p2 + p02 � 2pp0cos� ); (4.99)

wherep and p0 are the magnitudesof the momentum of the projectile beforeand after
the collision,

(cp)2 = E(E + 2mec2) and (cp0)2 = (E � W)(E � W + 2mec2): (4.100)

In soft distant interactions, the angularde
ection � = (1� cos� )=2 and the recoil energy
Q are related through

Q(Q + 2mec2) = 4cpcpk � + (cp� cpk )2; (4.101)

wherepk is the momentum of the projectile after the collision,

(cpk )2 = (E � Wk )(E � Wk + 2mec2): (4.102)

The crosssectionfor soft distant interactions3, eq.(3.58), canthen beexpressedin terms

3Distant transverseinteractions do not causescattering.



4.3. Combined scattering and energyloss 145

of the variable � as

d� dis;l

d�
=

4� e4

mev2

X

k

f k
1

Wk

mec2

4cpcpk � + (cp� cpk )2

4cpcpk

2(Q + mec2)
: (4.103)

Consideringthat Q � mec2 for the majorit y of soft distant collisions,we have

d� dis;l

d�
=

2� e4

mev2

X

k

f k
1

Wk

1
Rk + �

; 0 < � < � k ; (4.104)

where

Rk =
(cp� cpk )2

4cpcpk
(4.105)

and

� k = � (Q = Wk) =
Wk(Wk + 2mec2) � (cp� cpk )2

4cpcpk
: (4.106)

On the other hand, the DCS per unit oscillator strength for soft (W < Wcc) close
collisionswith the i -th oscillator is given by [seeeqs.(3.69) and (3.75)]

d� ( � )
clo

dW
=

2� e4

mev2

X

k

f k
1

W 2
F ( � )(E; W): (4.107)

The angular de
ection and the energylossare related by (3.116), which implies that

W =
E(E + 2mec2)2(� � � 2)

2E(� � � 2) + mec2 (4.108)

and
dW
d�

=
E(E + 2mec2)mec22(1 � 2� )

[2E(� � � 2) + mec2]2
: (4.109)

Therefore,

d� ( � )
clo

d�
=

2� e4

mev2

X

k

f k
1

W 2
F ( � )(E; W)

dW
d�

; � k < � < � cc; (4.110)

where

� cc = � (Q = Wcc) =
Wcc(Wcc + 2mec2) � (cp� cpcc)2

4cpcpcc
(4.111)

with
(cpcc)2 = (E � Wcc)(E � Wcc + 2mec2): (4.112)

The angular DCS for soft inelastic interactions is then given by

d� s

d�
=

d� dis;l

d�
+

d� ( � )
clo

d�

=
2� e4

mev2

X

k

f k

(
1

Wk

1
Rk + �

+
1

W 2
F ( � )(E; W)

dW
d�

)

; (4.113)
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where the summationsextend over the oscillators with resonanceenergylessthan Wcc

and greater than Wmax , and each term contributes only for the � -intervals indicated
above. The meanfree path and the �rst and secondtransport meanfree paths for soft
inelastic scattering are

h
� (s)

in

i � 1
= N

Z � 2

0

d� (s)
in

d�
d�; (4.114)

h
� (s)

in ;1

i � 1
= N

Z � 2

0
2�

d� (s)
in

d�
d� (4.115)

and
h
� (s)

in ;2

i � 1
= N

Z � 2

0
6(� � � 2)

d� (s)
in

d�
d�: (4.116)

In penelope , soft electronicscattering is simulated together with soft elastic scat-
tering, by meansof the arti�cial distribution (4.30). The combined processis described
by the transport meanfree paths

h
� (s)

comb;1

i � 1
=

h
� (s)

el;1

i � 1
+

h
� (s)

in;1

i � 1
(4.117)

and h
� (s)

comb;2

i � 1
=

h
� (s)

el;2

i � 1
+

h
� (s)

in ;2

i � 1
: (4.118)

Thus, to account for soft electronic scattering we only have to replacethe soft elastic
transport meanfree paths by thoseof the combined process.

4.3.3 Biela jew' s alternate random hinge

Angular de
ections due to soft interactions along a step of length s are generatedfrom
the arti�cial distribution (4.30) with �rst and secondmoments given by eqs. (4.28)
and (4.29), which are determinedby the transport meanfree paths � (s)

comb;1 and � (s)
comb;2.

To account (at least partially) for the energydependenceof thesequantities we usea
trick due to Alex Bielajew. The soft energy loss and angular de
ection (which occur
at the hinge) are consideredas independent processesand are simulated in random
order. That is, the soft angular de
ection is evaluated for the energy at either the
beginningor the endof the step,with equalprobabilities. This is equivalent to assuming
that the transport meanfreepaths � (s)

comb;1(E) and � (s)
comb;2(E) vary linearly with energy.

The method is fairly accurateand computationally inexpensive provided only that the
fractional energylossalong each step (which is of the order of C2) is su�cien tly small.

4.4 Generation of random trac ks

Each simulated electron or positron history consistsof a chronological successionof
events. Thesecan be either hard events, arti�cial soft events (hinges) or other relevant
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stagesof the particle history (such as its initial state, the crossingof an interfaceor the
e�ectiv e absorption after slowing down). The tra jectory of the particle betweena pair
of successive events is straight and will be referredto asa \segment". We keepthe term
\step" to designatethe portion of a track betweentwo hard events, which consistsof
two segments and a hinge (when mixed simulation is e�ectiv e).

Simulation with penelope is controlled by the constants C1 and C2 [seeeq. (4.85)]
and the cuto� energiesWcc and Wcr . Hereafter, these four quantities will be referred
to as simulation parameters. The parameterC1, which determinesthe meanfree path
� (h)

el betweenhard elastic events, should be small enoughto ensurereliable simulation
results. penelope admits valuesof C1 from 0 (detailed simulation) up to 0.2, which
corresponds to a mean angular de
ection h� i � 37 deg after a steplength � (h)

el . The
simulation parameter C2 gives the maximum averagefractional energy loss in a single
step and it is e�ectiv e only at high energies. From the discussionin section 4.3, it is
clear that C2 shouldalsobe small. penelope allows valuesof C2 betweenzeroand 0.2.
The cuto� energiesWcc and Wcr mainly in
uence the simulated energydistributions.
The simulation speedsup by using larger cuto� energies,but if these are too large
the simulated distributions may be somewhatdistorted. In practice, simulated energy
distributions are found to be quite insensitive to the adopted values of Wcc and Wcr

when theseare lessthan the bin width usedto tally the energydistributions. Thus, the
desiredenergyresolution determinesthe maximum allowed cuto� energies.

The combined e�ect of all soft elastic and stopping interactions in a step is sim-
ulated as a single arti�cial event or hinge, in which the particle changesits direction
of movement and losesenergy. When Wcc is lessthan the lowest oscillator resonance
energy, the simulation of inelastic collisionsbecomespurely detailed, i.e. inelastic colli-
sionsdo not contribute to the soft stopping power. On the other hand, the simulation
of bremsstrahlungemissionis only possibleby meansof a mixed scheme, becauseof
the divergenceof the DCS at W = 0 [seeeq. (3.131)]. To test the accuracyof mixed
algorithms, and alsoin studiesof low-energyelectronand positron transport (with, say,
E < 100 keV), it may be convenient to perform strictly detailed simulations (seebe-
low). For this purpose, penelope allows the user to switch o� the emissionof soft
bremsstrahlungphotonswith energylessthan 10 eV. This option is activated when the
Wcr value selectedby the user is negative, in which casethe program setsWcr = 10 eV,
disregardssoft bremsstrahlungevents and simulates hard events (with W > 10 eV) in
a detailed way. The generationof the angular de
ection in arti�cial events is discontin-
ued when the simulation of elastic and inelastic scattering becomesdetailed (i.e. when
� (h)

el = � el, Wcc = 0).

As indicatedabove, the length of the stepsgeneratedby penelope is alwayslessthan
smax , an upper bound selectedby the user. The simulation code limits the step length
by placing delta interactions along the particle track. Theseare �ctitious interactions
that do not alter the state of the particle. Their only e�ect is to interrupt the sequence
of simulation operations, which requiresaltering the valuesof inner control variablesto
permit resuming the simulation in a consistent way. The useof boundedstep lengths
is necessaryto account for the energy dependenceof the DCSs for soft interactions.
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However, this is not the only reasonfor limiting the step length. Sinceenergy losses
and de
ections at the hinges are sampledfrom arti�cial distributions, the number of
hinges per primary track must be \statistically su�cien t", i.e. larger than � 10, to
smearo� the unphysical details of the adoptedarti�cial distributions. Therefore,when
the particle is in a thin region, it is advisable to use a small value of smax to make
sure that the number of hinges within the material is su�cien t. In penelope , the
parameter smax can be varied freely during the course of the simulation of a single
track. To ensure internal consistency, smax is required to be less than 3� (h)

T . When
the user-selectedvalue is larger, the code sets smax = 3� (h)

T ; in this case,about 5 per
cent of the sampledstepshave lengths that exceedsmax and are terminated by a delta
interaction. This slows down the simulation a little (� 5%), but ensuresthat the energy
dependenceof � (h)

T is correctly accounted for. Instead of the smax value set by the user,
penelope usesa random maximum step length [from a triangle distribution in the
interval (0,smax )] that averagesto half the user's value; this is used to eliminate an
artifact in the depth-dosedistribution from parallel electron/positron beamsnear the
entrance interface. Incidentally, limiting the step length is also necessaryto perform
simulation of electron/positron transport in external static electromagnetic�elds (see
appendix C).

The state of the particle immediately after an event is de�ned by its position coor-
dinates r , energyE and direction cosinesof its direction of movement d̂, as seenfrom
the laboratory referenceframe. It is assumedthat particles are locally absorbed when
their energybecomessmaller than a preselectedvalue Eabs; positrons are consideredto
annihilate after absorption. The practical generationof random electron and positron
tracks in arbitrary material structures, which may consist of several homogeneousre-
gionsof di�eren t compositions separatedby well-de�ned surfaces(interfaces),proceeds
as follows:

(i) Set the initial position r , kinetic energy E and direction of movement d̂ of the
primary particle.

(ii) Determine the maximum allowed soft energy loss ! max along a step and set the
value of inversemean free path for hard events (see section 4.3). The results
depend on the adoptedsmax , which can vary along the simulated track.

(iii) Samplethe distances to be travelled to the following hard event (or delta inter-
action) as

s = � ln � =� h;max : (4.119)

If s > smax , truncate the step by setting s = smax .
(iv) Generatethe length � = s� of the step to the next hinge. Let the particle advance

this distancein the direction d̂: r  r + � d̂.
(v) If the track hascrossedan interface:

Stop it at the crossingpoint (i.e. rede�ne r as equal to the position of this point
and set � equal to the travelled distance).
Go to (ii) to continue the simulation in the new material, or go to (xi) if the new
material is the outer vacuum.

(vi) Simulate the energy loss and de
ection at the hinge. This step consistsof two
actions:
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a) Sample the polar angular de
ection � = (1 � cos� )=2 from the distribution
Fa(s; � ), eq. (4.30), corresponding to the current energyE. Samplethe azimuthal
scattering angleas � = 2� � . Perform a rotation R(� ; � ) of the vector d̂ according
to the sampledpolar and azimuthal angular de
ections (as described in section
1.4.2) to obtain the new direction: d̂  R(� ; � )d̂.
b) Sample the energy loss ! due to soft stopping interactions along the step s
from the distribution Ga(s; ! ), eqs.(4.59)-(4.63), and reducethe kinetic energy:
E  E � ! .
Thesetwo actions are performed in random order to account for the energyde-
pendenceof the soft transport meanfree paths (seesection4.3.3).
Go to (xi) if E < Eabs.

(vii) Let the particle advancethe distances � � in the direction d̂: r  r + (s � � )d̂.
(viii) Do as in (v).
(ix) If in step (iii) the step length was truncated, i.e. s = smax , simulate a delta

interaction.
Go to (ii).

(x) Simulate the hard event:
Samplethe kind of interaction accordingto the point probabilities,

pel =
N � (h)

el

� h;max
; pin =

N � (h)
in

� h;max
; pbr =

N � (h)
br

� h;max
; psi =

N � si

� h;max
;

p� =
� �

� h;max
; and pan =

N � an

� h;max
in the caseof positrons. (4.120)

If the event is a delta interaction, return to (ii).
If the event is an inner-shell ionization, samplethe active shell, simulate the re-
laxation cascadeof the residual ion and return to (ii). Notice that in this casethe
state of the projectile remainsunaltered.
Samplethe polar scatteringangle� and the energylossW from the corresponding
DCS. Generatethe azimuthal scattering angle as � = 2� � . Perform a rotation
R(� ; � ) of the vector d̂ to obtain the new direction: d̂  R(� ; � )d̂ .
Reducethe kinetic energyof the particle: E  E � W.
If, as a result of the interaction, a secondaryparticle is emitted in a direction d̂s,
with energyEs > Eabs, store its initial state (r ; Es; d̂s).
Go to (ii) if E > Eabs.

(xi) Simulate the tracks of the secondaryelectronsand photons produced by the pri-
mary particle (or by other secondariespreviously followed) beforestarting a new
primary track.

4.4.1 Stabilit y of the simulation algorithm

The present simulation schemefor electrons/positrons is relatively stable under varia-
tions of the simulation parameters,due mostly to the e�ectiv enessof the energy-loss
corrections. This implies that the simulation parameterscan be varied amply without
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Figure 4.5: Results from the simulations of 500 keV electronsin aluminium described in the
text. Crosses,detailed simulation; contin uous curves, mixed simulation. p(z) is the PDF of
the z-coordinate of the �nal electron position, after travelling the prescribed 200� m. p(� ) and
p(E ) are the PDFs of the direction of motion (speci�ed by the polar angle � ) and the kinetic
energyE of the electronsat the end of the simulated tracks. The function D(z) represents the
\depth-dose" function, i.e. the averageenergydeposited in the material per unit length along
the z-direction (the residual energyat the end of the track is not included in the dose).
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practically altering the accuracyof the results. For the important caseof low-energy
electrons/positrons (with energiesof the order of 500keV or less),the relevant param-
etersare Eabs, C1, Wcc and smax , becauseC2 is not e�ectiv e (see�g. 4.3) and radiative
emissionis unimportant (hard bremsstrahlungevents occur very seldomand, therefore,
Wcr hasno in
uence). The valueof the parametersmax is important to ensurethe relia-
bilit y of the results;a saferecipe is to set smax equal to onetenth of the \expectedtrack
length" or less. Sincethe valuesof Eabs and Wcc are dictated by the characteristicsof
the consideredexperiment, it follows that the only \critical" parameter, with a direct
in
uence on the speedof the simulation, is C1. As mentioned above, penelope accepts
valuesof C1 ranging from 0 (detailed simulation of elastic scattering) to 0.2.

In practice, the value of C1 doesnot in
uence the accuracy of the simulation results
when the other parametersare given \safe" values. This is illustrated in �g. 4.5, which
displays results from simulations of 500 keV electronsin aluminium (in�nite medium).
Electronsstarted o� from the origin of coordinatesmoving in the direction of the z axis.
During the generationof each electrontrack, we scoredthe energydepositedat di�eren t
\depths" (z-coordinate) to get the \depth-dose" distribution. The simulation of a track
was discontinued when the electron had travelled a path length s equal to 200 � m,
and the PDFs of the �nal electronenergyand position coordinates were tallied. Notice
that no secondaryradiation wasfollowed and that the kinetic energyof the electronsat
s = 200 � m was not included in the dosedistribution (i.e. the calculated \dose" does
not represent the quantit y that would be obtained from a measurement).

The results displayed in �g. 4.5 are from equivalent detailed and mixed simulations
with Eabs = 10 keV and smax = 40 � m. The detailed simulation was performed by
setting C1 = C2 = 0, Wcc = 0 and Wcr = � 100. Notice that when the user enters a
negativevalueof the cuto� energylossfor radiativeevents, penelope setsWcr = 10eV,
disregardsthe emissionof soft bremsstrahlungphotons with W < 10 eV (which rep-
resents a negligible fraction of the stopping power) and simulates hard bremsstrahlung
events as usually, i.e. in a detailed way. The mixed simulation results shown in �g. 4.5
weregeneratedwith C1 = C2 = 0:2, Wcc = 1 keV and Wcr = � 100(i.e. radiative events
were described as in the detailed simulation).

In the detailedsimulation, about 15million electrontracksweregeneratedby running
a modi�ed versionof the code PENSLAB.F(seesection6.2.1)on a 666MHz PII computer
for 85 hours, which corresponds to a simulation speed of 49 tracks/s. The average
numbers of elastic, inelastic and bremsstrahlunginteractions that had to be simulated
to produce each detailed track were 1297, 1222 and 0.03, respectively. On the same
computer, the mixed simulation generated25 million tracks in about 2 hours, which
represents a simulation speed of 3421 tracks/s, 71 times faster than that of detailed
simulation. The reasonis that, on average,there were only 2.4 hard elastic collisions,
6.2 hard inelastic collisions,0.03hard bremsstrahlungevents and 6.8 delta interactions
alongeach track. From �g. 4.5we concludethat, in this case,the mixed algorithm is not
only stable under variations of the parameter C1 over the acceptedrange (0,0.2), but
alsoprovidesresultsthat areessentially equivalent to thosefrom the detailedsimulation.
It is worth recalling that detailed simulation is nominally exact, the results are a�ected
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only by statistical uncertainties.

In general,our mixed simulation algorithm yields very accurateresults (i.e. agree-
ing with those from detailed simulation) for electron and positron transport in in�nite
media, but not necessarilyfor limited geometries. The existenceof interfacesposes
considerableproblemsto condensed(classI) simulation, for which a satisfactory solu-
tion/approximation is not yet known. The present mixed (classI I) algorithm handles
interface crossingin a more accurate, but still approximate way. The rule to ensure
accuracyfor transport in the vicinit y of interfacesis to usea small enoughvalueof smax .



Chapter 5

Constructiv e quadric geometry

Practical simulations of radiation transport in material systemsinvolve two di�eren t
kinds of operations, namely, physical (determination of the path length to the next
interaction, random sampling of the di�eren t interactions) and geometrical(spacedis-
placements, interfacecrossings,. . . ). In the caseof material systemswith complexge-
ometries,geometricaloperationscan take a large fraction of the simulation time. These
operations are normally performedby dedicatedsubroutine packages,whosecharacter-
istics depend on the kind of algorithm usedto simulate the interactions. The material
systemis assumedto consistof a number of homogeneousbodieslimited by well-de�ned
surfaces.The evolution of particles within each homogeneousbody is dictated by the
physical simulation routines, which operate as if particles were moving in an in�nite
mediumwith a givencomposition. Normally, the physical routinescanhandlea number
of di�eren t media,whoseinteraction properties have beenpreviously stored in memory.
The job of the geometry routines is to steer the simulation of particle histories in the
actual material system. They must determine the active medium, changeit when the
particle crossesan interface (i.e. a surfacethat separatestwo di�eren t media) and, for
certain simulation algorithms, they must alsokeepcontrol of the proximit y of interfaces.

In this chapter we describe the f or tran subroutine package pengeom , which is
adequatefor detailed simulation algorithms (i.e. algorithms whereall singleinteractions
in the history of a particle are simulated in chronologicalsuccession).With thesealgo-
rithms, the description of interface crossingsis very simple: when the particle reaches
an interface, its track is stopped just after entering a new material body and restarted
again with the new active medium. This method (stopping and restarting a track when
it crossesan interface) is applicableeven whenwe have the samemedium on both sides
of the surface.That is, detailed simulations with a singlehomogeneousbody and with
the samebody split into two parts by an arbitrary surfaceyield the sameresults (apart
from statistical uncertainties).

As we have seen,detailed simulation is feasibleonly for photon transport and low-
energyelectron transport. For high-energyelectronsand positrons, most Monte Carlo
codes[e.g. etran (Berger and Seltzer, 1988), its3 (Halbleib et al., 1992),egs4 (Nel-
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son et al., 1985), egsnrc (Kawrakow and Rogers,2000), geant3 (Brun et al., 1986)]
have recourseto condensed(class I) or mixed (class I I) simulation, where the global
e�ect of multiple interactions along a path segment of a given length is evaluated using
available multiple scattering theories. To avoid large step lengths that could place the
particle inside a di�eren t medium, thesecondensedproceduresrequire the evaluation
of the distance from the current position to the nearestinterface, an operation with a
high computational cost (seee.g. Bielajew, 1995). The mixed procedureimplemented
in penelope is, at least computationally, analogousto detailed simulation (it givesa
\jump-and-knock" description of particle tracks). In fact, the structure of penelope 's
tracking algorithm wasdesignedto minimize the in
uence of the geometryon the trans-
port physics. This algorithm operatesindependently of the proximit y of interfacesand
only requires knowledgeof the material at the current position of the particle. As a
consequence,the geometrypackagepengeom is directly linkable to penelope . How-
ever, sincepengeom doesnot evaluate the distance to the closestinterface, it cannot
be usedwith condensedsimulation codes,such as thosementioned above.

Let us mention, in passing, that in simulations of high-energy photon transport
complex geometriescan be handled by meansof relatively simple methods, which do
not require control of interface crossings(seee.g. Snyder et al., 1969). Unfortunately,
similar techniquesare not applicableto electronand positron transport, mainly because
these particles have much shorter track lengths and, hence, the transport processis
strongly in
uenced by inhomogeneitiesof the medium. With the analoguesimulation
schemeadoptedin penelope , it is necessaryto determinewhena particle track crosses
an interface,not only for electronsand positrons but also for photons.

pengeom evolved from a subroutine packageof the samename provided with the
1996.02.29versionof the penelope codesystem. This packagewasaimedat describing
simple structures with a small number of homogeneousbodies limited by quadric sur-
faces.Although it wasrobust and very 
exible, its speeddeteriorated rapidly when the
number of surfacesincreased.The needfor developinga moree�cien t geometrypackage
becameevident when we started to use penelope to simulate radiation transport in
acceleratorheads(the description of which requiresof the order of 100 surfaces)or in
studiesof total body irradiation (the de�nition of a realistic anthropomorphic phantom
may involve a few hundred surfaces).

With pengeom we can describe any material system consisting of homogeneous
bodies limited by quadric surfaces. To speed up the geometry operations, the bodies
of the material system can be grouped into modules (connectedvolumes, limited by
quadric surfaces,that contain oneor several bodies); modulescan in turn form part of
larger modules,and so on. This hierarchic modular structure allows a reduction of the
work of the geometry routines, which becomesmore e�ectiv e when the complexity of
the systemincreases.

Except for trivial cases,the correctnessof the geometryde�nition is di�cult to check
and, moreover, 3D structures with interpenetrating bodies are di�cult to visualize.
A pair of programs, named gview2d and gview3d , have been written to display
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the geometryon the computer screen. Theseprogramsusespeci�c computer graphics
software and, therefore, they are not portable. The executable�les included in the
penelope distribution packagerun on personalcomputersunder Microsoft Windows;
they are simple and e�ectiv e tools for debuggingthe geometryde�nition �le.

5.1 Rotations and translations

The de�nition of various parts of the material system(quadric surfacesin reducedform
and modules) involves rotations and translations. To describe these transformations,
we shall adopt the active point of view: the referenceframe remains�xed and only the
spacepoints (vectors) are translated or rotated.

In what follows, and in the computer programs,all lengths are in cm. The position
and direction of movement of a particle arereferredto the laboratory coordinate system,
a Cartesianreferenceframe which is de�ned by the position of its origin of coordinates
and the unit vectors x̂ = (1; 0; 0), ŷ = (0; 1; 0) and ẑ = (0; 0; 1) along the directions of
its axes.

A translation T (t ), de�ned by the displacement vector t = (t x ; ty; tz), transforms
the vector r = (x; y; z) into

T (t ) r = r + t = (x + tx ; y + ty; z + tz): (5.1)

Evidently, the inversetranslation T � 1(t ) corresponds to the displacement vector � t ,
i.e. T � 1(t ) = T (� t ).

A rotation R is de�ned through the Euler angles! , � and � , which specify a sequence
of rotations about the coordinate axes1: �rst a rotation of angle ! about the z-axis,
followed by a rotation of angle � about the y-axis and, �nally , a rotation of angle �
about the z-axis. A positive rotation about a given axis would carry a right-handed
screwin the positive direction alongthat axis. Positive (negative) anglesde�ne positive
(negative) rotations.

The rotation R(! ; � ; � ) transforms the vector r = (x; y; z) into a vector

r 0 = R(! ; � ; � ) r = (x0; y0; z0); (5.2)

whosecoordinates are given by

0

B
B
@

x0

y0

z0

1

C
C
A = R(! ; � ; � )

0

B
B
@

x

y

z

1

C
C
A ; (5.3)

1This de�nition of the Euler angles is the one usually adopted in Quantum Mechanics (see e.g.
Edmonds, 1960).
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where

R(! ; � ; � ) =

0

B
B
@

Rxx Rxy Rxz

Ryx Ryy Ryz

Rzx Rzy Rzz

1

C
C
A (5.4)

is the rotation matrix. To obtain its explicit form, we recall that the matrices for
rotations about the z- and y-axesare

Rz(� ) =

0

B
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cos� � sin� 0

sin� cos� 0

0 0 1

1

C
C
A and Ry(� ) =

0
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� sin � 0 cos�

1

C
C
A ; (5.5)

respectively. Hence,

R(! ; � ; � ) = Rz(� )Ry(� )Rz(! )

=

0
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1
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sin� cos� cos! + cos� sin! � sin � cos� sin! + cos� cos! sin � sin�

� sin � cos! sin� sin! cos�

1

C
C
A : (5.6)

The inverseof the rotation R(! ; � ; � ) is R(� �; � � ; � ! ) and its matrix is the transpose
of R(! ; � ; � ), i.e.

R� 1(! ; � ; � ) = R(� �; � � ; � ! ) = Rz(� ! )Ry(� � )Rz(� � ) = RT (! ; � ; � ): (5.7)

Let us now consider transformations C = T (t ) R(! ; � ; � ) that are products of a
rotation R(! ; � ; � ) and a translation T (t ). C transforms a point r into

r 0 = C(r ) = T (t ) R(! ; � ; � ) r (5.8)

or, in matrix form,
0
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A : (5.9)

Notice that the order of the factors does matter; the product of the samefactors in
reverseorder D = R(! ; � ; � ) T (t ) transforms r into a point r 0 = D(r ) with coordinates
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1
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C
C
A : (5.10)
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Given a function F (r ), the equation F (r ) = 0 de�nes a surfacein implicit form. We
can generatea new surfaceby applying a rotation R(! ; � ; � ) followed by a translation
T (t ) (weshall always adopt this order). The implicit equationof the transformedsurface
is

G(r ) = F
h
R � 1(! ; � ; � ) T � 1(t ) r

i
= 0; (5.11)

which simply expressesthe fact that G(r ) equalsthe value of the original function at
the point r 0 = R � 1(! ; � ; � ) T � 1(t ) r that transforms into r .

5.2 Quadric surfaces

As alreadymentioned, the material systemconsistsof a number of homogeneousbodies,
de�ned by their composition (material) and limiting surfaces.For practical reasons,all
limiting surfacesare assumedto be quadricsgiven by the implicit equation

F (x; y; z) = Axx x2 + Axy xy + Axzxz + Ayy y2 + Ayzyz + Azzz2

+ Axx + Ayy + Azz + A0 = 0; (5.12)

which includesplanes,pairs of planes,spheres,cylinders, cones,ellipsoids,paraboloids,
hyperboloids, etc. In practice, limiting surfacesare frequently known in \graphical"
form and it may be very di�cult to obtain the corresponding quadric parameters. Try
with a simple example: calculate the parametersof a circular cylinder of radius R such
that its symmetry axis goes through the origin and is parallel to the vector (1,1,1).
To facilitate the de�nition of the geometry, each quadric surfacecan be speci�ed either
through its implicit equationor by meansof its reducedform, which de�nes the \shape"
of the surface(see�g. 5.1), and a few simple geometricaltransformations.

A reducedquadric is de�ned by the expression

Fr(x; y; z) = I 1x2 + I 2y2 + I 3z2 + I 4z + I 5 = 0; (5.13)

where the coe�cien ts (indices) I 1 to I 5 can only take the values � 1, 0 or 1. Notice
that reduced quadrics have central symmetry about the z-axis, i.e. Fr(� x; � y; z) =
Fr(x; y; z). The possible(real) reducedquadricsare given in table 5.1.

A generalquadric is obtained from the corresponding reducedform by applying the
following transformations (in the quoted order)2.

(i) An expansion along the directions of the axes, de�ned by the scaling factors
X-SCALE= a, Y-SCALE= b and Z-SCALE= c. The equation of the scaledquadric is

Fs(x; y; z) = I 1

� x
a

� 2

+ I 2

� y
b

� 2

+ I 3

� z
c

� 2

+ I 4
z
c

+ I 5 = 0: (5.14)

2Keywords used to denote the various parameters in the geometry de�nition �le are written in
typewriter font, e.g. X-SCALE). Seesection 5.4.
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Figure 5.1: Non-planar reduced quadric surfacesand their indices [seeeq. (5.13)]. In all
cases,the perspective is the sameas for the sphere.
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Table 5.1: Reducedquadrics.

Reducedform Indices Quadric

z � 1 = 0 0 0 0 1 � 1 plane

z2 � 1 = 0 0 0 1 0 � 1 pair of parallel planes

x2 + y2 + z2 � 1 = 0 1 1 1 0 � 1 sphere

x2 + y2 � 1 = 0 1 1 0 0 � 1 cylinder

x2 � y2 � 1 = 0 1 � 1 0 0 � 1 hyperbolic cylinder

x2 + y2 � z2 = 0 1 1 � 1 0 0 cone

x2 + y2 � z2 � 1 = 0 1 1 � 1 0 � 1 onesheethyperboloid

x2 + y2 � z2 + 1 = 0 1 1 � 1 0 1 two sheethyperboloid

x2 + y2 � z = 0 1 1 0 � 1 0 paraboloid

x2 � z = 0 1 0 0 � 1 0 parabolic cylinder

x2 � y2 � z = 0 1 � 1 0 � 1 0 hyperbolic paraboloid

. . . andpermutations of x, y andz that preservethe central symmetry with respect
to the z-axis.

For instance, this transforms the reducedsphereinto an ellipsoid with semiaxes
equal to the scaling factors.

(ii) A rotation, R(! ; � ; � ), de�ned through the Euler anglesOMEGA= ! , THETA= � and
PHI= � . Notice that the rotation R(! ; � ; � ) transforms a plane perpendicular to
the z-axis into a plane perpendicular to the direction with polar and azimuthal
anglesTHETAand PHI, respectively. The �rst Euler angle, ! has no e�ect when
the initial (scaled)quadric is symmetric about the z-axis.

(iii) A translation, de�ned by the components of the displacement vector t (X-SHIFT=
tx , Y-SHIFT= ty, Z-SHIFT= tz).

A quadric is completelyspeci�ed by giving the set of indices(I 1, I 2, I 3, I 4, I 5), the scale
factors (X-SCALE, Y-SCALE, Z-SCALE), the Euler angles(OMEGA, THETA, PHI) and the
displacement vector(X-SHIFT, Y-SHIFT, Z-SHIFT). Any quadricsurfacecanbeexpressed
in this way. The implicit equation of the quadric is obtained as follows. We de�ne the
matrix

A =

0

B
B
B
B
@

Axx
1
2Axy

1
2Axz

1
2Axy Ayy

1
2Ayz

1
2Axz

1
2Ayz Azz

1

C
C
C
C
A

(5.15)

and write the genericquadric equation (5.12) in matrix form

r T A r + A T r + A0 = 0; (5.16)
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wherer and A � (Ax; Ay ; Az) are consideredhereas one-columnmatrices. Notice that
the matrix A is symmetric (A T = A). Expressingthe scaledquadric (5.14) in the form
(5.16), the equation for the rotated and shifted quadric is [seeeq. (5.11)]

(r � t )T RART (r � t ) + (RA )T (r � t ) + A0 = 0; (5.17)

which can be written in the genericform (5.16)

r T A 0r + A 0T r + A0
0 = 0 (5.18)

with

A 0 = RART ; A 0 = RA � 2A 0t ; A0
0 = A0 + t T (A 0t � RA ): (5.19)

From theserelations, the parametersof the implicit equation (5.12) are easilyobtained.

A quadric surfaceF (x; y; z) = 0 divides the spaceinto two exclusiveregionsthat are
identi�ed by the sign of F (x; y; z), the surfaceside pointer. A point with coordinates
(x0; y0; z0) is said to be inside the surfaceif F (x0; y0; z0) � 0 (side pointer = � 1), and
outside it if F (x0; y0; z0) > 0 (side pointer = +1).

5.3 Constructiv e quadric geometry

A body is de�ned as a spacevolume limited by quadric surfacesand �lled with a
homogeneousmaterial. To specify a body we have to de�ne its limiting quadric surfaces
F (r ) = 0, with corresponding side pointers (+1 or � 1), and its composition (i.e. the
integer label usedby penelope to identify the material). It is consideredthat bodies
are de�ned in \ascending", exclusive order so that previously de�ned bodies e�ectiv ely
delimit the new ones. This is convenient e.g. to describe bodies with inclusions. The
work of the geometryroutines is much easierwhenbodiesarecompletelyde�ned by their
limiting surfaces,but this is not always possibleor convenient for the user. The example
in section5.7 describesan arrow inside a sphere(�g. 5.2); the arrow is de�ned �rst so
that it limits the volume�lled by the material insidethe sphere.It is impossibleto de�ne
the hollow sphere(as a singlebody) by meansof only its limiting quadric surfaces.It
is clear that, by de�ning a conveniently large number of surfacesand bodies, we can
describe any quadric geometry.

The subroutine packagepengeom contains a subroutine, namedLOCATE, that \lo-
cates" a point r , i.e. determinesthe body that contains it, if any. The obvious method
is to compute the sidepointers [i.e. the sign of F (r )] for all surfacesand, then, explore
the bodies in ascendingorder looking for the �rst one that �ts the given side pointers.
This brute forceprocedurewasusedin older versionsof pengeom ; it hasthe advantage
of being robust (and easyto program) but becomestoo slow for complex systems. A
secondsubroutine, named STEP, \moves" the particle from a given position r 0 within
a body B a certain distances in a given direction d̂. STEPalso checks if the particle
leaves the active medium and, when this occurs, stops the particle just after entering
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Figure 5.2: Example of simple quadric geometry;an arrow within a sphere(the corresponding
de�nition �le is given in section 5.7). The solid triangles indicate the outside of the surfaces
(side pointer = +1). Numbers in squaresindicate bodies.

the new material. To do this, we must determinethe intersectionsof the track segment
r 0 + td̂ (0 < t � s) with all the surfacesthat limit the body B (including those that
limit other bodies that limit B ), and check if the �nal position r 0 + sd̂ remains in B
or not. The reasonfor using only quadric surfacesis that theseintersectionsare easily
calculatedby solving a quadratic equation.

Notice that bodiescanbeconcave, i.e., the straight segment joining any two points in
a body may not be wholly contained in the body. Hence,evenwhenthe �nal position of
the particle lies within the initial body, we must analyzeall the intersectionsof the path
segment with the limiting surfacesof B and check if the particle has left the body after
any of the intersections.When the particle leavesthe initial body, say after travelling a
distances0(< s), wehaveto locatethe point r 0 = r 0+ s0̂d. The easiestmethod consistsof
computing the sidepointers of all surfacesof the systemat r 0, and determining the body
B 0 that contains r 0 by analyzing the side pointers of the di�eren t bodies in ascending
order. It is clear that, for complexgeometries,this is a very slow process.We canspeed
it up by simply disregardingthose elements of the systemthat cannot be reached in a
singlestep (e.g. bodies that are \screened" by other bodies). Unfortunately, as a body
can be limited by all the other bodies that have beende�ned previously, the algorithm
can be improved only at the expenseof providing it with additional information. We
shall adopt a simplestrategy that consistsof lumping groupsof bodiestogether to form
modules.

A module is de�ned as a connectedvolume3, limited by quadric surfaces,that con-
tains oneor several bodies. A module can contain other modules,which will be referred
to as submodules of the �rst. The volume of a module is �lled with a homogeneous
medium, which automatically �lls the cavities of the module (i.e. volumesthat do not

3A spacevolume is said to be connectedwhen any two points in the volume can be joined by an arc
of curve that is completely contained within the volume.
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correspond to a body or to a submodule); these�lled cavities are consideredasa single
newbody. A body that is connectedand limited only by surfacescanbe declaredeither
as a body or as a module. For the sake of simplicity, modules are required to satisfy
the following conditions: 1) the bodiesand submodulesof a module must be completely
contained within the parent module (i.e. it is not allowed to have portions of bodies or
submodulesthat lie outsidethe module) and 2) a submodule of a module cannotoverlap
with other submodules and bodies of the samemodule (this is necessaryto make sure
that a particle can only enter or leave a module through its limiting surfaces). Notice
however, that the bodiesof a module are still assumedto be de�ned in ascendingorder,
i.e. a body is limited by its surfacesand by the previously de�ned bodies of the same
module, so that inclusionsand interpenetrating bodiescan be easilyde�ned. Of course,
overlapping bodies must be in the samemodule.

A module (with its possiblesubmodules)canrepresent a rigid part (e.g.a radioactive
source,an acceleratorhead, a detector, a phantom, etc.) of a more complex material
system. To facilitate the de�nition of the geometry, it is usefulto allow free translations
and rotations of the individual modules. The de�nition of a module (seebelow) includes
the parametersof a rotation R(! ; � ; � ) and a translation T (t ), which are optional and
serve to modify the position and orientation of the module (and its submodules) with
respect to the laboratory referenceframe. As before, the rotation is applied �rst. All
submodulesand bodies of the samemodule are shifted and rotated together.

In practical simulations, it may be useful to limit the regionof spacewhereparticles
have to be transported. For instance,to simulate the responseof a detectorwith a given
photon source,it is advisableto stop the simulation of a particle when it is far enough
from the detector. This can be done automatically by consideringan \enclosure" of
the material system,which is de�ned as a module that contains the completesystem.
If such a covering module is not explicitly de�ned, the subroutines set the enclosure
as a sphereof 1015 cm radius. It is assumedthat there is perfect vacuum outside the
enclosure,and in any inner volume that is not a part of a body or of a �lled module.
Hence,particles that leave the enclosureare lost and will never return to the material
system.

For programming purposes,it is useful to imagine each module as the mother of its
bodies and submodules, and as the daughter of the module that contains it. We thus
have a kind of genealogicaltree with variousgenerationsof modulesand bodies(see�g.
5.3). The �rst generationreducesto the enclosure(which is the only motherlessmodule).
The members of the secondgenerationare bodies and modules that are daughters of
the enclosure. The n-th generation consistsof modules and bodies whose mothers
belong to the (n � 1)-th generation. Each module is de�ned by its limiting surfaces
(which determine the border with the external world) and those of their descendants
(which determine the module's internal structure); this is not true for bodies (childless
membersof the tree), which can be limited either by surfaces,by other sister bodies or
by a combination of both. A body that is limited only by surfacescan be de�ned as a
module, which has the advantage of allowing free rotation and translation.
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Figure 5.3: Planar cut of a geometry example, showing modules (number labels in circles)
and bodies (number labels in squares), and the associated genealogicaltree. Notice that a
module can always be de�ned as a body limited by their submodules and daughter bodies,
but this a�ects the structure of the genealogicaltree and, therefore, the e�ciency (speed) of
the geometry operations.

5.4 Geometry de�nition �le

The geometry is de�ned from the input �le (UNIT=IRD). In principle, this permits the
simulation of di�eren t geometriesby using the samemain program. The input �le con-
sists of a seriesof data sets,which de�ne the di�eren t elements (surfaces,bodies and
modules). A data set consistsof a number of strictly formatted text lines; it starts and
endswith a separationline �lled with zeros.The �rst line after each separationline must
start with oneof the de�ning 8-characterstrings \ SURFACE-", \ BODY----", \ MODULE--",
\ END----- " or \ INCLUDE-" (here, blank charactersare denotedby \ - "; they are essen-
tial!). Informativ e text (as many lines asdesired)can be written at the beginningof the
�le, before the �rst separationline. A line starting with the string \ END----- " after a
separationline discontinuesthe readingof geometrydata. Each element is identi�ed by
its type (surface,body or module) and a three-digit integer label. Although the element
label can be given an arbitrary value (� 99 to 999) in the input �le, pengeom rede�nes
it sothat elements of a given kind are numberedconsecutively, accordingto their input
order. Notice that bodiesand modulesare consideredaselements of the samekind (i.e.
assigningthe samelabel to a body and to a module will causean error of the reading
routine).

In the input �le, numerical quantities must be written within the parenthesesin the
speci�ed format. All lengths are in cm; anglescan be given in either degrees(DEG) or
radians (RAD). When anglesare in degrees,it is not necessaryto specify the unit. The
parametersin each data set can be entered in any order. They can even be de�ned
several times, in which case,only the last input value is accepted. This is useful, e.g.
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to study variations causedby changingtheseparameterswithout duplicating the input
�le. Comments can be written at the end of each line, at the right of the last keyword
or after the closingparenthesisof numerical �elds.

� The format of the data set of a surfacede�ned in reducedform is the following,
0000000000000000000000000000000000000000000000000000000000000000
SURFACE( I3) TEXTDESCRIBINGTHESURFACE...
INDICES=(I2,I 2,I 2, I2, I2)
X-SCALE=( E22.15 , I3) (DEFAULT=1.0)
Y-SCALE=( E22.15 , I3) (DEFAULT=1.0)
Z-SCALE=( E22.15 , I3) (DEFAULT=1.0)

OMEGA=( E22.15 , I3) DEG (DEFAULT=0.0)
THETA=( E22.15 , I3) DEG (DEFAULT=0.0)

PHI=( E22.15 , I3) RAD (DEFAULT=0.0)
X-SHIFT=( E22.15 , I3) (DEFAULT=0.0)
Y-SHIFT=( E22.15 , I3) (DEFAULT=0.0)
Z-SHIFT=( E22.15 , I3) (DEFAULT=0.0)
0000000000000000000000000000000000000000000000000000000000000000
� Surfaceparametersare optional and canbe entered in any order. Default values
are assignedto parametersnot de�ned in the input �le. Thus, to de�ne an elliptic
cylinder centred on the z-axis, only the parametersX-SCALEand Y-SCALEare
required. Notice that scaleparametersmust be greater than zero.
� The I3 value following each parametermust be set equalto zero(or negative) to
make the parametervaluee�ectiv e. When this �eld contains a positive integer IP,
the parameter is set equal to the valuestored in the IP-th component of the array
PARINP, an input argument of subroutine GEOMIN(seesection5.6). This permits
the user to modify the geometryparametersfrom the MAINprogram.

� Limiting surfacescan also be de�ned in implicit form. When a quadric surface
is de�ned in this way, the indices must be set to zero; this switches the reading
subroutine GEOMINto implicit mode. The format of an implicit surfacedata set is
0000000000000000000000000000000000000000000000000000000000000000
SURFACE( I3) TEXTDESCRIBINGTHESURFACE...
INDICES=( 0, 0, 0, 0, 0)

AXX=( E22.15 , I3) (DEFAULT=0.0)
AXY=( E22.15 , I3) (DEFAULT=0.0)
AXZ=( E22.15 , I3) (DEFAULT=0.0)
AYY=( E22.15 , I3) (DEFAULT=0.0)
AYZ=( E22.15 , I3) (DEFAULT=0.0)
AZZ=( E22.15 , I3) (DEFAULT=0.0)
AX=( E22.15 , I3) (DEFAULT=0.0)
AY=( E22.15 , I3) (DEFAULT=0.0)
AZ=( E22.15 , I3) (DEFAULT=0.0)
A0=( E22.15 , I3) (DEFAULT=0.0)

0000000000000000000000000000000000000000000000000000000000000000
� Surfaceparametersare optional and can be entered in any order. The default
value 0.0 is assignedto parametersnot de�ned in the input �le.
� The I3 value following each parameter must be negative or zero to make the
parameter value e�ectiv e. Otherwise, its actual value will be set by subroutine
GEOMIN.
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� The format of a body data set is
0000000000000000000000000000000000000000000000000000000000000000
BODY ( I3) TEXTDESCRIBINGTHEBODY...
MATERIAL(I3)
SURFACE( I3), SIDE POINTER=(I2)
SURFACE( I3), SIDE POINTER=(I2) ...
BODY ( I3)
BODY ( I3) ...
0000000000000000000000000000000000000000000000000000000000000000
� The indicator of each material (2nd line) must agreewith the convention adopted
in penelope . Void inner volumes can be described as material bodies with
MATERIALset to 0.
� A line is required to de�ne each limiting surface,with its sidepointer, and each
limiting body. Limiting surfacesand bodies can be entered in any order.
� Bodies are assumedto be de�ned in ascendingorder so that, in principle, it
would not be necessaryto declarethe limiting bodies. However, to speedup the
calculations,it is required to declareexplicitly all the elements (surfacesand bod-
ies) that actually limit the body that is being de�ned. Omission of a limiting
body will causeinconsistenciesunlessthe materials in the limiting and the limited
bodies are the same.

� The format for the de�nition of a module is the following:

0000000000000000000000000000000000000000000000000000000000000000
MODULE( I3) TEXTDESCRIBINGTHEMODULE...
MATERIAL(I3)
SURFACE( I3), SIDE POINTER=(I2)
SURFACE( I3), SIDE POINTER=(I2) ...
BODY ( I3)
BODY ( I3) ...
MODULE( I3)
MODULE( I3) ...
1111111111111111111111111111111111111111111111111111111111111111

OMEGA=( E22.15 , I3) DEG (DEFAULT=0.0)
THETA=( E22.15 , I3) DEG (DEFAULT=0.0)

PHI=( E22.15 , I3) RAD (DEFAULT=0.0)
X-SHIFT=( E22.15 , I3) (DEFAULT=0.0)
Y-SHIFT=( E22.15 , I3) (DEFAULT=0.0)
Z-SHIFT=( E22.15 , I3) (DEFAULT=0.0)
0000000000000000000000000000000000000000000000000000000000000000
� The material (which must be explicitly declared)�lls the cavities of the module.
As in the caseof bodies,MATERIAL= 0 correspondsto vacuum.
� The limiting surfacesmust de�ne a connectedvolume. All inner bodies and
modules(submodules) must be declared.Notice that thesecannot extend outside
the module's volume and that a submodule cannot overlap with the other sub-
modulesand bodies.
� Limiting surfaces,inner bodies and submodulescan be entered in any order.
� The enclosureof the systemcanbe de�ned asa module (the last in the geometry
�le). The enclosuremust contain all modules and all bodies that do not belong
to modules. Otherwise,the subroutineswill de�ne a newenclosure(a spherewith
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1015 cm radius) that is supposed to satisfy this condition. Make sure that the
systemdoesnot contain bodies that extend outside the enclosure(this normally
will causeerrors).
� The rotation and the translation are optional and apply to all elements of the
module. The line �lled with 1's endsthe de�nition of elements and starts that of
transformation parameters(it can be skipped if no transformation parametersare
entered). The I3 value following each parameterhas the samemeaningas above.
It hasto be negative or zeroto make the parametervaluee�ectiv e; otherwise,the
parametermust be set from the main program.

A singlesurfacecanbe usedto de�ne several bodiesand/or submodulesin the same
module; unnecessaryduplication of a surface reducesthe calculation speed. Notice,
however, that rotation or translation of a module modi�es all the surfacesof its descen-
dants and, therefore,a transformed surfacemust be rede�ned to be usedagain. Thus,
if the system contains two identical modules in di�eren t positions (e.g. two detectors
in a coincidenceexperiment), each of them must be de�ned explicitly . This does not
require too much editing work; after generatingthe �rst of the two modules,we can just
duplicate its de�nition data setsand changetheir labels.

The INCLUDEoption allows inserting a prede�ned structure (e.g. a scintillation de-
tector, an encapsulatednuclear source, . . . ) within the geometry �le. The inserted
structure is de�ned by a completede�nition �le (i.e. ending with an \ END----- " line).
The labels of the objects in the included �le must be di�eren t from the labels usedin
the main �le and in any other included �le. The format of an INCLUDEblock is the
following,

0000000000000000000000000000000000000000000000000000000000000000
INCLUDE
FILE= (filename. ext )
0000000000000000000000000000000000000000000000000000000000000000

The nameof the included �le must be written betweenthe parentheses. It may be up
to twelve characters long; if it is shorter, the blanks must be left at the right end of
the �eld. Only one-level INCLUDESare allowed, i.e. an included �le cannot contain any
INCLUDEblocks.

The de�nition of the geometrymay seemsomewhatmore laborious than with com-
binatorial methods, wherethe systemis described by combining basicbodiesof several
simple shapes [seeJenkins et al. (1988) and referencestherein]. In practice, however,
de�ning the various surfacesthat limit a body may be more convenient, and intuitiv e,
than consideringall the parametersneededto specify that body. The exampleof a right
elliptical cylinder, which needs9 parameters,is quite illustrativ e. With our method, this
body can be de�ned as a module by meansof two planesperpendicular to the z-axis
(only one parameter if the baseis the z = 0 plane) and a scaledcylinder (2 parame-
ters); the rotation (3 parameters)of the module givesthe required orientation and the
translation (3 parameters)puts it in the required position. The de�nition as a proper
body requiresde�ning the three surfacesthat limit the cylinder in its actual position,
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which is a bit more inconvenient. In any case,the important issueis not how to de�ne
the geometry, but the amount of computation neededto follow a particle through the
material system.

5.5 The subroutine package pengeom

The packagepengeom consistsof the following subroutines;
� SUBROUTINEGEOMIN(PARINP,NPINP,NMAT,NBOD,IR D,I WR)

Readsgeometrydata from the input �le and initializes the geometrypackage.

� Input arguments:
PARINP: Array containing optional parameters,which may replacethe onesentered
from the input �le. This array must be declaredin the MAINprogram, even when
NPINP= 0.
NPINP: Number of parametersde�ned in PARINP(positive).
IRD: Input �le unit (openedin the main program).
IWR: Output �le unit (openedin the main program).

� Output arguments:
NMAT: Number of di�eren t materials in full bodies (excluding void regions).
NBOD: Number of de�ned bodies and modules.

SubroutineGEOMINlabelselements of the variouskinds (surfaces,bodiesand mod-
ules) in strictly increasingorder; it may alsorede�ne someof the geometryparam-
eters, whoseactual valuesare entered through the array PARINP. A copy of the
geometryde�nition �le, with the e�ectiv e parametervaluesand with the element
labels assignedby GEOMIN, is printed on the output �le (UNIT IWR). This part of
the output �le describesthe actual geometryusedin the simulation.

� SUBROUTINELOCATE
Determinesthe body that contains the point with coordinates (X, Y, Z).

� Input values(through COMMON/TRACK/ ) 4 :
X, Y, Z: Particle position coordinates.
U, V, W: Direction cosinesof the direction of movement.
� Output values(through COMMON/TRACK/):
IBODY: Body wherethe particle moves.
MAT: Material in IBODY. The output MAT= 0 indicatesthat the particle is in a void
region.

� SUBROUTINESTEP(DS,DSEF,NCROSS)
Usedin conjunctionwith penelope , this subroutineperformsthe geometricalpart
of the track simulation. The particle starts from the point (X,Y,Z) and proceeds
to travel a length DSin the direction (U,V,W) within the material where it moves.

4Most of the input/output of the geometryroutines is through COMMON/TRACK/, which is the common
block usedby penelope to transfer particle state variables.
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STEPdisplacesthe particle and stopsit at the endof the step,or just after entering
a new material. The output value DSEFis the distancetravelledwithin the initial
material. If the particle enters a void region,STEPcontinuesthe particle track, as
a straight segment, until it penetratesa material body or leavesthe system(the
path length through inner void regionsis not included in DSEF). When the particle
arrivesfrom a void region (MAT= 0), it is stopped after entering the �rst material
body. The output value MAT= 0 indicates that the particle hasescaped from the
system.

� Input-output values(through COMMON/TRACK/ ):
X, Y, Z: Input: coordinates of the initial position.

Output: coordinates of the �nal position.
U, V, W: Direction cosinesof the displacement. They are kept unaltered.
IBODYInput: initial body, i.e. the onethat contains the initial position.

Output: �nal body.
MAT: Material in body IBODY(automatically changedwhen the particle crossesan
interface).

� Input argument:
DS: Distanceto travel (unaltered).

� Output arguments:
DSEF: Travelled path length before leaving the initial material or completing the
jump (lessthan DSif the track crossesan interface).
NCROSS: Number of interfacecrossings(=0 if the particle doesnot leave the initial
material, greater than 0 if the particle enters a new material).

For the handling and storage of geometric information we take advantage of the
structure of the genealogicaltree. It is assumedthat an enclosurehas beende�ned so
that it is the only common ancestor for all bodies and modules. To understand the
operation of the geometryroutines, it is convenient to de�ne a matrix FLAG(KB,KS)as
follows (the indices KSand KBindicate the label of a surfaceand a body or module,
respectively),
FLAG(KB,KS) = 1, if KSis a limiting surfaceof KBand KB is inside KS(i.e. side

pointer = � 1).
= 2, if KSis a limiting surfaceof KBand KBis outside KS(i.e. side

pointer = +1).
= 3, if KBis a body and KSdoes not directly limit KB, but appears

in the de�nition of a body that limits KB.
= 4, if KBis a module and KSlimits oneof its daughters (bodiesand

submodules), but doesnot appear in the de�nition of KB.
= 5, otherwise.

To locate a point we call subroutine LOCATE, where we proceed upwards in the
genealogicaltree of modules. If the point is outside the enclosure,we set MAT= 0 and
return to the main program. Otherwise, we look for a module or body of the second
generationthat contains the point. If it exists, we continue analyzing its descendants
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(if any) and so on. The processends when we have determined the body IBODYthat
contains the point, or as soon as we conclude that the point is outside the material
system(i.e. in a void region). Notice that, when we have found that a module KBdoes
contain the point, to do the next step we only need to consider the surfacesKSsuch
that FLAG(KB; KS) = 1, 2 or 4.

After the body IBODYthat contains the initial position of the particle hasbeeniden-
ti�ed, we can call subroutine STEPto move the particle a certain distanceDS, dictated
by penelope , along the direction (U,V,W). We start by checking whether the track seg-
ment crossesany of the surfacesthat limit IBODY. If after travelling the distanceDSthe
particle remainswithin the samebody, DSEFis set equal to DSand control is returned
to the main program. It is worth noting that the surfacesKSthat de�ne the initial body
are thosewith FLAG(IBODY,KS)=1 and 2 (proper limiting surfaces)or =3 (limiting sur-
facesof limiting bodies). Although it may happen that a surfacewith FLAG=3 doesnot
directly limit the body, subroutineSTEPcannot know this from the information at hand
and, consequently, all surfaceswith FLAG=3 are analyzedafter each move. It is clear
that, to reducethe number of surfacesto be considered,we shouldminimize the number
of bodies usedto delimit other bodies.

When the particle leavesIBODYand enters a new material, STEPstops it just after
crossingthe interfaceanddeterminesthe newbody andmaterial (in this case,the output
values of IBODYand MATare di�eren t from the input ones). To do this, the limiting
surfacesof the parent moduleandof all the sistersof the initial body must beanalyzed(if
they exist). If the newposition is outsidethe parent module, wemust analyzeall surfaces
that limit the parent's sistersand godownward in the genealogicaltree to determinethe
module that contains the point and, if necessary, go upwards again to �nd out what the
newbody is. If the newmaterial is the sameasin the initial body, the particle is allowed
to move the remainingdistance. Void regions(strict vacuum) are crossedfreely (i.e. the
distancetravelled within theseregionsis not counted). Furthermore, when the particle
starts from outside the enclosure,it is allowed to propagate freely until it reaches a
material body. The particle is stopped when it penetratesa di�eren t material or when
it leavesthe system(i.e. when,after leaving a material body, its straight tra jectory does
not intersect a non-void body; in this case,the value MAT=0 is returned). Evidently,
the speedof the geometrysubroutinesdependsgreatly on the structure of the modules'
genealogicaltree. The responsibility of optimizing it rests with the user.

When STEPmoves the particle acrossan interface, there is a risk that, owing to
numerical truncation errors, the particle is placedon the wrong sideof the interface(i.e.
the track is stopped just beforethe interface). If this occurs, the program could go into
an endlessloop in which STEPrepeatedlytries to move the particle a very small distance
(of the order of 10� 15 cm) towards the interfacebut does not succeed,i.e. the particle
is trapped at the interface. To avoid this collapseof the tra jectory, after each interface
crossing,STEPappliesan additional small displacement (� 10� 8 cm) in the direction of
movement, which is physically irrelevant and su�cien t to compensatefor the e�ect of
truncation errors. The samestrategy is used in subroutine LOCATE: when the particle
is too closeto an interface, it is moved 10� 8 cm along the surfacegradient direction
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or its opposite, depending on whether the particle approaches or leaves the interface.
Notice that this strategy requires that the direction of movement (U,V,W) be de�ned
beforecalling LOCATE. The extra displacement e�ectiv ely eliminates the risk of particle
trapping at interfaces;but it alsosetsa limit to the spaceresolution (geometricaldetails
that are lessthan � 10 �A in sizecannot be described).

pengeom admits up to 250surfacesand 125bodies and modules. When the input
�le contains a larger number of elements, the program stopsand a corresponding error
messageis printed. To describesuch complexmaterial systems,it is necessaryto edit the
source�le PENGEOM.Fand increasethe valuesof the parametersNS(maximum number
of surfaces)and NB(maximum number of bodies) in all subroutines. It is assumed
that the number of bodies in a module is lessthan NX= 100, which is also the upper
limit for the number of surfacesthat can be usedto de�ne a body or a module (those
with FLAG< 5). When NXis too small, the module that causesthe trouble should be
decomposedinto several submodules. Although it is possibleto increasethe parameter
NX, this would wastea lot of memory. As a consequence,a systemwith more than 100
surfacesor bodies must be decomposedinto modules.

5.6 Debugging and viewing the geometry

A pair of computer programs named gview2d and gview3d have been written to
visualize the geometry and to help the user to debug the de�nition �le. Thesecodes
generatetwo- and three-dimensional24-bit colour imagesof the systemusing speci�c
graphics routines. The executablecodes included in the distribution package run on
personalcomputersunder Microsoft Windows.

The most characteristic (and useful) feature of gview2d is that displayed pictures
are generatedby using the pengeom packageand, therefore,errors and inconsistencies
in the geometry de�nition �le that would a�ect the results of actual simulations are
readily identi�ed. The method to generatethe image consistsof following a particle
that moveson a plane perpendicular to an axis of the referenceframe, which is mapped
on the window. The particle starts from a position that corresponds to the left-most
pixel and moves along a straight tra jectory to the right of the window. To do this,
we call subroutine STEPrepeatedly, maintaining the direction of movement and with a
large value of DS(such that each body is crossedin a single step). A colour code is
assignedto each material, and pixels are lit up with the active colour when they are
crossedby the particle tra jectory. The active colour is changedwhen the particle enters
a new material. The �nal picture is a map of the bodies and materials intersectedby
the window plane. The orientation of the window plane,aswell asthe position and size
of the window view, may be changedinteractively by entering oneof the one-character
commandsshown in table 5.2,directly from the graphicswindow (upper- and lower-case
letters may work di�eren tly). With gview2d we can inspect the internal structure of
the systemwith arbitrary magni�cation (limited only by the intrinsic resolution of the
pengeom routines).
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Table 5.2: One-character commandsof the gview2d geometry viewer.

+++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++
+ x --> change window orientation , x-axis, +
+ y --> change window orientation , y-axis, +
+ z --> change window orientation , z-axis, +
+ r,right --> shift right, l,left --> shift left, +
+ u,up --> shift up, d,down --> shift down, +
+ f,pgup --> shift front, b,pgdn --> shift back, +
+ i,+ --> zoom in, o,- --> zoomout, +
+ 1 --> actual size, h,? --> help, +
+ blank, enter --> repeat last command, q --> quit. +
+++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++

When running the gview2d program, you will be asked to give the path+name of
the geometryde�nition �le and the coordinates(XC,YC,ZC)of the centre of the window
(relative to the laboratory frame) in cm. The window may appear black (the colour for
void regions) if no material bodies are intersected. In this case,usethe one-character
viewer commandsto reach the bodies or, more conveniently , start again and place the
window centre near or within a �lled body.

gview3d generatesthree-dimensionalpicturesof the geometryby usinga simpleray-
tracing algorithm, with the sourcelight and the cameraat the sameposition. Bodies
are displayed with the samecolour code used by gview2d and the intensity of each
pixel is determinedby the anglebetweenthe vision line and the normal to the limiting
surface. This method does not produce shadows and disregardslight di�usion, but
makes fairly realistic three-dimensionalimages. The camerais assumedto be outside
the system(placing the camerainside a body would stop the program). To reveal the
inner structure of the system,the programcaneliminate a wedge(limited by two vertical
planesthat intersect in the z-axis). The position and sizeof the systemcanbe modi�ed
by meansof one-character commandsentered from the graphicswindow. The command
keys and actions are similar to those of gview2d . It is worth noting that gview3d
generatesthe imagepixel by pixel, whereasgview2d does it by drawing straight lines
on the window; as a result, gview2d is much faster.

gview2d and gview3d produce an output �le named GEOMETRY.REP(which is
generatedby subroutine GEOMIN) in the working directory. The programsare stopped
either whenan input format is incorrect (reading error) or whena clear inconsistencyin
the de�nition �le is found (e.g.whenthe element that is beingde�ned and the furnished
information do not match). The wrong datum appears in the last printed lines of the
GEOMETRY.REP�le, usually in the last one. Error messagesare alsowritten on that �le,
sothat the identi�cation of inconsistenciesis normally very easy. When the structure of
the input �le is correct, the codesdo not stop and the geometryis displayed for further
analysis. Most of the possibleerrors in the input �le can only be revealedby direct
inspection of the imagesgeneratedby gview2d and gview3d .

The �le GEOMETRY.REPis a duplicate of the input de�nition �le. The only di�er-
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encesbetweenthe two �les are the labels assignedto the di�eren t surfaces,bodies and
modules; in GEOMETRY.REP, these elements are numbered in strictly increasingorder.
It is important to bear in mind that pengeom internally usesthis sequential labelling
to identify bodies and surfaces.Knowing the internal label assignedto each element is
necessaryfor scoring purposes,e.g. to determine the distribution of energydeposited
within a particular body.

5.7 A short tutorial

To preparea new geometryde�nition �le, it is useful to start from a �le that contains a
model of each data set with default valuesof their parameters.Placing the end-line at
the beginningof the model group discontinuesthe geometryreading;so that the model
group can be kept in the geometry �le, even when this one is operative. The starting
�le should look like this
END 0000000000000000000000000000000000000000000000000000000
0000000000000000000000000000000000000000000000000000000000000000
SURFACE( ) REDUCEDFORM
INDICES=( 1, 1, 1, 1, 1)
X-SCALE=(+1.0 00000000000000E+00, 0) (DEFAULT=1.0)
Y-SCALE=(+1.0 00000000000000E+00, 0) (DEFAULT=1.0)
Z-SCALE=(+1.0 00000000000000E+00, 0) (DEFAULT=1.0)

OMEGA=(+0.000000000000000E+00, 0) DEG (DEFAULT=0.0)
THETA=(+0.000000000000000E+00, 0) DEG (DEFAULT=0.0)

PHI=(+0.000000000000000E+00, 0) RAD (DEFAULT=0.0)
X-SHIFT=(+0.0 00000000000000E+00, 0) (DEFAULT=0.0)
Y-SHIFT=(+0.0 00000000000000E+00, 0) (DEFAULT=0.0)
Z-SHIFT=(+0.0 00000000000000E+00, 0) (DEFAULT=0.0)
0000000000000000000000000000000000000000000000000000000000000000
SURFACE( ) IMPLICIT FORM
INDICES=( 0, 0, 0, 0, 0)

AXX=(+0.000000000000000E+00, 0) (DEFAULT=0.0)
AXY=(+0.000000000000000E+00, 0) (DEFAULT=0.0)
AXZ=(+0.000000000000000E+00, 0) (DEFAULT=0.0)
AYY=(+0.000000000000000E+00, 0) (DEFAULT=0.0)
AYZ=(+0.000000000000000E+00, 0) (DEFAULT=0.0)
AZZ=(+0.000000000000000E+00, 0) (DEFAULT=0.0)
AX=(+0.000000000000000E+00, 0) (DEFAULT=0.0)
AY=(+0.000000000000000E+00, 0) (DEFAULT=0.0)
AZ=(+0.000000000000000E+00, 0) (DEFAULT=0.0)
A0=(+0.000000000000000E+00, 0) (DEFAULT=0.0)

0000000000000000000000000000000000000000000000000000000000000000
BODY ( ) TEXT
MATERIAL( )
SURFACE( ), SIDE POINTER=(1)
BODY ( )
0000000000000000000000000000000000000000000000000000000000000000
MODULE( ) TEXT
MATERIAL( )
SURFACE( ), SIDE POINTER=(1)
BODY ( )
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MODULE( )
1111111111111111111111111111111111111111111111111111111111111111

OMEGA=(+0.000000000000000E+00, 0) DEG (DEFAULT=0.0)
THETA=(+0.000000000000000E+00, 0) DEG (DEFAULT=0.0)

PHI=(+0.000000000000000E+00, 0) RAD (DEFAULT=0.0)
X-SHIFT=(+0.0 00000000000000E+00, 0) (DEFAULT=0.0)
Y-SHIFT=(+0.0 00000000000000E+00, 0) (DEFAULT=0.0)
Z-SHIFT=(+0.0 00000000000000E+00, 0) (DEFAULT=0.0)
0000000000000000000000000000000000000000000000000000000000000000
INCLUDE
FILE= (filename. ext )
0000000000000000000000000000000000000000000000000000000000000000

Then, to generatea new element, we just duplicate the corresponding data set, modify
the parametervaluesand eliminate the lines that are unnecessary(i.e. thoseof param-
eters that take their default values). Of course,the de�ning data set must be placed
before the end-line. The progressinggeometry can be visualized with gview2d as
soon as the �rst complete body has been de�ned. If gview2d stops before entering
the graphics mode, the geometry de�nition is incorrect and we should have a look at
the GEOMETRY.REP �le to identify the problem. Normally, the con
icting parameteror
element appearsin the last line of this �le.

The basic elements of the geometry de�nition are quadric surfaces. Thesecan be
visualizedby usingthe following simple�le, which de�nes the inner volumeof a reduced
quadric as a singlebody,

---------- --- --- -- --- --- --- -- --- --- --- -- --- --- -- --- --- --- -- --- --
Visualiza tio n of reduced quadric surfaces.

Define the desired quadric (surface 1) by entering its indices.
The region with side pointer -1 (inside the quadric) correspon ds
to MATERIAL=1.
0000000000000000000000000000000000000000000000000000000000000000
SURFACE( 1) Reducedquadric. One sheet hyperboloid .
INDICES=( 1, 1,-1, 0,-1)
0000000000000000000000000000000000000000000000000000000000000000
BODY ( 1) The interior of the quadric.
MATERIAL( 1)
SURFACE( 1), SIDE POINTER=(-1)
0000000000000000000000000000000000000000000000000000000000000000
END 0000000000000000000000000000000000000000000000000000000

Notice that, in this case,the body is in�nite in extent. There is no objection to using
in�nite bodies,as long asthe enclosurecontains all material bodies. When only a single
body is de�ned, pengeom identi�es it as the enclosure,and this requirement is met.
Otherwise,we must de�ne a proper enclosure(sinceall bodies and modulesmust have
a commonancestor).

The following exampledescribesa spherewith an inner arrow (�g. 5.2):

XXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXX
Sphere of 5 cm radius with an arrow.

0000000000000000000000000000000000000000000000000000000000000000
SURFACE( 1) PLANEZ=4.25
INDICES=( 0, 0, 0, 1,-1)
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Z-SCALE=(4.250000000000000E+00, 0)
0000000000000000000000000000000000000000000000000000000000000000
SURFACE( 2) PLANEZ=1.5
INDICES=( 0, 0, 0, 1,-1)
Z-SCALE=(1.500000000000000E+00, 0)
0000000000000000000000000000000000000000000000000000000000000000
SURFACE( 3) PLANEZ=-4.0
INDICES=( 0, 0, 0, 1, 1)
Z-SCALE=(4.000000000000000E+00, 0)
0000000000000000000000000000000000000000000000000000000000000000
SURFACE( 4) CONE
INDICES=( 1, 1,-1, 0, 0)
X-SCALE=(5.000000000000000E-01, 0)
Y-SCALE=(5.000000000000000E-01, 0)
Z-SHIFT=( 4.250000000000000E+00, 0)
0000000000000000000000000000000000000000000000000000000000000000
SURFACE( 5) CYLINDER
INDICES=( 1, 1, 0, 0,-1)
X-SCALE=(7.250000000000000E-01, 0)
Y-SCALE=(7.250000000000000E-01, 0)
0000000000000000000000000000000000000000000000000000000000000000
BODY ( 1) ARROWHEAD
MATERIAL( 2)
SURFACE( 1), SIDE POINTER=(-1)
SURFACE( 2), SIDE POINTER=(1)
SURFACE( 4), SIDE POINTER=(-1)
0000000000000000000000000000000000000000000000000000000000000000
BODY ( 2) ARROWSTICK
MATERIAL( 2)
SURFACE( 5), SIDE POINTER=(-1)
SURFACE( 2), SIDE POINTER=(-1)
SURFACE( 3), SIDE POINTER=(1)
0000000000000000000000000000000000000000000000000000000000000000
SURFACE( 6) SPHERE.R=5
INDICES=( 1, 1, 1, 0,-1)
X-SCALE=(5.000000000000000E+00, 0)
Y-SCALE=(5.000000000000000E+00, 0)
Z-SCALE=(5.000000000000000E+00, 0)
0000000000000000000000000000000000000000000000000000000000000000
MODULE( 3) SPHEREWITHINNERARROW
MATERIAL( 1)
SURFACE( 6), SIDE POINTER=(-1)
BODY ( 1)
BODY ( 2)
1111111111111111111111111111111111111111111111111111111111111111

OMEGA=(0.000000000000000E+00, 0) DEG
THETA=(-90.00000000000000E+00, 0) DEG

PHI=( 90.00000000000000E+00, 0) DEG
0000000000000000000000000000000000000000000000000000000000000000
END 0000000000000000000000000000000000000000000000000000000
We have de�ned the entire systemas a single module, so that you may rotate and/or
displaceit arbitrarily . Notice that the initial arrow points in the positive direction of
the z-axis. It is instructiv eto try variousrotations and usegview2d or gview3d (with
a sectorexcludedto make the inner arrow visible) for visualizing the rotated system.
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Writing a geometry �le is nothing more than routine work. After a little practice,
you can de�ne quite complexsystemsby using only surfacesand bodies. You will soon
realize that the visualization programs(as well as the actual simulations!) slow down
when the number of elements in the geometry increases.The only way of speedingup
the programsis to group the bodies into modules. The best strategy for improving the
calculation speed is to build relatively simple modules and combine them into larger
parent modules to obtain a genealogicaltree where the number of daughters of each
module is not too large (say 4 or 5).

You may save a lot of time by de�ning each body separately(and checking it care-
fully) and then inserting it into the progressingmodule that, once �nished, will be
added to the �le. Notice that the input element labels are arbitrary (as long as they
are not repeated for elements of the samekind) and that we can insert new elements
anywhere in the �le. Once the geometry de�nition is complete, we can generatean
equivalent �le, with elements labelled accordingto their input order, by simply editing
the GEOMETRY.REP�le.

The previousexamplesof geometry�les (QUADRICand ARROW) together with several
other �les of more complex geometriesare included in the distribution package. They
can be directly visualizedby running gview2d and gview3d . The �le GLASS(a glass
of champagne)shows that commonobjects can be described quite preciselywith only
quadric surfaces;in this case,we do not usemodules,which areusefulonly to accelerate
the calculations. WELLde�nes a scintillation well detectorwith much detail; we have set
an enclosurefor the system, so that you can rotate the entire detector by editing the
de�nition �le. Notice that, when the detector is tilted, it is very di�cult to get an idea
of its geometryfrom the imagesgeneratedby gview2d . SATURNEdescribesthe headof
an electron accelerator,quite a complicated geometry with 96 surfacesand 44 bodies.
The structure MALE, which corresponds to a mathematical anthropomorphic phantom,
consistsof 174surfacesand 108bodies, grouped into 11 modules.

We cannot �nish without a word of caution about the useof pengeom , and other
general-purposegeometrypackages.For simple geometries,they tend to wastea lot of
time. It is always advisable to consider the possibility of handling geometric aspects
directly; this may enablesubstantial reduction of the number of operations by taking
full advantage of the peculiarities of the material system.
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Chapter 6

Structure and operation of the code
system

In this chapter we describe the structure of the penelope code systemand its opera-
tion. The kernelof the systemis the f or tran77 subroutine packagepenelope , which
performs \analogue" simulation of electron-photonshowers (i.e. the simulated showers
are intended to be replicasof actual showers) in in�nite (unbounded) media of various
compositions. Photon histories are generatedby using the detailed simulation method
(seesection 1.4), i.e. all interaction events are simulated in chronological succession.
The generation of electron and positron tracks is performed by using the mixed pro-
ceduredescribed in chapter 4. Secondaryparticles emitted with initial energy larger
than the absorption energy {see below{ are stored, and simulated after completion of
each primary track. Secondaryparticlesareproducedin direct interactions(hard inelas-
tic collisions,hard bremsstrahlungemission,positron annihilation, Compton scattering,
photoelectric absorption and pair production) and as 
uorescent radiation (characteris-
tic x rays and Auger electrons). penelope simulates 
uorescent radiation that results
from vacanciesproduced in K shellsand L subshellsby photoelectric absorption and
Compton scattering of photons and by electron/positron impact. The relaxation of
thesevacanciesis followed until the K and L shellsare �lled up, i.e. until the vacancies
have migrated to M and outer shells.

Being a subroutine package, penelope cannot operate by itself. The user must
provide a steering MAINprogram for her/his particular problem. Nevertheless,this
MAINprogram is normally fairly simple, since it only has to control the evolution of
the tracks simulated by penelope and keepscoreof relevant quantities. penelope is
devisedto do the largest part of the simulation work. It allows the user to write her
or his own simulation program, with arbitrary geometryand scoring,without previous
knowledgeof the intricate theoretical aspects of scattering and transport theories. In
the caseof material systemswith quadric geometries,the geometricaloperationscanbe
done automatically by using the packagepengeom (seechapter 5). The distribution
package also includes various examplesof MAINprograms for simple geometries(slab
and cylindrical) and for general quadric geometrieswith limited scoring. Although
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they are mostly intended to illustrate the useof the simulation routines, they do allow
studying many casesof practical interest. The completeprogram systemis written in
f or tran77 (ANSI/ISO standard form) and, therefore, it should run on any platform
with a f or tran77 or f or tran90 compiler.

6.1 penelope

penelope simulates coupled electron-photon transport in arbitrary material systems
consistingof a number of homogeneousregions(bodies) limited by sharp (and passive)
interfaces. Initially , it was devisedto simulate the PENetration and Energy LOss of
Positrons and Electrons in matter; photons were introduced later. The adopted in-
teraction models (chapters 2-4), and the associated databases,allow the simulation of
electron/positron and photon transport in the energyrangefrom 100eV to 1 GeV.

It should be borne in mind that our approximate interaction models becomeless
accurate when the energy of the transported radiation decreases.Actually, for ener-
gies below � 1 keV, the DCSs are not well known, mostly becausethey are strongly
a�ected by the state of aggregation. On the other hand, for electronsand positrons,
the tra jectory picture ceasesto be applicable(becausecoherent scattering from multiple
centers becomesappreciable)when the de Broglie wavelength, � B = (150 eV=E)1=2 �A,
is similar to or greater than the interatomic spacing(� 1 �A). Therefore, results from
simulations with penelope (or with any other Monte Carlo tra jectory code) for ener-
gies below 1 keV or so, should be consideredto have only a qualitativ e (or, at most,
semi-quantitativ e) value. We recall also that, for elements with intermediate and high
atomic numbers, secondarycharacteristic photons with energieslessthan the M-shell
absorption edgeare not simulated by penelope . This setsa lower limit to the energy
rangefor which the simulation is faithful.

The source�le PENELOPE.F (about 8000 lines of f or tran code) consistsof four
blocks of subprograms,namely, preparatory calculations and I/O routines, interaction
simulation procedures,numerical routines and transport routines. Only the latter are
invoked from the MAINprogram. The interaction simulation routines implement the
theory and algorithms described in chapters2 and 3. Although the interaction routines
are not called from the MAINprogram, there are good reasonsto have them properly
identi�ed. Firstly , theseare the code piecesto be modi�ed to incorporate better physics
(when available) and, secondly, someof these subroutinesdeliver numerical valuesof
the DCSs(which canbe useful to apply certain variancereduction techniques). To have
theseroutines organized,we have namedthem accordingto the following convention:
� The �rst letter indicates the particle (E for electrons,P for positrons, Gfor photons).
� The secondand third letters denotethe interaction mechanism(EL for elastic, IN for
inelastic, BRfor bremsstrahlung,ANfor annihilation, RAfor Rayleigh, COfor Compton,
PHfor photoelectric and PPfor pair production).
� The random sampling routines have three-letter names. Auxiliary routines, which
perform speci�c calculations,have longernames,with the fourth and subsequent letters
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and/or numbers indicating the kind of calculation (TXfor total x-section,DXfor di�er-
ential x-section) or action (Wfor write data on a �le, R for read data from a �le, I for
initialization of simulation algorithm).
Thus, for instance,subroutine EELsimulateselastic collisionsof electronswhile subrou-
tine EINTXcomputestotal (integrated) crosssectionsfor inelasticscatteringof electrons.

6.1.1 Database and input material data �le

Penelope readsthe requiredphysical information about each material (which includes
tables of physical properties, interaction crosssections,relaxation data, etc.) from the
input material data �le (identi�ed as UNIT=IRDin the code sourcelisting). The mate-
rial data �le is created by meansof the auxiliary program material , which extracts
atomic interaction data from the database.This program runs interactively and is self-
explanatory. Basic information about the consideredmaterial is supplied by the user
from the keyboard, in responseto prompts from the program. The requiredinformation
is: 1) chemical composition (i.e. elements present and stoichiometric index of each ele-
ment), 2) massdensity, 3) meanexcitation energyand 4) energyand oscillator strength
of plasmonexcitations. Alternativ ely, for a set of 279preparedmaterials, the program
material can read data directly from the PDCOMPOS.TAB�le (seebelow).

For compoundsand mixtures, the additivit y approximation is adoptedto de�ne the
material's crosssections,i.e. the corresponding \molecular" crosssectionis set equal to
the sum of atomic crosssectionsweighted with the stoichiometric index of the element.
Alloys and mixtures are treated as compounds, with stoichiometric indices equal, or
proportional, to the percent number of atoms of the elements.

The penelope databaseconsistsof the following 465ASCII �les,

PDATCONF.TAB . . . Atomic ground-statecon�gurations, ionization energies(Lederer
andShirley, 1978)andcentral values,J i (pz = 0), of the one-electronshellCompton
pro�les (Biggs et al., 1975) for the elements, from hydrogento uranium.

PDCOMPOS.TAB . . . This �le contains composition data, densitiesand mean excita-
tion energiesfor 279materials, adaptedfrom the databaseof the est ar program
of Berger (1992). The �rst 98 entries are the elements Z = 1 � 98, ordered by
atomic number Z . Materials 99 to 279are compoundsand mixtures, in alphabeti-
cal order. Notice that penelope doesnot work for elements with atomic number
Z > 92.

PDEFLIST.TAB . . . List of materialsprede�ned in �le PDCOMPOS.TAB, with their iden-
ti�cation numbers.

PDRELAX.TAB . . . Data on atomic relaxation, extracted from the LLNL Evaluated
Atomic Data Library (Perkins et al., 1991). Each line in the �le PDRELAX.TAB
describes an atomic transition. The quantities listed are the atomic number of
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the element, the numerical labels of the active electron shells(seetable 6.1), the
transition probabilit y and the energyof the emitted x-ray or electron,respectively.

Table 6.1: Numerical labels used to designate atomic electron shells. In the caseof non-
radiativ e transitions, the label 99 indicates shellsbeyond the M5 shell.

label shell label shell label shell

1 K (1s1=2) 11 N2 (4p1=2) 21 O5 (5d5=2)

2 L1 (2s1=2) 12 N3 (4p3=2) 22 O6 (5f5=2)

3 L2 (2p1=2) 13 N4 (4d3=2) 23 O7 (5f7=2)

4 L3 (2p3=2) 14 N5 (4d5=2) 24 P1 (6s1=2)

5 M1 (3s1=2) 15 N6 (4f5=2) 25 P2 (6p1=2)

6 M2 (3p1=2) 16 N7 (4f7=2) 26 P3 (6p3=2)

7 M3 (3p3=2) 17 O1 (5s1=2) 27 P4 (6d3=2)

8 M4 (3d3=2) 18 O2 (5p1=2) 28 P5 (6d5=2)

9 M5 (3d5=2) 19 O3 (5p3=2) 29 Q1 (7s1=2)

10 N1 (4s1=2) 20 O4 (5d3=2) 99 outer shells

92 �les named PDEELZZ.TABwith ZZ=atomic number (01{92). These�les contain
integratedcrosssectionsfor elasticscatteringof electronsand positronsby neutral
atoms,calculatedby usingthe partial-wave methods described in section3.1 (Sal-
vat, 2000). The �rst line in each �le givesthe atomic number ZZ; each subsequent
line has7 columnswith the following data:
1st column: kinetic energy(eV), in increasingorder.
2nd column: total crosssectionfor electrons.
3rd column: �rst transport crosssectionfor electrons.
4th column: secondtransport crosssectionfor electrons.
5th column: total crosssectionfor positrons.
6th column: �rst transport crosssectionfor positrons.
7th column: secondtransport crosssectionfor positrons.
The grid of energiesis approximately logarithmic, with 15 points per decade,and
is the samefor all elements. All crosssectionsare in cm2.

92 �les named PDEBRZZ.TABwith ZZ=atomic number (01{92). They contain the
atomic bremsstrahlungscaledcrosssections(energy lossspectra) and total inte-
grated radiative crosssectionsof electrons,for a grid of electronkinetic energiesE
and reducedphoton energiesW=E that is denseenoughto allow the useof cubic
spline log-log interpolation in E and linear interpolation in W=E. The data in
these �les is from a database,with 32 reducedphoton energies,which was pro-
vided to the authors by Steve Seltzer(a brief description of the methods usedto
compute the databaseand a reducedtabulation is given in Seltzer and Berger,



6.1. penelope 181

1986). The format of the bremsstrahlungdatabase�les is the following,
1) The �rst line contains the atomic number ZZ.
2) Each four-lines block contains the electronkinetic energyE, the scaledenergy-
lossdi�eren tial crosssectionat the 32 �xed reducedphoton energiesand the value
of the integrated radiative crosssection.
Energiesare in eV and the valuesof the scaledenergy-losscrosssection are in
millibarn (10� 27 cm2).

PDBRANG.TAB . . . Gives the parametersof the analytical shape function (angular
distribution) of bremsstrahlungphotons, which is expressedas a statistical mix-
ture of two Lorentz-boosted dipole distributions, eq. (3.151). The distribution
parameterswereobtainedby �tting the benchmark partial-wave shapestabulated
by Kissel et al. (1983).

92 �les named PDGPPZZ.TABwith ZZ=atomic number (01{92). Total crosssections
for electron-positron pair production by photons with energiesup to 100 GeV
in the �eld of neutral atoms. The data were generatedby meansof the xcom
program of Bergerand Hubbell (1987). The �rst line of each �le givesthe atomic
number ZZ; each subsequent line gives,
1st column: photon energy, in eV. The sameenergygrid for all elements.
2nd column: total crosssectionfor pair+triplet production in barn (10� 24 cm2).

92 �les named PDGPHZZ.TABwith ZZ=atomic number (01{92), containing photo-
electric total atomic crosssectionsand partial crosssectionsfor photoionization of
inner shells(K shell and L subshells)for the elements and photon energiesin the
rangefrom 100eV to 1 TeV. The data were extracted from the LLNL Evaluated
Photon Data Library EPDL97 (Cullen et al., 1997). The format is the following,
1) the �rst line contains the atomic number ZZ and the number NSof shells for
which the partial crosssectionis tabulated.
2) each of the following linescontains a valueof the photon energy(in eV) and the
corresponding total crosssectionand partial crosssectionsof the shellsK, L1, L2
and L3, respectively (all crosssectionsin barn). For low-Z elements, L-subshells
are empty and, therefore,they do not appear in the table.
The grid of energiesfor each element wasobtained by merginga genericgrid (the
samefor all elements, covering the energyrange from 100 eV to 100 GeV) with
the grid of absorption edgesof the element, and adding additional points (where
needed)to ensurethat linear log-log interpolation will never introduce relative
errors larger than 0.02.

92 �les named PDEINZZ.TABwith ZZ=atomic number (01{92), containing total (in-
tegrated) crosssectionsfor ionization of inner shells(K shell and L subshells)by
impact of electronsand positrons with kinetic energiesin the range from 100eV
to 1 GeV. Thesecrosssectionswereevaluated by meansof the optical-data model
described in section 3.2.6 using photoelectric cross sectionsread from the �les
PDGPHZZ.TAB. The format is the following,
1) the �rst line contains the atomic number ZZ.
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2) each of the following lines consistsof nine columns,with the kinetic energyof
the projectile (in eV) in the �rst one. Columns 2-5 contain the ionization cross
sectionsof the shellsK, L1, L2 and L3 for electron impact and columns6-9 have
the correspondingcrosssectionsfor ionization by impact of positrons(all crosssec-
tions in barn). Crosssectionsfor K and L shellsof light elements with ionization
energieslessthan 100eV are set to zero.

Atomic crosssectionsfor coherent and incoherent scattering of photons, inelastic
scattering of electronsand positrons, and positron annihilation are evaluated directly
from the analytical DCSsdescribed in chapters2 and 3 .

In the material de�nition �le generatedby the programmaterial , meanfreepaths,
transport mean free paths and stopping powers of electronsand positrons are given in
mass-thicknessunits (1 mtu � 1 g/cm2) and eV/mtu, respectively. Photon massatten-
uation coe�cien ts are expressedin cm2/g. Thesequantities are practically independent
of the material density; the only exception is the collision stopping power for electrons
and positrons with kinetic energieslarger than about 0.5 MeV, for which the density
e�ect correction may be appreciable.

The energy-dependent quantities tabulated in the input material data �le determine
the most relevant characteristics of the scattering model. Thus, the MW di�eren tial
crosssection for electron and positron elastic scattering is completely de�ned by the
meanfreepaths and transport meanfreepaths. Collision and radiative stoppingpowers
read from the input �le are usedto renormalizethe built-in analytical di�eren tial cross
sections, i.e. these are multiplied by an energy-dependent factor such that the input
stopping powers are exactly reproduced. The mean free paths used in the simulation
of photon transport are directly obtained from the input total crosssections. Natural
cubic spline log-log interpolation is usedto interpolate the tabulated energy-dependent
quantities, except for the photoelectric attenuation coe�cien t, which is obtained by
simplelinear log-loginterpolation in the intervalsbetweenconsecutiveabsorptionedges.

To simulate geometricalstructureswith severalmaterials, the correspondingmaterial
data �les generatedby the program material must be catenatedin a singleinput �le.
penelope labels the M-th material in this �le with the index MAT=M, which is used
during the simulation to identify the material wherethe particle moves. The maximum
number of di�eren t materials that penelope can handlesimultaneouslyis �xed by the
parameterMAXMAT, which in the present versionis setequalto 10. The requiredmemory
storageis roughly proportional to the value of this parameter. The user can increase
MAXMATby editing the program source�les. Notice that the value of MAXMATmust be
the samein all subprograms.

6.1.2 Structure of the MAINprogram

As mentioned above, penelope must be complemented with a steeringMAINprogram,
which controls the geometry and the evolution of tracks, keepsscoreof the relevant
quantities and performs the required averagesat the end of the simulation.
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The connectionof penelope and the MAINprogram is donevia the namedcommon
block

! COMMON/TRACK/E,X,Y, Z,U,V,W,WGHT,KPAR,I BODY,MAT,IL B(5)

that contains the following particle state variables:

KPAR. . . kind of particle (1: electron,2: photon, 3: positron).

E . . . current particle energy(eV) (kinetic energyfor electronsand positrons).

X, Y, Z . . . position coordinates (cm).

U, V, W. . . direction cosinesof the direction of movement.

WGHT. . . in analoguesimulations, this is a dummy variable. When using variance
reduction methods, the particle weight can be stored here.

IBODY. . . this auxiliary 
ag servesto identify di�eren t bodies in complex material
structures.

MAT. . . material wherethe particle moves(i.e. the one in the body labelled IBODY).

ILB(5) . . . an auxiliary array of 5 labels that describe the origin of secondarypar-
ticles (seebelow). It is useful e.g. to study partial contributions from particles
originated by a given process.

The position coordinatesr =( X,Y,Z) and the direction cosineŝd =( U,V,W) of the direc-
tion of movement arereferredto a �xed rectangularcoordinate system,the \lab oratory"
system,which canbe arbitrarily de�ned. During the simulation, all energiesand lengths
are expressedin eV and cm, respectively.

The label KPARidenti�es the kind of particle: KPAR=1, electron; KPAR=2, photon;
KPAR=3, positron. A particle that movesin material Mis assumedto beabsorbedwhenits
energybecomeslessthan a valueEABS(KPAR,M)(in eV) speci�ed by the user. Positrons
are assumedto annihilate, by emissionof two photons, when absorbed. In dosecal-
culations, EABS(KPAR,M) should be determined so that the residual range of particles
with this energyis smaller than the dimensionsof the volumebins usedto tally the spa-
tial dosedistribution. As the interaction databaseis limited to energiesabove 100 eV,
absorption energiesEABS(KPAR,M)must be larger than this value.

The transport algorithm for electronsand positrons in each material Mis controlled
by the following simulation parameters,

C1(M) . . . Averageangular de
ection, C1 ' 1 � hcos� i [eq. (4.11)], produced by
multiple elasticscatteringalonga path length equalto the meanfreepath between
consecutivehard elasticevents [seeeq.(4.1)]. C1(M)shouldbe of the order of 0.05;
its maximum allowed value is 0.2.
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C2(M) . . . Maximum averagefractional energyloss,C2 [eq. (4.85)], betweenconsec-
utiv e hard elastic events. Usually, a value of the order of 0.05 is adequate. The
maximum allowed value of C2(M) is 0.2.

WCC(M). . . Cuto� energy loss, Wcc (in eV), for hard inelastic collisions in the Mth
material.

WCR(M). . . Cuto� energy loss, Wcr (in eV), for hard bremsstrahlung emission in
material M.

Theseparametersdetermine the accuracyand speedof the simulation. To ensureac-
curacy, C1(M) and C2(M) should have small values (of the order of 0.01 or so). With
larger valuesof C1(M)and C2(M)the simulation gets faster, at the expenseof a certain
lossin accuracy. The cuto� energiesWCC(M)and WCR(M)mainly in
uence the simulated
energydistributions. The simulation speedsup by using larger cuto� energies,but if
theseare too large, the simulated energydistributions may be somewhatdistorted. In
practice, simulated energydistributions are found to be insensitiveto the adoptedvalues
of WCC(M)and WCR(M)when theseare lessthan the bin width usedto tally the energy
distributions. Thus, the desired energy resolution determines the maximum allowed
cuto� energies.The reliabilit y of the whole simulation rests on a singlecondition: the
number of steps(or random hinges)per primary track must be \statistically su�cien t",
i.e. larger than 10 or so.

The simulation packageis initialized from the MAINprogram with the statement

! CALLPEINIT(EPMAX,NMAT,I RD,IWR,I NFO)

Subroutine PEINIT reads the data �les of the di�eren t materials, evaluates relevant
scattering properties and prepareslook-up tables of energy-dependent quantities that
are usedduring the simulation. Its input arguments are:

EPMAX. . . Maximum energy (in eV) of the simulated particles. Notice that if the
primary particlesarepositronswith initial kinetic energyEP, the maximum energy
of annihilation photons may be closeto (but lessthan) EPMAX= 1:21(EP+ mec2);
in this special case,the maximum energyis larger than the initial kinetic energy.

NMAT. . . Number of di�eren t materials (lessthan or equal to MAXMAT).

IRD . . . Input unit.

IWR. . . Output unit.

INFO. . . Determinesthe amount of information that is written on the output unit.
Minimal for INFO=0and increasinglydetailed for INFO=1, 2, etc.

For the preliminary computations, PEINIT needsto know the absorption energies
EABS(KPAR,M)and the simulation parametersC1(M), C2(M), WCC(M)and WCR(M). This
information is introducedthrough the namedcommonblock

! COMMON/CSIMPA/EABS(3,MAXMAT),C1(MAXMAT),C 2(MAXMAT),WCC(MAXMAT),
1 WCR(MAXMAT)
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that has to be loaded before invoking subroutine PEINIT. Notice that we can employ
di�eren t valuesof the simulation parametersfor di�eren t materials. This possibility can
be usedto speedup the simulation in regionsof lesserinterest.

penelope has beenstructured in such a way that a particle track is generatedas
a sequenceof track segments (free 
igh ts or \jumps"); at the end of each segment,
the particle su�ers an interaction with the medium (a \kno ck") where it losesenergy,
changesits direction of movement and, in certain cases,producessecondaryparticles.
Electron-photon showersare simulated by successively calling the following subroutines:

SUBROUTINECLEANS. . . Initiates the secondarystack.

SUBROUTINESTART. . . For electronsand positrons,this subroutineforcesthe follow-
ing interaction event to be a soft arti�cial one. It must be calledbeforestarting a
new {primary or secondary{track and alsowhen a track crossesan interface.
Calling STARTis strictly necessaryonly for electronsand positrons; for photons
this subroutine has no physical e�ect. However, it is advisableto call STARTfor
any kind of particle since it checks whether the energy is within the expected
range,and can thus help to detect \bugs" in the MAINprogram.

SUBROUTINEJUMP(DSMAX,DS) . . . Determinesthe length DSof the track segment to
the following interaction event.
The input parameter DSMAXde�nes the maximum allowed step length for elec-
trons/p ositrons; for photons, it has no e�ect. As mentioned above, to limit the
step length, penelope placesdelta interactions along the particle track. These
are �ctitious interactions that do not alter the physical state of the particle. Their
only e�ect is to interrupt the sequenceof simulation operations (which requires
altering the valuesof inner control variablesto permit resumingthe simulation in
a consistent way). The combined e�ect of the soft interactions that occur along
the step precedingthe delta interaction is simulated by the usual random hinge
method.
As mentioned above, to ensurethe reliabilit y of the mixed simulation algorithm,
the number of arti�cial soft events per particle track in each body shouldbe larger
than, say, 10. For relatively thick bodies(say, thicker than 10 times the meanfree
path betweenhard interactions), this condition is automatically satis�ed. In this
casewe can switch o� the step-length control by setting DSMAX=1.0D35 (or any
other very large value). On the other hand, when the particle moves in a thin
body, DSMAXshouldbe givena valueof the order of onetenth of the \thic kness"of
that body. Limiting the step length is alsonecessaryto simulate particle transport
in external electromagnetic�elds.

SUBROUTINEKNOCK(DE,ICOL) . . . Simulatesan interaction event, computesnewen-
ergy and direction of movement, and stores the initial states of the generated
secondaryparticles, if any. On output, the arguments are:
DE. . . deposited energyin the courseof the event,



186 Chapter 6. Structure and operation of the code system

ICOL. . . kind of event that has beensimulated, accordingto the following con-
vention,

� Electrons (KPAR=1)
ICOL=1, arti�cial soft event (random hinge).

=2, hard elastic collision.
=3, hard inelastic collision.
=4, hard bremsstrahlungemission.
=5, inner-shell ionization by electron impact.

� Photons (KPAR=2)
ICOL=1, coherent (Rayleigh) scattering.

=2, incoherent (Compton) scattering.
=3, photoelectric absorption.
=4, electron-positron pair production.

� Positrons (KPAR=3)
ICOL=1, arti�cial soft event (random hinge).

=2, hard elastic collision.
=3, hard inelastic collision.
=4, hard bremsstrahlungemission.
=5, inner-shell ionization by positron impact.
=6, annihilation.

For electronsand positrons ICOL=7corresponds to delta interactions. The value
ICOL=8is usedfor the \auxiliary" interactions(an additional mechanismthat may
be de�ned by the user, e.g. to simulate photonuclear interactions, seethe source
�le PENELOPE.F).

SUBROUTINESECPAR(LEFT) . . . Setsthe initial state of a secondaryparticle and re-
moves it from the secondarystack. The output value LEFTis the number of
secondaryparticles that remainedin the stack at the calling time.

SUBROUTINESTORES(E,X,Y, Z,U,V, W,WGHT,KPAR,I LB) . . . Storesa particle in the
secondarystack. Arguments have the samemeaning as in COMMON/TRACK/ , but
refer to the particle that is being stored. The variables IBODYand MATare set
equal to the current valuesin COMMON/TRACK/ .
Calling STORESfrom the MAINprogram is useful e.g. to store particles produced
by splitting, a variancereduction method (seesection1.6.2).

The sequenceof calls to generatea random track is independent of the kind of
particle that is being simulated. The generationof random showersproceedsas follows
(see�g. 6.1):

(i) Set the initial state of the primary particle, i.e. assignvaluesto the state variables
KPAR, E, position coordinates r =( X,Y,Z) and direction of movement d̂ =( U,V,W).
Specify the body and material wherethe particle movesby de�ning the valuesof
IBODYand MAT, respectively. Optionally, set the valuesof WGHTand ILB(1:5) .

(ii) CALLCLEANSto initialize the secondarystack.
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Figure 6.1: Flow diagram of the MAINprogram for simulating electron-photon showers with
penelope .
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(iii) CALLSTARTto initiate the simulation of the track.

(iv) CALLJUMP(DSMAX,DS) to determine the length DSof the next track segment (for
electronsand positrons, DSwill never exceedthe input value DSMAX).

(v) Compute the position of the following event:

� If the track has crossedan interface,stop the particle at the position where
the track intersectsthe interface,and shortenthe step length DSaccordingly.
Changeto the new material (the onebehind the interface) by rede�ning the
variablesIBODYand MAT.
When the particle escapes from the system,the simulation of the track has
been�nished; increment counters and go to step (vii).
Go to step (iii).

(vi) CALLKNOCK(DE,ICOL) to simulate the following event.

� If the energyis lessthan EABS(KPAR,MAT), end the track, increment counters
and go to step (vii).

� Go to step (iv).

(vii) CALLSECPAR(LEFT) to start the track of a particle in the secondarystack (this
particle is then automatically removed from the stack).

� If LEFT> 0, goto step(iii). The initial stateof a secondaryparticle hasalready
beenset.

� If LEFT=0, the simulation of the shower producedby the primary particle has
beencompleted. Go to step (i) to generatea new primary particle (or leave
the simulation loop after simulating a su�cien tly large number of showers).

Notice that subroutines JUMPand KNOCKkeep the position coordinates unaltered;
the positions of successive events have to be followed by the MAINprogram (simply
by performing a displacement of length DSalong the direction of movement after each
call to JUMP). The energyof the particle is automatically reducedby subroutine KNOCK,
after generatingthe energy loss from the relevant probabilit y distribution. KNOCKalso
modi�es the direction of movement accordingto the scattering anglesof the simulated
event. Thus, at the output of KNOCK, the valuesof the energyE, the position r =( X,Y,Z)
and the direction of movement d̂ =( U,V,W) de�ne the particle state immediately after
the interaction event.

In order to avoid problems related with possibleover
ows of the secondarystack,
when a secondaryparticle is produced its energyis temporarily assumedas locally de-
posited. Hence,the energyEof a secondarymust be subtracted from the corresponding
dosecounter whenthe secondarytrack is started. Occasionalover
ows of the secondary
stack are remediedby eliminating the lessenergeticsecondaryelectronor photon in the
stack (positrons are not eliminated since they will eventually produce quite energetic
annihilation radiation). As the main e�ect of secondaryparticles is to spreadout the
energy deposited by the primary one, the elimination of the lessenergeticsecondary
electronsand photons should not invalidate local dosecalculations.



6.1. penelope 189

It is the responsibility of the user to avoid calling subroutinesJUMPand KNOCKwith
energiesoutside the interval (EABS(KPAR,M),EMAX). This could causeimproper interpo-
lation of the crosssections.The simulation is aborted (and an error messageis printed
in unit 6) if the conditions EABS(KPAR) < E< EMAXare not satis�ed when a primary or
secondarytrack is started (whenever subroutine STARTis calledat the beginningof the
track).

Pseudo-randomnumbersuniformly distributed in the interval (0,1) are supplied by
function RAND(DUMMY) that implements a 32-bit generator due to L'Ecuyer (seetable
1.1). The seedsof the generator(two integers)are transferred from the MAINprogram
through the namedcommonblock RSEED(seebelow). The random number generator
canbechangedby merelyreplacingthat FUNCTIONsubprogram(the newonehasto have
a single dummy argument). Somecompilers incorporate an intrinsic random number
generator with the samename (but with di�eren t argument lists). To avoid con
ict,
RANDshould be declaredas an external function in all subprogramsthat call it.

Notice that

(1) In the simulation routines, real and integer variables are declared as DOUBLE
PRECISIONand INTEGER*4, respectively. To prevent type mismatches, it is pru-
dent to usethe following IMPLICIT statement

! IMPLICIT DOUBLEPRECISION(A-H,O-Z), INTEGER*4(I-N)

in the MAINprogram and other userprogram units.

(2) The MAINprogram must include the following three commonblocks:

! COMMON/TRACK/E, X,Y,Z,U, V,W,WGHT,KPAR,IBODY,MAT, ILB(5)
! COMMON/CSIMPA/EABS(3,MAXMAT),C1(MAXMAT),C2(MAXMAT),WCC(MAXMAT),

1 WCR(MAXMAT) ! Simulatio n parameters.
! COMMON/RSEED/IS EED1,ISEED2 ! Randomnumber generator seeds.

As mentioned above, ILB(5) is an array of labels that describe the origin of sec-
ondary particles. It is assumedthat the user has set ILB(1) equal to 1 (one) when a
primary (source) particle history is initiated. Then, penelope assignsthe following
labels to each particle in a shower;

ILB(1): generationof the particle. 1 for primary particles, 2 for their direct descen-
dants, etc.

ILB(2): kind KPARof the parent particle, only if ILB(1) > 1 (secondaryparticles).
ILB(3): interaction mechanism ICOL(seeabove) that originated the particle, only

when ILB(1) > 1.
ILB(4): a non-zerovalue identi�es particles emitted from atomic relaxation events

and describesthe atomic transition wherethe particle wasreleased.The numerical
value is = Z � 106 + IS1 � 104 + IS2 � 100+ IS3, whereZ is the atomic number of
the parent atom and IS1, IS2 and IS3 are the labelsof the active atomic electron
shells(seetable 6.1).

ILB(5): this label can be de�ned by the user; it is transferred to all descendants of
the particle.
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The ILB label valuesare deliveredby subroutine SECPAR, through commonTRACK, and
remain unaltered during the simulation of the track.

Owing to the long executiontime, the code will usually be run in batch mode. It is
advisableto limit the simulation time rather than the number of tracks to be simulated,
sincethe time required to follow each track is di�cult to predict. To this end, onecan
link a clock routine to the simulation code and stop the computation after exhausting
the allotted time; an exampleof a clock routine (which runs for two di�eren t compilers)
is included in the penelope distribution package.

6.1.3 Variance reduction

The subroutine packagePENELOPE.Fis intended to perform analoguesimulation and,
therefore,doesnot include any variancereduction methods. The source�le PENVARED.F
contains subroutinesto perform splitting (VSPLIT), Russianroulette (VKILL) and inter-
action forcing (JUMPF, KNOCKF) in an automatic way. Splitting and Russian roulette
(seesection1.6.2)do not requirechangesin penelope ; the necessarymanipulations on
the numbersand weights WGHTof particles could be donedirectly in the main program.
Particles resulting from splitting are stored in the secondarystack by calling subroutine
STORES.

Interaction forcing (section1.6.1) implies changingthe meanfreepaths of the forced
interactions and, at the sametime, rede�ning the weights of the generatedsecondary
particles. In principle, it is possibleto apply interaction forcing from the MAINpro-
gram by manipulating the interaction probabilities, that are madeavailable through the
named common block CJUMP0. These manipulations are performed automatically by
calling the subroutinesJUMPFand KNOCKFinstead of JUMPand KNOCK.

Although thesesubroutinesoperate like \black boxes", they should be invoked with
care. In general,it is advisableto prevent particle weights from reaching very large or
very small values. In the �rst case,a very \heavy" particle can completely hide the
information collected from many lighter particles. Conversely, it is not convenient to
spend time simulating particles with very small weights, which contribute insigni�cant
amounts to the scores.Notice also that repeatedsplitting and interaction forcing may
easily lead to saturation of the secondarystack (the default stack sizeis 1000particles).
Hence,we usually apply interaction forcing only to primary particles.

6.2 Examples of MAINprograms

In general, the user must provide the MAINprogram for each speci�c geometry. The
distribution packageof penelope includesvariousexamplesof MAINprogramsfor simple
geometries(slab andcylindrical) and for generalquadricgeometrieswith limited scoring.
In theseexamples,weassumethat a singlekind of particles is emitted from the radiation
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source.The programscanbe easilygeneralizedto the caseof multi-particle sourceswith
continuous(or discrete)energyspectra. For details on the operation of thesecodes,see
section6.2.4below and the headingcomments in the corresponding source�les.

6.2.1 Program PENSLAB

The program PENSLABsimulates electron/photon showers within a material slab (see
�g. 6.2). It illustrates the useof the simulation routines for the simplest geometry (as
geometry operations are very simple, this program is faster than the onesdescribed
below). The slab is limited by the planesz = 0 and z = t, the thickness. The lateral
extensionof the slab is assumedto be in�nite, i.e. much larger than the maximum range
of the particles). Primary particles start with a given energy E0 from a point source
at a given \height" z0 (positive or negative) on the z-axis, and moving in directions
distributed uniformly in a spherical\sector" de�ned by its limiting polar angles,say � 1

and � 2, which is indicated by the hatched wedgein �g. 6.2. That is, to generatethe
initial direction, the polar cosineW= cos� is sampleduniformly in the interval from
cos� 1 to cos� 2 and the azimuthal angle� is sampleduniformly in (0,2� ). Thus, the case
� 1 = 0 and � 2 = 180degcorrespondsto an isotropic source,whereas� 1 = � 2 = 0 de�nes
a beam parallel to the z-axis. Notice that the complete arrangement has rotational
invarianceabout the z-axis.
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Figure 6.2: General planar geometry consideredin PENSLAB.

PENSLABgeneratesdetailedinformation onmany quantities anddistributions of phys-
ical interest. The output �les contain a self-explanatoryreport of the simulation results,
which consistof:

(i) Fractions of primary particles that are transmitted, backscattered and absorbed
and a number of averagequantities (track length within the sample;number of
events of each kind per particle; energy, direction and lateral displacement of
particles that leave the sample,etc.).

(ii) Energy distributions of transmitted and backscatteredprimary particles.
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(iii) Angular distributions of transmitted and backscatteredparticles.

(iv) Depth-dosedistribution (i.e. deposited energyper unit depth).

(v) Depth-distribution of deposited charge.

(vi) Distribution of energydeposited into the slab.

Each simulated continuous distribution is printed on a separate�le (as a histogram),
with a heading describing its content and in a format ready for visualization with a
plotting program. The code computesand delivers the statistical uncertainties (3� ) of
all evaluated quantities and distributions. Many authors quote these uncertainties as
one standard deviation, which meansthat the probabilit y for the actual value to lie
outside the error bar is 0.317. We prefer to be more conservative and stay at the 3�
level, for which the probabilit y of \missing the real value" is only 0.003.

The program PENSLABand its predecessorshave been intensively used during the
last yearsto analyzethe reliabilit y of penelope . They have beenapplied to a variety
of experimental situations, covering a wide energyrange. Benchmark comparisonswith
experimental data have been published elsewhere(Bar�o et al., 1995; Sempauet al.,
1997).

WARNING: In the output �les of PENSLAB(and also in those of the program PENCYL
described below), the terms \transmitted" and \backscattered" are usedto denotepar-
ticles that leave the material systemmoving upwards (W> 0) and downwards (W< 0),
respectively. Notice that this agreeswith the usual meaningof theseterms only when
primary particles impinge on the systemcoming from below (i.e. with W> 0).

6.2.2 Program PENCYL

The programPENCYLsimulateselectronand photon transport in multila yered cylindrical
structures. The material systemconsistsof one or several layers of given thicknesses.
Each layercontains a number of concentric homogeneousrings of givencompositionsand
radii (and thicknessequalto that of the layer). The layersareperpendicularto the z-axis
and the centre of the rings in each layer is speci�ed by giving its x and y coordinates.
When all the centres are on the z-axis, the geometricalstructure is symmetrical under
rotations about the z-axis (see�g. 6.3).

Primary particles of a given kind, KPARP, are emitted from the active volume of
the source, either with �xed energy SE0or with a speci�ed (histogram-like) energy
spectrum. The initial direction of the primary particles is sampleduniformly inside a
coneof (semi-) aperture SALPHAand with central axis in the direction (STHETA, SPHI).
Thus, SALPHA= 0 de�nes a monodirectional sourceand SALPHA= 180degcorresponds
to an isotropic source.

The program can simulate two di�eren t typesof sources:
a) An external point or extense(cylindrical) homogeneoussource,de�ned separately
from the geometryof the material system,with its centre at the point (SX0, SY0, SZ0).
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Figure 6.3: An exampleof cylindrical geometry, a cavit y (C) with walls, with a point o�-axis
source. In this case,the material structure is symmetrical about the z-axis, but the radiation

ux and other three-dimensional quantities (e.g. dose and deposited charge distributions)
depend on the azimuthal angle � .

The initial position of each primary particle is sampleduniformly within the volume of
the source.Notice that when SX0= 0, SY0= 0 and STHETA= 0 or 180deg, the source
is axially symmetrical about the z-axis.
b) A set of internal sourcesspreadover speci�ed bodies,each onewith uniform activit y
concentration. The original position of the primary particle is sampleduniformly within
the active cylinder or ring, which is selectedrandomly with probabilit y proportional to
the total activit y in its volume.

In the distributed form of the program, we assumethat both the sourceand the
material structure are symmetrical about the z-axis, becausethis eliminatesthe depen-
denceon the azimuthal angle � . The program takes advantage of this symmetry to
tally 3D dosedistributions. It is possibleto considergeometriesthat are not axially
symmetrical, but then the program only deliversvaluesaveragedover � . To obtain the
dependenceof the angular distributions on the azimuthal angle,we needto increasethe
value of the parameter NBPHM(the maximum number of bins for � , which is set equal
to 1 in the distributed source�le) and, in the input data �le, set NBPHequal to NBPHM.

The source�le PENCYL.Fincludes a (self-contained) set of geometry routines for
tracking particles through multila yered cylindrical structures. These routines can be
used for simulation even when the source is o�-axis. Cylindrical geometriescan be
viewed with the program gview c (which is similar to gview2d and runs under Mi-
crosoft Windows). This program readsthe geometryde�nition list from the input �le
and displays a two-dimensionalmap of the materials intersectedby the window plane.
It is useful for debuggingthe geometryde�nition.
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PENCYLdeliversdetailed information on the transport and energydeposition, which
includesenergyand angulardistributions of emergingparticles, depth-dosedistribution,
depth-distribution of deposited charge, distributions of deposited energy in selected
materials and 2D (depth-radius) doseand deposited charge distributions in selected
bodies (cylinders). PENCYLcan be directly usedto study radiation transport in a wide
variety of practical systems,e.g. planar ionization chambers, cylindrical scintillation
detectors,solid-statedetectorsand multila yeredstructures.

6.2.3 Program PENDOSES

This MAINprogram provides a practical exampleof simulation with complex material
structures (quadric geometryonly). It assumesa point sourceof primary particles at a
givenposition r 0 =( X0, Y0, Z0) which emits particles in directions uniformly distributed
in a conewith (semi)aperture SALPHAand central axis in the direction (STHETA, SPHI)
[the same direction distribution assumedin the code PENCYL]. The geometry of the
material systemis described by meansof the packagepengeom (chapter 5).

PENDOSEScomputesonly the averageenergy deposited in each body per primary
particle. With minor modi�cations, it also provides the probabilit y distribution of the
energydeposited in selectedbodies or groupsof bodies. It is a simple exerciseto intro-
ducea spatial grid, and the corresponding counters, and tally spatial dosedistributions.
Any future user of penelope should becomefamiliar with the programming details of
PENDOSESbeforeattempting her/his own application of penelope .

6.2.4 Running the PENCYLprogram

The programsPENSLAB, PENCYLand PENDOSESoperate in a similar way. They all read
data from a corresponding input �le and output the results in a number of �les with
�xed names1. The input �les alsohavesimilar structuresand formats. For concreteness,
herewe describe that of PENCYL, which is the most versatile of the exampleprograms.

Each line in the input data �le of PENCYLconsistsof a 6-character keyword (columns
1-6) followed either by numerical data (in free format) or by a character string, which
start at the 8th column. Keywordsare explicitly used/veri�ed by the program(which is
casesensitive!). Notice also that the order of the data lines is important. The keyword
\ ------ " (6 blanks, which we have denotedby \ - ") indicatescomment lines, thesecan
be placedanywhere after the end of the geometryde�nition list. The program ignores
any text following the �rst blank after the last numerical datum, or after the character
string, in each line (thus, in the table given below, the comments in squarebrackets
are ignored by the program). Lines with certain keywords (e.g., \ SPECTR") can appear
an arbitrary number of times, limited only by the allocated amount of memory. The
program assignsdefault valuesto many input variables;lines that declaredefault values

1Warning: The programs overwrite older output �les that are left in the working directory. You
should save all result �les on a separatedirectory before running the program again.
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may be removed from the input �le. Notice that the default sourceis a pencil beam
that movesupwards along the z-axis.

� Structure of the PENCYLinput �le (the 72-columnrulers are just for visual aid, they
do not form part of the input �le)

....+....1 ... .+. .. .2. ... +.. .. 3.. ..+ ... .4 ... .+. .. .5. ... +.. .. 6.. ..+ ... .7 ..
TITLE Title of the job, up to 65 character s.
GSTART>>>>>>>>Beginning of the geometry definitio n list.
LAYER ZLOW,ZHIG [Z_lower and Z_higher]
CENTREXCEN,YCEN [X_centre and Y_centre]
CYLINDM,RIN,ROUT [Material, R_inner and R_outer]
GEND <<<<<<<<End of the geometry definition list.

>>>>>>>>Source definitio n.
SKPAR KPARP [Primary particles: 1=electro n, 2=photon, 3=positro n]
SENERGSE0 [Initial energy (monoenergetic sources only)]
SPECTREi,Pi [E bin: lower-end and total probabilit y]
SEXTNDKL,KC,RELAC [Extended source in KL,KC and rel. activity conc.]
STHICKSTHICK [Source thickness]
SRADII SRIN,SROUT [Source inner and outer radii]
SPOSITSX0,SY0,SZ0 [Coordinat es of the source centre]
SDIRECSTHETA,SPHI [Beam axis direction angles, in deg]
SAPERTSALPHA [Beam aperture, in deg]

>>>>>>>>Material data and simulatio n parameters.
NMAT NMAT [Number of different materials, .le.10]
SIMPARM,EABS(1:3, M),C1,C2,WCC,WCR [Sim. parameters for material M]
PFNAMEfilename_ 0. ext [Material definition file, 18 character s]

>>>>>>>>Counter array dimensions and pdf ranges.
NBE NBE,EMIN,EMAX [No. of energy bins, and E-interva l]
NBTH NBTH [No. of bins for the polar angle THETA]
NBPH NBPH [No. of bins for the azimuthal angle PHI]
NBZ NBZ [No. of bins for the Z-coordinat e]
NBR NBR [No. of radial bins]
NBTL NBTL,TLMIN,TLMAX [No. of track-leng th bins and TL-interva l]

>>>>>>>>Additional distributio ns to be tallied.
ABSEN MAT [Tally the distr. of absorbed E in material MAT]
DOSE2DKL,KC,NZ,NR [Tally 2D dose and charge distribs. in body KL,KC]

>>>>>>>>Interaction forcing.
IFORCEKL,KC,KPAR,ICOL,FORCE,WL,WH [Interactio n forcing parameters]
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>>>>>>>>Job propertie s
RESUMEfilename1 .e xt [Resumefrom this dumpfile, 18 character s]
DUMPTOfilename2 .e xt [Generate this dumpfile, 18 character s]
NSIMSHNTOT [Desired number of simulated showers, max=2**31-1]
RSEED ISEED1,ISEED2 [Seeds of the random number generator]
TIME ITIME [Allotted simulation time, in sec]
....+....1 ... .+. .. .2. ... +.. .. 3.. ..+ ... .4 ... .+. .. .5. ... +.. .. 6.. ..+ ... .7 ..

The following listing describesthe function of each of the keywords, the accompanying
data and their default values.

TITLE ... title of the job (up to 65 characters).
-- Default: none(the input �le must start with this line)

Geometry de�nition list . . . begins with the line \ GSTART" and ends with the line
\ GEND--" (notice the two blanks). The only allowed keywords in the geometry
list are \ GSTART", \ LAYER-", \ CENTRE", \ CYLIND" and \ GEND--". The line after
\ GSTART" must be a \ LAYER-" line. Each \ LAYER-" line contains the z-coordinates
of its lower and upper limiting planesand is followedby a \ CENTRE" line (optional)
and by one or several \ CYLIND" lines, which contain the inner and outer radii of
the various concentric rings in the layer; empty layersare disregarded.

Layers must be de�ned in increasingorder of heights, from bottom to top of the
structure. If the \ CENTRE" line is not entered, cylindersareassumedto be centered
on the z-axis (XCEN= YCEN= 0:0). Cylinders have to be de�ned in increasing
radial order, from the centre to the periphery. The two lengths in each \ LAYER-"
and \ CYLIND" line must be entered in increasingorder. The geometry de�nition
list can be debugged/visualizedwith the code gview c (operableunder Microsoft
Windows). Notice that gview c readsthe geometrydirectly from the PENCYLinput
data �le (i.e. the �rst line in the geometry de�nition �le must be the \ TITLE-"
line).

SKPAR ... kind of primary particle (1=electrons, 2=photons or 3=positrons).
-- Default: KPARP=1

SENERG... for monoenergeticsources:initial energySE0of primary particles.
-- Default: SE0=1.0E6

SPECTR... For sourceswith continuous (stepwise constant) energy spectra. Each
\ SPECTR" line gives the lower end-point of an energybin of the sourcespectrum
and the associated relative probabilit y, integrated over the bin. Up to NSEM= 200
lines, in arbitrary order. The upper end of the spectrum is de�ned by entering a
line with the upper energyvalue and null probabilit y.
-- Default: none

SEXTND... For internal extendedsources,this line de�nes an activebody KL, KC(the
cylinder KCin layer KL) and its relative activit y concentration, RELAC.
-- Default: none



6.2. Examplesof MAINprograms 197

Note: The labelsKL, KCthat identify each body are de�ned by the ordering in the
input geometry list. Theselabels are written on the output geometryreport.

STHICK... For an external source, thickness(height) of the active volume of the
source(cylinder or ring).
-- Default: STHICK=0.0

SRADII ... inner and outer radii of the active sourcevolume.
-- Defaults: SRIN=0.0, SROUT=0.0

SPOSIT... coordinates of the centre of the sourcevolume.
-- Defaults: SX0=SY0=0,SZ0=-1.0E15

SDIREC... polar angle� and azimuthal angle� of the sourcebeamaxis direction, in
deg.
-- Defaults: STHETA=0.0, SPHI=0.0

SAPERT... angular aperture � of the sourcebeam, in deg.
-- Default: SALPHA=0.0

NMAT ... number of di�eren t materials (up to 10 with the original program dimen-
sions). Materials are identi�ed by their ordering in penelope 's input material
data �le.
-- Default: NMAT=1

SIMPAR... set of simulation parametersfor the M-th material; absorption energies,
EABS(1:3,M) , elastic scattering parameters,C1(M)and C2(M), and cuto� energy
lossesfor inelastic collisions and bremsstrahlungemission,WCC(M)and WCR(M).
One line for each material.
-- Defaults: EABS(1,M)=EABS(3,M)=0.0 1*EPMAX, EABS(2,M)=0.0 01*EPMAX

C1(M)=C2(M)=0.1 , WCC=EABS(1,M), WCR=EABS(2,M)
EPMAXis the maximum energyof all particles found in the simulation (dependson
the sourceenergies).

PFNAME... nameof penelope 's input material data �le (18 characters).
-- Default: 'material.m at '

NBE ... number of energybins and limits of the interval whereenergydistributions
are tallied.
-- Defaults: NBE=100,EMIN=0.0, EMAX=EPMAX

NBTH ... number of bins for the polar angle � .
-- Default: NBTH=90

NBPH ... number of bins for the azimuthal angle� .
-- Default: NBPH=1(azimuthal average).

NBZ ... number of bins for the z-coordinate.
-- Default: NBZ=100

NBR ... number of bins for the radial variable, r = (x2 + y2)1=2.
-- Default: NBR=100



198 Chapter 6. Structure and operation of the code system

NBTL ... number of bins for track-length distributions of primary particles. Limits
of the interval wherethesedistributions are tallied.
-- Defaults: NBTL=100,TLMIN=0, TLMAX=2.5*RANGE(EPMAX,KPARP,1)

ABSEN... indicatesa material Mfor which werequirethe codeto tally the distribution
of absorbed energy(up to three di�eren t materialscan be selected,a separateline
for each).
-- Default: o�

DOSE2D... the program will tally 2D, depth-radius, doseand deposited chargedis-
tributions in the body KL, KC(i.e. the cylinder KCof layer KL). The numbers NZ
and NRof z- and r -bins have to be speci�ed by the user, they must be between1
and 100. Up to three di�eren t bodiescanbe selected,a DOSE2Dline for each body.
-- Default: o�
Note: The labels KL, KCthat identify a given cylinder are de�ned by the order-
ing in the input geometry list. Theselabels are written on the output geometry
report.

IFORCE... activatesforcing of interactionsof type ICOLof particles KPARin cylinder
KCof layer KL. FORCEis the forcing factor and WLOW, WHIGare the limits of the
weight window whereinteraction forcing is active.
-- Default: no interaction forcing

RESUME... the program will read the dump �le named filename1.e xt (18 charac-
ters) and resumethe simulation from the point whereit was left. Usethis option
very, very carefully. Make surethat the input data �le is fully consistent with the
oneusedto generatethe dump �le.
-- Default: o�

DUMPTO... generatea dump �le namedfilename2 .ex t (18characters)after complet-
ing the simulation run. This allows resumingthe simulation to improve statistics.
-- Default: o�

NSIMSH... desirednumber of simulated showers. Notice that NTOTis an INTEGER*4
value and, hence,it cannot exceed231 � 1.
-- Default: NTOT=2147million

RSEED... seedsof the random number generator.
-- Default: ISEED1=12345; ISEED2=54321

TIME ... allotted simulation time, in sec.
-- Default: ITIME=100

The program PENCYL(as well as the other exampleMAINprograms)is aborted when
an incorrect input datum is found. The con
icting quantit y usually appearsin the last
line of the output �le. If the trouble is with arrays having dimensionssmaller than
required, the program indicates how the problem can be solved (this usually requires
editing the source�le, be careful).

The exampleof input �le given below belongsto the PENCYL�le set included in the
distribution package. It corresponds to the simulation of a narrow photon beam with
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E0 = 1:25MeV (roughly the averageenergyof gammarays from 60Co) entering a 3"� 3"
NaI scintillation detector in an Al case,whoseinner surfaceis partially coveredby a layer
of Al 2O3, which di�uses scintillation light back to the crystal and the photomultiplier.
In the material data �le NAIAL.MAT, the order of the materials is NaI (MAT=1), Al 2O3

(MAT=2) and Al (MAT=3). The incident beamphotons move along the z-axis with � = 0
deg (i.e. upwards) and impinge normally on the surfaceof the detector. The geometry
is shown schematically in the insets of �g. 6.4, which displays two of the distributions
generatedby PENCYL. The plotted distributions were obtained from 5 million random
showers; the error bars represent statistical uncertainties (3� ), which are pretty small
in this case.

� Example input �le of the PENCYLcode.

....+....1 ... .+. .. .2. ... +.. .. 3.. ..+ ... .4 ... .+. .. .5. ... +.. .. 6.. ..+ ... .7 ..
TITLE Example from the distributio n package.. .
GSTARTNaI detector with Al cover and Al2O3 reflecting foil
LAYER -0.24 -0.16 1
CENTRE 0.00 0.00
CYLIND 3 0.00 4.05
LAYER -0.16 0.00 2
CYLIND 2 0.00 3.97
CYLIND 3 3.97 4.05
LAYER 0.00 7.72 3
CYLIND 1 0.00 3.81
CYLIND 2 3.81 3.97
CYLIND 3 3.97 4.05
LAYER 7.72 9.72 4
CYLIND 3 0.00 4.05
GEND
SKPAR 2 [Primary particles: 1=electron , 2=photon, 3=positron ]
SENERG1.25E6 [Initial energy (monoenergetic sources only)]
SPOSIT0.0 0.0 -10.0 [Coordinate s of the source centre]
NMAT 3 [Number of different materials, .le.10]
SIMPAR1 1.0E5 1000 1.0E5 0.1 0.1 1.0E4 1000 [M,EABS,C1,C2,WCC,WCR]
SIMPAR2 1.0E5 1000 1.0E5 0.1 0.1 1.0E4 1000 [M.EABS,C1,C2,WCC,WCR]
SIMPAR3 1.0E5 1000 1.0E5 0.1 0.1 1.0E4 1000 [M,EABS,C1,C2,WCC,WCR]
PFNAMEnaial.mat [Material definition file, 18 characters ]
ABSEN 1 [Tally the distr. of absorbed E in this material]
DOSE2D3 1 50 50 [Tally 2D dose and charge distr. in this body]
RESUMElastdump. dat [Read from this dumpfile, 18 characters ]
DUMPTOlastdump. dat [Generate this dumpfile, 18 characters ]
NSIMSH1000 [Desired number of simulated showers, max=2**31-1]
TIME 300 [Allotted simulatio n time, in sec]
....+....1 ... .+. .. .2. ... +.. .. 3.. ..+ ... .4 ... .+. .. .5. ... +.. .. 6.. ..+ ... .7 ..
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The upper plot in �g. 6.4 shows the distribution of energyEd deposited into the NaI
crystal volume (per primary photon). The lower �gure displays the distribution (per
primary photon) of the energyEb of \backscattered" photons, i.e. photons that emerge
from the systempointing \downwards", with W= cos� < 0. Thesedistributions show
three conspicuousstructures that arise from backscattering of incident photons in the
crystal volumeor in the Al backing (B), escape of oneof the � 511keV x-rays resulting
from positron annihilation (A) and escape of � 30 keV iodine K x-rays (C). The peakA
is sosmall becausepair production is a relatively unlikely processfor 1.25MeV photons
(the energyis too closeto the threshold).

6.3 Selecting the simulation parameters

The speedand accuracyof the simulation of electronsand positrons is determined by
the values of the simulation parametersEabs, C1, C2, Wcc, Wcr and smax , which are
selectedby the user for each material in the simulated structure2. Here we summarize
the rules for assigning\safe" valuesto theseparameters.

The absorption energiesEabs are determinedeither by the characteristicsof the ex-
periment or by the requiredspaceresolution. If wewant to tally doseor deposited-charge
distributions, Eabs shouldbe such that the residualrangeR(Eabs) of electrons/positrons
is lessthan the typical dimensionsof the volumebins usedto tally thesedistributions3.
In other cases,it is advisableto run short simulations (for the consideredbody alone)
with increasingvaluesof Eabs (starting from 100eV) to study the e�ect of this parameter
on the results.

The allowed values of the elastic scattering parametersC1 and C2 are limited to
the interval (0,0.2). For the present version of penelope , these parametershave a
very weak in
uence on the results, weaker than for previous versionsof the code. As
discussedin section 4.4.1, this is mostly due to the improved modelling of soft energy
lossesand to the considerationof the energydependenceof the hard mean free paths
(seesections4.2 and 4.3). Our recommendedpractice is to set C1 = C2 = 0:05, which is
fairly conservative, asshown by the examplegivenbelow. Beforeincreasingthe valueof
any of theseparameters,it is advisableto perform short test simulations to verify that
with the augmented parametervalue the results remain essentially unaltered (and that
the simulation runs faster; if there is no gain in speed,keepthe conservative values).

We have already indicated that the cuto� energiesWcc and Wcr have a very weak
in
uence on the accuracyof the results provided only that they are both smaller than
the width of the binsusedto tally energydistributions. When energydistributions areof
no interest, our recommendationis setting thesecuto� energiesequal to onehundredth
of the typical energyof primary particles.

2To specify simulation parametersfor a single body we can simply assigna speci�c material to this
body, di�eren t from that of other bodies of the samecomposition.

3penelope prints tables of electron and positron rangesif subroutine PEINIT is invokedwith INFO=3
or larger.
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Figure 6.4: Partial results from PENCYLfor the NaI photon detector described in the text.
Top: distribution of energydeposited in the NaI crystal (MAT=1). Bottom: energydistribution
of backscattered photons.
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Figure 6.5: Results from PENSLABfor a 500 keV electron beam impinging normally on the
surfaceof a 200-� m-thick aluminium slab (further details are given in the text). Top: depth-
dosedistribution within the slab. Bottom: angular distribution of emerging(transmitted and
backscattered) electrons(primary and secondary).
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Figure 6.6: Results from PENSLABfor a 500 keV electron beam impinging normally on the
surfaceof a 200-� m-thick aluminium slab (further details are given in the text). Top: energy
distribution of transmitted electrons. Bottom: energydistribution of backscattered electrons.
Secondaryelectronsare included in both cases.
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The maximum allowed step length smax (denoted by DSMAXin the f or tran source
�les) shouldbe lessthan onetenth of the characteristic thicknessof the body wherethe
particle moves. This ensuresthat, on average,there will be more than 20 soft events4

(hinges) along a typical electron/positron track within that body, which is enoughto
\w ashout" the details of the arti�cial distributions usedto sampletheseevents. Notice
however that penelope internally forcesthe step length to be lessthan � 3� (h)

T (see
section4.4). Therefore,for thick bodies(thicker than � 20� (h)

T ), we canset smax = 1035,
or someother very large value, to switch o� the external step-lengthcontrol.

The MAINprogram PENSLABcan be readily usedto study the e�ect of the simulation
parametersfor a material body of a given characteristic thickness.As an example,�gs.
6.5 and 6.6 display partial results from a PENSLABsimulation for a parallel electron
beamof 500keV impinging normally on the surfaceof a 200-� m-thick aluminium slab.
The absorption energieswere set equal to 10 keV (for all kinds of particles) and Wcr

was given a negative value, which compels penelope to set Wcr = 10 eV and to
disregard emissionof soft bremsstrahlung(with W < 10 eV). We ran PENSLABusing
Wcc = 0 and C1 = C2 = 0; in this case,penelope performspurely detailed, collision by
collision, simulation and, therefore,it providesexact results (a�ected only by statistical
uncertaintiesand by inaccuraciesof the physicalinteraction model). Di�erencesbetween
theseresults and those from mixed simulation are then completely attributable to the
approximations in our mixed transport algorithm. To our knowledge,no other high-
energy transport code allows detailed simulation and this kind of direct validation of
the electron/positron transport mechanics.

In �gs. 6.5 and 6.6 we compare results from the detailed simulation (7.5 million
showers) with those from a mixed simulation using Wcc = 1 keV and C1 = C2 = 0:15
(20 million simulated showers); the error bars indicate statistical uncertainties (3� ).
With theserelatively high valuesof C1 and C2, mixed simulation is quite fast, the speed
(generatedshowers per second)being about 45 times higher than that of the detailed
simulation. As shown in the plots, mixed simulation results are practically equivalent
to those from detailed simulation. It should be noted that backscattering, �g. 6.6b, is
one of the most di�cult casesto study, becauseit involvestransport near and across
an interface that is far from electronic equilibrium. The only visible artifact is a kind
of singularity in the energydistribution of backscatteredelectronsat � 250keV (which
averagesto the correct valueand, therefore,would not be seenin a coarserenergygrid).
This artifact is also present in the energy distribution of transmitted electrons, but
hardly visible in the scaleof �g. 6.6a.

6.4 The code shower

Monte Carlo simulation hasprovento be a very valuabletool for education. In the past,
radiation physicsusedto be consideredasa tough subject, mostly becausehigh-energy

4penelope randomizessmax in such a way that the actual step lengths never exceedsthe value smax

set by the user and, on average,is equal to smax =2.
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radiation is well outside the realm of daily experience. Nowadays, by simply running
a transport simulation code on a personalcomputer we can learn more than from tens
of obscureempirical formulas and numerical tables, and eventually \understand" many
aspects of radiation transport (those for which we have run the simulation code and
\digested" the results).

The penelope distribution packageincludesa binary �le namedshower that gen-
erates electron-photon showers within a slab (of one of the 279 materials de�ned in
PDCOMPOS.TAB) and displays them (projected) on the computer screenplane. The cur-
rent versionoperatesonly under Microsoft Windows. The program is self-explanatory,
and requiresonly a small amount of information from the user, which is entered from
the keyboard, in responseto prompts from the program. Electron, photon and positron
tracks are displayed in di�eren t colors and intensities that vary with the energyof the
particle. It is worth mentioning that the maximum number of showers that can be
plotted in a single shot is limited to 50, becausethe screenmay becometoo messy.
Generating this small number of showers takesa short time, of the order of a few sec-
onds, even on modest personalcomputers(provided only that the absorption energies
are sensiblychosen).

Once on the graphical screen,the view plane can be rotated about the horizontal
screenaxis by typing \r" and the rotation anglein degrees;the screenplane canalsobe
rotated progressively, by 15 degsteps,by pressingthe \enter" key repeatedly. Entering
the single-character command\n" erasesthe screenand displays a new shower. Obser-
vation of singleshowers projected on a revolving plane givesa truly three-dimensional
perspective of the transport process.

6.5 Installation

The f or tran77 source�les of penelope , the examplesand auxiliary programs and
the databaseare distributed as a singleZIP compressed�le namedPENELOPE.ZIP. To
extract the �les, keepingthe directory structure, createthe directory PENELOPEin your
hard disk, copy the distribution �le PENELOPE.ZIP into this directory and, from there,
in
ate (unzip) it. The directory structure and contents of the penelope code system
are the following (see�g. 6.7):

� Subdirectory FSOURCE. It contains the following 6 �les:

MANUAL.TXT... abridged manual with generalinformation.

PENELOPE.F... simulation subroutine package.

PENGEOM.F... modular quadric geometrysubroutine package(handlessystems
with up to 250surfacesand 125bodies).

PENVARED.F... variance-reductionsubroutines (splitting, Russianroulette and
interaction forcing).
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PENELOPE

EXAMPLES

PENDBASE

OTHER

GVI EW

SHOWER

EMFI ELDS

PLOTTER

FSOURCE

Figure 6.7: Directory tree of the penelope code system.

MATERIAL.F... main program to generatematerial data �les.

TABLES.F... main programto tabulate interaction data (meanfreepaths, ranges,
stopping powers, ...) of particles in a given material. It also determinesin-
terpolated values.

� Subdirectory EXAMPLES. It contains the following 11 �les:

PENSLAB.F... main program for particle transport in a slab.

PENSLAB.IN ... sampleinput data �le of PENSLAB.

AL.MAT... Material data �le for PENSLAB.

PENCYL.F... main program for multila yeredcylindrical geometriesand axially
symmetric beams.

PENCYL.IN... sample input data �le of PENCYL. Describes the samegeometry
as PENDOSES.GEO.

PENDOSES.F... main program for arbitrary quadric geometries.

PENDOSES.IN ... sampleinput data �le of PENDOSES.

PENDOSES.GEO... geometryde�nition �le for PENDOSES.

NAIAL.MAT... material data �le for PENCYLand PENDOSES. Illustrates the useof
multiple materials.

TIMER.F... genericclock subroutine. It givesthe executiontime in seconds.
TIMERworks with the CompaqVisual Fortran 6.5 compiler and with the g77
Fortran compiler of the Free Software Foundation.

The compact G77 for Win32 (Windows 9x/NT/2000/XP) package can be
downloadedfrom http://www. geocit ie s.c om/Athens/Olympus/5 564.
g77 is the default f or tran compiler in most Linux distributions.

NOTIMER.F... fake clock subroutine. To be used with \unfamiliar" compilers
for which a proper timing routine is not known/available. It givesa constant
time (1 sec).



6.5. Installation 207

To get the executable�le of material , compileand link the �les MATERIAL.Fand
PENELOPE.F. This executable�le must be placedand run in the samesubdirectory
as the database�les (PENDBASE).

The executable�les of PENSLAB, PENCYLand PENDOSESare obtained by compiling
and linking the following groupsof source�les:
PENSLAB: PENSLAB.F, PENELOPE.F, TIMER.F
PENCYL: PENCYL.F,PENELOPE.F, PENVARED.F,TIMER.F
PENDOSES:PENDOSES.F, PENELOPE.F, PENGEOM.F,TIMER.F

The simulation programsare written in standard f or tran77 language,so that
they should run on any computer. The only exception is the clock subroutine
TIMER.F, which must be adapted to your computer's compiler.

� Subdirectory PENDBASE. penelope 's database.465�les with the extension\ .TAB"
and namesbeginning with the letters \ PD" (for details, seesection6.1.1).

� Subdirectory OTHER. Consistsof the following subdirectories,

GVIEW. . . Contains the geometryviewersgview2d , gview3d andgview c, that
are operable under Microsoft Windows, and several examplesof geometry
de�nition �les.

EMFIELDS. . . Contains the subroutine packagePENFIELD.F, which doessimula-
tion of electron/positron transport underexternalstatic magneticandelectric
�elds (seeappendix C), and examplesof programsthat useit.

SHOWER. . . Contains a singlebinary �le namedSHOWER.EXE, which operatesonly
under Microsoft Windows. This code generateselectron-photon showers
within a slaband displays them projected on the screen.To usethe shower
viewer, just copy the �le SHOWER.EXE into the directory PENDBASEand run
it from there. This little tool is particularly useful for teaching purposes,it
makesradiation physics\visible".

PLOTTER. . . The programsPENSLABand PENCYLgeneratemultiple �les with sim-
ulated probabilit y distribution functions. Each output �le hasa headingde-
scribing its content, which is in a format ready for visualization with a plot-
ting program. We usegnuplot , which is small in size,available for various
platforms (including Linux and Microsoft Windows) and free (distribution
sites are listed at the Gnuplot Central site, http://www.gn uplot.info). The
directory PLOTTERcontains gnuplot scripts that plot the probabilit y distri-
butions evaluated by the simulation codes on your terminal. For instance,
after running PENSLAByou can visualize the results by simply 1) copying
the �le PENSLAB.GNUfrom the directory PLOTTERto the directory that con-
tains the results and 2) entering the command\ GNUPLOTPENSLAB.GNU" (or
clicking the icon).
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App endix A

Collision kinematics

To cover the complete energy range of interest in radiation transport studies we use
relativistic kinematics. Let eP denotethe energy-momentum 4-vector of a particle, i.e.

eP = (Wc� 1; p); (A.1)

where W and p are the total energy (including the rest energy) and momentum re-
spectively and c is the velocity of light in vacuum. The product of 4-vectors, de�ned
by

( eP eP0) = WW 0c� 2 � p �p0; (A.2)

is invariant under Lorentz transformations. The rest massm of a particle determines
the invariant length of its energy-momentum,

( eP eP) = W 2c� 2 � p2 = (mc)2: (A.3)

The kinetic energyE of a massive particle (m 6= 0) is de�ned as

E = W � mc2; (A.4)

wheremc2 is the rest energy. The magnitude of the momentum is given by

(cp)2 = E(E + 2mc2): (A.5)

In terms of the velocity v of the particle, we have

E = (
 � 1)mc2 and p = � 
 mcv̂ ; (A.6)

where

� �
v
c

=

s

 2 � 1


 2
=

vu
u
t E(E + 2mc2)

(E + mc2)2
(A.7)

is the velocity of the particle in units of c and


 �

s
1

1 � � 2
=

E + mc2

mc2
(A.8)
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is the total energyin units of the rest energy. From the relation (A.5), it follows that

E =
q

(cp)2 + m2c4 � mc2 (A.9)

and
dp
dE

=
1
v

=
1

c�
: (A.10)

For a photon (and any other particle with m = 0), the energy and momentum are
related by

E = cp: (A.11)

A.1 Tw o-b ody reactions

Considera reaction in which a projectile \1" collideswith a target \2" initially at rest in
the laboratory frameof reference.We limit our study to the important caseof two-body
reactionsin which the �nal products are two particles, \3" and \4". The kinematics of
such reactionsis governedby energyand momentum conservation.

We take the direction of movement of the projectile to be the z-axis, and set the
x-axis in such a way that the reaction plane (i.e. the plane determinedby the momenta
of particles \1", \3" and \4") is the x-z plane. The energy-momentum 4-vectorsof the
projectile, the target and the reaction products are then (see�g. A.1)

eP1 = (W1c� 1; 0; 0; p1) (A :12a)

eP2 = (m2c;0; 0; 0) (A :12b)
eP3 = (W3c� 1; p3 sin� 3; 0; p3 cos� 3) (A :12c)

eP4 = (W4c� 1; � p4 sin� 4; 0; p4 cos� 4) (A :12d)

Energy and momentum conservation is expressedby the 4-vector equation

eP1 + eP2 = eP3 + eP4: (A.13)

From this equation,the anglesof emergenceof the �nal particles, � 3 and � 4, areuniquely
determinedby their energies,W3 and W4. Thus,

m2
4c

2 = ( eP4
eP4) = ( eP1 + eP2 � eP3)( eP1 + eP2 � eP3)

= ( eP1
eP1) + ( eP2

eP2) + ( eP3
eP3) + 2( eP1

eP2) � 2( eP1
eP3) � 2( eP2

eP3)

= m2
1c

2 + m2
2c

2 + m2
3c2 + 2W1W2c� 2

� 2
�
W1W3c� 2 � p1p3 cos� 3

�
� 2W2W3c� 2; (A.14)

and it follows that

cos� 3 =
m2

4c4 � m2
1c4 � m2

2c4 � m2
3c4 + 2W1(W3 � W2) + 2W2W3

2(W 2
1 � m2

1c4)1=2 (W 2
3 � m2

3c4)1=2 : (A.15)
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Clearly, by symmetry, wecanobtain a corresponding expressionfor cos� 4 by interchang-
ing the indices3 and 4

cos� 4 =
m2

3c4 � m2
1c4 � m2

2c4 � m2
4c4 + 2W1(W4 � W2) + 2W2W4

2(W 2
1 � m2

1c4)1=2 (W 2
4 � m2

4c4)1=2 : (A.16)
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Figure A.1 : Kinematics of two-body reactions.

The di�eren t two-body reactions found in Monte Carlo simulation of coupledelec-
tron-photon transport can be characterizedby a single parameter, namely the energy
of oneof the particles that result from the reaction. The energyof the secondparticle
is determinedby energyconservation. Eqs. (A.15) and (A.16) then �x the polar angles,
� 3 and � 4, of the �nal directions. Explicitly , we have

� Binary collisionsof electronsand positrons with free electronsat rest.

Projectile: Electron or positron m1 = me, W1 = E + mec2.

Target: Electron m2 = me, W2 = mec2.

Scatteredparticle: m3 = me, W3 = E � W + mec2.

Recoil electron: m4 = me, W4 = W + mec2.

cos� 3 =

 
E � W

E
E + 2mec2

E � W + 2mec2

! 1=2

; (A.17)

cos� 4 =

 
W
E

E + 2mec2

W + 2mec2

! 1=2

: (A.18)

� Compton scattering of photonsby free electronsat rest.

Projectile: Photon m1 = 0, W1 = E � � mec2.

Target: Electron m2 = me, W2 = mec2.

Scatteredphoton: m3 = 0, W3 � � E .

Recoil electron: m4 = me, W4 = mec2 + (1 � � )E.



212 Appendix A. Collision kinematics

cos� 3 =
1
�

�

� + 1 �
1
�

�

; (A.19)

cos� 4 = (� + 1)

 
1 � �

� [2 + � (1 � � )]

! 1=2

: (A.20)

� Annihilation of positrons with free electronsat rest.

Projectile: Positron m1 = me, W1 = E + mec2 � 
 mec2.

Target: Electron m2 = me, W2 = mec2.

Annihilation photons: m3 = 0, W3 � � (E + 2mec2).

m4 = 0, W4 = (1 � � )(E + 2mec2).

cos� 3 =
�

 2 � 1

� � 1=2
(
 + 1 � 1=� ) ; (A.21)

cos� 4 =
�

 2 � 1

� � 1=2
 


 + 1 �
1

1 � �

!

: (A.22)

A.1.1 Elastic scattering

By de�nition, elasticcollisionskeepthe internal structure (i.e. the mass)of the projectile
and target particles unaltered. Let us considerthe kinematics of elastic collisionsof a
projectile of massm (= m1 = m3) and kinetic energyE with a target particle of massM
(= m2 = m4) at rest (see�g. A.2). After the interaction, the target recoilswith a certain
kinetic energyW and the kinetic energyof the projectile is reducedto E 0 = E � W. The
angular de
ection of the projectile cos� and the energytransfer W are related through
eq. (A.15), which now reads

cos� =
E(E + 2mc2) � W(E + mc2 + M c2)

q
E(E + 2mc2) (E � W)(E � W + 2mc2)

: (A.23)

The target recoil direction is given by eq. (A.16),

cos� r =
(E + mc2 + M c2)W

q
E(E + 2mc2) W(W + 2mc2)

: (A.24)

Solving eq. (A.23), we obtain the following expressionfor the energy transfer W
corresponding to a given scattering angle� ,

W =
�

(E + mc2) sin2 � + M c2 � cos�
q

M 2c4 � m2c4 sin2 �
�

�
E(E + 2mc2)

(E + mc2 + M c2)2 � E(E + 2mc2) cos2 �
: (A.25)
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Figure A.2 : Kinematics of elastic collisions.

In the caseof collisionsof particles with equal mass,m = M , this expressionsimpli�es
to

W =
E(E + 2mc2) sin2 �

E sin2 � + 2mc2
if M = m: (A.26)

In this case,� canonly takevalueslessthan 90deg. For � = 90deg,wehaveW = E (i.e.
the full energyand momentum of the projectile are transferred to the target). Notice
that for binary collisions of electrons and positrons (m = me), the relation (A.26)
becomesidentical to (A.17).

For elastic collisionsof electronsby atoms and ions, the massof the target is much
larger than that of the projectile and eq. (A.25) becomes

W =

h
(E + mc2) sin2 � + M c2(1 � cos� )

i
E(E + 2mc2)

(E + M c2)2 � E(E + 2mc2) cos2 �
if M � m: (A.27)

The non-relativistic limit (c ! 1 ) of this expressionis

W =
2m
M

(1 � cos� )E if M � m and E � mc2: (A.28)

A.2 Inelastic collisions of charged particles

We considerhere the kinematics of inelastic collisions of charged particles of massm
and velocity v as seenfrom a frame of referencewhere the stopping medium is at
rest (laboratory frame). Let p and E be the momentum and the kinetic energy of
the projectile just before an inelastic collision, the corresponding quantities after the
collision are denotedby p0 and E 0 = E � W, respectively. Evidently, for positrons the
maximum energylossis Wmax = E. In the caseof ionization by electron impact, owing
to the indistinguishabilit y betweenthe projectile and the ejectedelectron,the maximum
energylossis Wmax ' E=2 (seesection3.2). The momentum transfer in the collision is
q � p � p0. It is customary to introducethe recoil energyQ de�ned by

Q(Q + 2mec2) = (cq)2 = c2
�
p2 + p02 � 2pp0cos�

�
; (A.29)
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whereme is the electron rest massand � = arccos(p̂ � p̂0) is the scattering angle. Equiv-
alently , we can write

Q =
q

(cq)2 + m2
ec4 � mec2: (A.30)

Notice that, whenthe collisionis with a freeelectronat rest, the energylossis completely
transformedinto kinetic energyof the recoiling electron, i.e. Q = W. For collisionswith
bound electrons,the relation Q ' W still holdsfor hard ionizing collisions(that is, when
the energytransfer W is much larger than the ionization energyof the target electron
so that binding e�ects are negligible).

The kinematically allowed recoil energieslie in the interval Q� < Q < Q+ , with end
points given by eq. (A.29) with cos� = +1 and � 1, respectively. That is

Q� =
q

(cp� cp0)2 + m2
ec4 � mec2

=

s � q
E(E + 2mc2) �

q
(E � W)(E � W + 2mc2)

� 2

+ m2
ec4 � mec2: (A.31)

Notice that, for W < E, Q+ is larger than W and Q� < W. When W � E, expression
(A.31) is not suitable for evaluating Q� sinceit involvesthe subtraction of two similar
quantities. In this case,it is more convenient to usethe approximate relation

cp� cp0 ' c

 
dp
dE

W �
1
2

d2p
dE 2

W 2

!

=
W
�

 

1 +
1

2
 (
 + 1)
W
E

!

(A.32)

and calculateQ� as

Q� '
q

(cp� cp0)2 + m2
ec4 � mec2 (A.33)

or, if cp� cp0 � mec2,

Q� '
1
2

(cp� cp0)2

mec2
�

1
8

(cp� cp0)4

(mec2)3
: (A.34)

Thus, for E � W,
Q� (Q� + 2mec2) ' W 2=� 2: (A.35)

In the non-relativistic limit,

Q � q2=2me; Q� =
h
E 1=2 � (E � W)1=2

i 2
: (A.36)

From (A.31), it is clear that the curvesQ = Q� (W) and Q = Q+ (W) vary monoto-
nously with W and intersect at W = E. Thus, they de�ne a singlecontinuousfunction
W = Wm(Q) in the interval 0 < Q < Q+ (0). By solving the eqs.Q = Q� (Wm) we
obtain

Wm(Q) = E + mc2 �

s � q
E(E + 2mc2) �

q
Q(Q + 2mec2)

� 2

+ m2c4; (A.37)
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Figure A.3 : Domains of kinematically allowed transitions in the (Q; W) plane for elec-
trons/p ositrons. The curves represent the maximum allowed energy loss Wm(Q), given by
eq. (A.37), for electronswith the indicated kinetic energies(in eV). When E increases,Wm(Q)
approachesthe vacuum photon line, W = [Q(Q+ 2mec2)]1=2, which is an absoluteupper bound
for the allowed energy losses.

which, when W � E, reducesto

Wm(Q) ' �
q

Q(Q + 2mec2): (A.38)

Now it follows that, for given values of E and Q [< Q+ (0)], the only kinematically
allowed valuesof the energy loss are those in the interval 0 < W < Wm(Q) (see�g.
A.3).

For a given energylossW, the quantit y

qmin � c� 1
q

Q� (Q� + 2mec2); (A.39)

is the minimum value of the momentum transfer in an inelastic collision, which occurs
when� = 0. qmin is always larger than W=c. When the energyof the projectile increases,
� ! 1 and qmin decreasesapproaching (but never reaching) the value W=c. It is worth
recalling that a photon of energyW in vacuum has a linear momentum q = W=c and,
hence,interactions consistingof emissionof bare photons would be located on the line
Q(Q + 2mec2) = W 2 of the (Q,W) plane, the so-calledvacuum photon line. This line,
lies outside the kinematically allowed region, i.e. the \recoil" energy of the photon is
lessthan Q� (see�g. A.3). Therefore,when the target is a singleatom, the emissionof
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photonsby the projectile is not possible1. When the energyE of the projectile increases,
Q� decreasesand tends to the photon line when � tends to unity. Hence, emission
of photons by ultrarelativistic projectiles in low-density media is barely prevented by
energyand momentum conservation. Generallyspeaking,asthe interaction involvesthe
exchangeof a virtual photon, the DCS increasesasthe photon becomesmore real, that
is aswe approach the photon line. For a dilute gas,this causesa gradual increaseof the
crosssectionwith the projectile energywhen � ! 1.

The scattering angle� is related to the energylossthrough

cos� =
(cp)2 + (cp0)2 � Q(Q + 2mec2)

2(cp)(cp)
: (A.40)

The recoil angle � r betweenp and q is given by

cos� r =
(cp)2 � (cp0)2 + (cq)2

2(cp)(cq)
; (A.41)

which can alsobe written in the form

cos2 � r =
W 2=� 2

Q(Q + 2mec2)

 

1 +
Q(Q + 2mec2) � W 2

2W(E + mc2)

! 2

: (A.42)

For heavy (m � me) high-energy projectiles and collisions such that Q � E and
W � E,

cos2 � r '
W 2=� 2

Q(Q + 2mec2)
'

Q� (Q� + 2mec2)
Q(Q + 2mec2)

: (A.43)

1In a condensedmedium, ultrarelativistic projectiles can emit real photons (Cerenkov radiation)
under certain, quite restricting circumstances(seee.g. Jackson, 1975).
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Numerical to ols

B.1 Cubic spline in terp olation

In this section we follow the presentation of Maron (1982). Supposethat a function
f (x) is given in numerical form, i.e. asa table of values

f i = f (x i ) (i = 1; : : : ; N ): (B.1)

The points (knots) x i do not needto be equispaced,but we assumethat they are in
(strictly) increasingorder

x1 < x2 < � � � < xN : (B.2)

A function ' (x) is said to be an interpolating cubic spline if

1) It reducesto a cubic polynomial within each interval [x i ; x i +1 ], i.e. if x i � x � x i +1

' (x) = ai + bi x + ci x2 + di x3 � pi (x) (i = 1; : : : ; N � 1): (B.3)

2) The polynomial pi (x) matchesthe valuesof f (x) at the endpoints of the i -th interval,

pi (x i ) = f i ; pi (x i +1 ) = f i +1 (i = 1; : : : ; N � 1); (B.4)

so that ' (x) is continuousin [x1; xN ].

3) The �rst and secondderivativesof ' (x) are continuousin [x1; xN ]

p0
i (x i +1 ) = p0

i+1 (x i +1 ) (i = 1; : : : ; N � 2); (B.5)

p00
i (x i +1 ) = p00

i+1 (x i +1 ) (i = 1; : : : ; N � 2): (B.6)

Consequently, the curve y = ' (x) interpolates the table (B.1) and has a continuously
turning tangent.
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To obtain the splinecoe�cien ts ai , bi , ci , di (i = 1; : : : ; N � 1) we start from the fact
that ' 00(x) is linear in [x i ; x i +1 ]. Introducing the quantities

hi � x i +1 � x i (i = 1; : : : ; N � 1) (B.7)

and
� i � ' 00(x i ) (i = 1; : : : ; N ); (B.8)

we can write the obvious identit y

p00
i (x) = � i

x i +1 � x
hi

+ � i +1
x � x i

hi
(i = 1; : : : ; N � 1): (B.9)

Notice that x i +1 must be larger than x i in order to have hi > 0. Integrating eq. (B.9)
twice with respect to x, givesfor i = 1; : : : ; N � 1

pi (x) = � i
(x i +1 � x)3

6hi
+ � i +1

(x � x i )3

6hi
+ A i (x � x i ) + B i (x i +1 � x); (B.10)

whereA i and B i are constants. Thesecan be determinedby introducing the expression
(B.10) into eqs.(B.4), this givesthe pair of eqs.

� i
h2

i

6
+ B i hi = f i and � i +1

h2
i

6
+ A i hi = f i +1 : (B.11)

Finally, solving for A i and B i and substituting the result in (B.10), we obtain

pi (x) =
� i

6

"
(x i +1 � x)3

hi
� hi (x i +1 � x)

#

+ f i
x i +1 � x

hi

+
� i +1

6

"
(x � x i )3

hi
� hi (x � x i )

#

+ f i +1
x � x i

hi
:

(B.12)

To be able to use ' (x) to approximate f (x), we must �nd the secondderivatives
� i (i = 1; : : : ; N ). To this end, we imposethe conditions (B.5). Di�eren tiating (B.12)
gives

p0
i (x) =

� i

6

"

�
3(x i +1 � x)2

hi
+ hi

#

+
� i +1

6

"
3(x � x i )2

hi
� hi

#

+ � i ; (B.13)

where
� i =

yi +1 � yi

hi
: (B.14)

Hence,

p0
i (x i +1 ) = � i

hi

6
+ � i +1

hi

3
+ � i ; (B:15a)

p0
i (x i ) = � � i

hi

3
� � i +1

hi

6
+ � i (B:15b)
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and, similarly,

p0
i+1 (x i +1 ) = � � i +1

hi +1

3
� � i +2

hi +1

6
+ � i +1 : (B:15c)

Replacing(B.15a) and (B.15c) in (B.5), we obtain

hi � i + 2(hi + hi +1 )� i +1 + hi +1 � i +2 = 6(� i +1 � � i ) (i = 1; : : : ; N � 2): (B.16)

The system (B.16) is linear in the N unknowns � i (i = 1; : : : ; N ). However, since
it contains only N � 2 equations, it is underdetermined. This means that we need
either to add two additional (independent) equationsor to �x arbitrarily two of the N
unknowns. The usualpractice is to adopt endpoint strategies that introduceconstraints
on the behaviour of ' (x) near x1 and xN . An endpoint strategy �xes the valuesof � 1

and � N , yielding an (N � 2) � (N � 2) systemin the variables � i (i = 2; : : : ; N � 1).
The resulting systemis, in matrix form,

0

B
B
B
B
B
B
B
B
B
B
B
B
B
B
@

H2 h2 0 � � � 0 0 0

h2 H3 h3 � � � 0 0 0

0 h3 H4 � � � 0 0 0
...

...
...

. . .
...

...
...

0 0 0 � � � HN � 3 hN � 3 0

0 0 0 � � � hN � 3 HN � 2 hN � 2

0 0 0 � � � 0 hN � 2 HN � 1

1

C
C
C
C
C
C
C
C
C
C
C
C
C
C
A

0

B
B
B
B
B
B
B
B
B
B
B
B
B
B
@

� 2

� 3

� 4
...

� N � 3

� N � 2

� N � 1

1

C
C
C
C
C
C
C
C
C
C
C
C
C
C
A

=

0

B
B
B
B
B
B
B
B
B
B
B
B
B
B
@

D2

D3

D4
...

DN � 3

DN � 2

DN � 1

1

C
C
C
C
C
C
C
C
C
C
C
C
C
C
A

; (B.17)

where
H i = 2(hi � 1 + hi ) (i = 2; : : : ; N � 1) (B.18)

and
D2 = 6(� 2 � � 1) � h1� 1

D i = 6(� i � � i � 1) (i = 3; : : : ; N � 2)

DN � 1 = 6(� N � 1 � � N � 2) � hN � 1� N :

(B.19)

(� 1 and � N are removed from the �rst and last equations, respectively). The matrix
of coe�cien ts is symmetric, tridiagonal and diagonally dominant (the larger coe�cien ts
are in the diagonal), so that the system (B.17) can be easily (and accurately) solved
by Gausselimination. The spline coe�cien ts ai , bi , ci , di (i = 1; : : : ; N � 1) |see eq.
(B.3)| can then be obtained by expandingthe expressions(B.12):

ai =
1

6hi

h
� ix3

i+1 � � i +1 x3
i + 6(f i x i +1 � f i +1 x i )

i
+

hi

6
(� i +1 x i � � i x i +1 );

bi =
1

2hi

h
� i +1 x2

i � � i x2
i+1 + 2(f i +1 � f i )

i
+

hi

6
(� i � � i +1 );

ci =
1

2hi
(� i x i +1 � � i +1 x i );

di =
1

6hi
(� i +1 � � i ):

(B.20)
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When accuratevaluesof f 00(x) areknown, the beststrategy is to set � 1 = f 00(x1) and
� N = f 00(xN ), sincethis will minimize the spline interpolation errorsnear the endpoints
x1 and xN . Unfortunately, the exact valuesf 00(x1) and f 00(xN ) are not always available.

The so-callednatural spline corresponds to taking � 1 = � N = 0. It results in
a y = ' (x) curve with the shape that would be taken by a 
exible rod (such as a
draughtman's spline) if it werebent aroundpegsat the knots but allowedto maintain its
natural (straight) shape outside the interval [x1; xN ]. Since� 1 = � N = 0, extrapolation
of ' (x) outside the interval [x1; xN ] by straight segments gives a continuous function
with continuous�rst and secondderivatives[i.e. a cubic spline in (�1 ; 1 )].

The accuracyof the splineinterpolation is mainly determinedby the density of knots
in the regionswheref (x) hasstrongvariations. For constant, linear, quadratic andcubic
functions the interpolation errors can be reducedto zero by using the exact valuesof
� 1 and � N (in thesecases,however, the natural spline may introduceappreciableerrors
near the endpoints). It is important to keep in mind that a cubic polynomial has, at
most, one in
exion point. As a consequence,we should have at least a knot between
each pair of in
exion points of f (x) to ensureproper interpolation. Special care must
be takenwheninterpolating functions that have a practically constant value in a partial
interval, sincethe spline tends to wiggle instead of staying constant. In this particular
case,it may be more convenient to uselinear interpolation.

Obviously, the interpolating cubic spline ' (x) can be usednot only to obtain inter-
polated valuesof f (x) betweenthe knots, but also to calculate integralssuch as

Z b

a
f (x) dx '

Z b

a
' (x) dx; x1 � a and b � xN ; (B.21)

analytically. It is worth noting that derivatives of ' (x) other than the �rst one may
di�er signi�cantly from thoseof f (x).

To obtain the interpolated value ' (xc) |see eq. (B.3)| of f (x) at the point xc, we
must �rst determine the interval (x i ; x i +1 ] that contains the point xc. To reduce the
e�ort to locate the point, we usethe following binary search algorithm:

(i) Set i = 1 and j = N .

(ii) Set k = [(i + j )=2].

(iii) If xk < xc, set i = k; otherwiseset j = k.

(iv) If j � i > 1, go to step (ii).

(v) Deliver i .

Notice that the maximum deliveredvalue of i is N � 1.
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B.2 Numerical quadrature

In many cases,we needto calculate integrals of the form

Z B

A
f (z) dz; (B.22)

wherethe integrand is codedasan external function subprogram,which givesnominally
exact values. Theseintegrals are evaluated by using the f or tran77 external function
SUMGA, which implements the twenty-point Gaussmethod with an adaptive bipartition
schemeto allow for error control. This procedure is comparatively fast and is able to
deal even with functions that have integrable singularities located at the endpoints of
the interval [A; B ], a quite exceptionalfeature.

B.2.1 Gauss in tegration

We usethe twenty-point Gaussformula (seee.g.Abramowitz and Stegun,1974),given
by

Z b

a
f (z) dz =

b� a
2

20X

i =1

wi f (zi ) (B.23)

with

zi =
b� a

2
x i +

b+ a
2

: (B.24)

The abscissax i (� 1 < x i < 1) is the i -th zero of the Legendrepolynomial P20(x), the
weights wi are de�ned as

wi =
2

(1 � x2
i ) [P0

20(x i )]
2 : (B.25)

The numerical valuesof the abscissasand weights are given in table B.1. The di�erence
betweenthe exact value of the integral and the right-hand sideof eq. (B.23) is

� 20 =
(b� a)41(20!)4

41(40!)3
f (40) (� ); (B.26)

where� is a point in the interval [a;b].

The Gaussmethod givesan estimate of the integral of f (z) over the interval [a;b],
which is obtainedasa weighted sumof function valuesat �xed points insidethe interval.
We point out that (B.23) is an open formula, i.e. the value of the function at the
endpoints of the interval is never required. Owing to this fact, function SUMGAcan
integrate functions that are singular at the endpoints. As an example, the integral of
f (x) = x � 1=2 over the interval [0,1] is correctly evaluated. This would not be possible
with a method basedon a closedformula (i.e. onethat usesthe valuesof the integrand
at the interval endpoints).
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Table B.1 : Abscissasand weights for twenty-point Gaussintegration.

� x i wi

7.6526521133497334D-02 1.5275338713072585D-01

2.2778585114164508D-01 1.4917298647260375D-01

3.7370608871541956D-01 1.4209610931838205D-01

5.1086700195082710D-01 1.3168863844917663D-01

6.3605368072651503D-01 1.1819453196151842D-01

7.4633190646015079D-01 1.0193011981724044D-01

8.3911697182221882D-01 8.3276741576704749D-02

9.1223442825132591D-01 6.2672048334109064D-02

9.6397192727791379D-01 4.0601429800386941D-02

9.9312859918509492D-01 1.7614007139152118D-02

B.2.2 Adaptiv e bipartition

Function SUMGAexploits the fact that the error � 20, eq.(B.26), of the calculatedintegral
decreaseswhen the interval length is reduced. Thus, halving the interval and applying
the Gaussmethod to each of the two subintervals givesa much better estimate of the
integral, provided only that the function f (x) is smooth enoughover the initial interval.
Notice that the error decreasesby a factor of about 2� 40(!).

The algorithm implemented in SUMGAis as follows. The integration interval (A; B )
is successively halved so that each iteration givesa doubly �ner partition of the initial
interval. Weusethe term \ n-subinterval" to denotethe subintervalsobtainedin the n-th
iteration. In each iteration, the integralsover the di�eren t n-subintervals are evaluated
by the Gaussmethod, eq. (B.23). Considerthat the integral over a given n-subinterval
is S1. In the following iteration, this n-subinterval is halved and the integralsover each
of the two resulting (n + 1)-subintervals are evaluated, giving values S1a and S1b. If
S0

1 = S1a + S1b di�ers from S1 in lessthan the selectedtolerance,S0
1 is the sought value

of the integral in the consideredn-subinterval; the value S0
1 is then accumulated and

this n-subinterval is no longer consideredin subsequent iterations. Each iteration is
likely to produce new holes(eliminated subintervals) in the regionswherethe function
is smoother and, hence,the numerical e�ort progressively concentrates in the regions
where f (x) has stronger variations. The calculation terminates when the exploration
of the interval (A; B ) has beensuccesfullycompletedor when a clear indication of an
anomalousbehaviour of f (x) is found (e.g. when there is a persistent increaseof the
number of remaining n-subintervals in each iteration). In the secondcasea warning
messageis printed in unit 6 and the control is returned to the calling program.



App endix C

Electron/p ositron transp ort in
electromagnetic �elds

In this appendix, we consider the transport of electrons/positrons in static external
electromagnetic(EM) �elds, in vacuum and in condensedmedia. We assumethat, in
the region where particles move, there is an electric �eld E and a magnetic �eld B,
which are set up by external sourcesand do not vary with time. For practical purposes,
we alsoconsiderthat both E and B are continuousfunctions of the position vector r .

The interactionswith the mediumwill be described by meansof penelope . In each
individual interaction event, the electron/positron losesa discrete amount of kinetic
energyand changesits direction of motion. In the absenceof EM �elds, the electron
travels freely betweenconsecutive interaction events, i.e. following a straight tra jectory
segment at constant speed. To simulate electron transport with static external EM
�elds, we assumethat the interaction properties of electronswith the medium are not
substantially a�ected by the �eld. Consequently, to account for the e�ect of the EM
�eld, we only needto considerthat along each \free 
igh t" the electron is drivenby the
EM force. With a proper selectionof the simulation parameters(i.e. the energylossand
angularcuto� values),tra jectory segments may havemacroscopiclengths. Therefore,in
material media it is appropriate to considerthe macroscopicEM �elds D and H rather
than the microscopic�elds E and B.

It shouldbe noted that, under the action of an electric �eld, the kinetic energyof the
electron can vary substantially along a single tra jectory segment. This con
icts with
oneof the basicassumptionsin penelope , namely that the energyof the particle stays
practically constant along the segment. In practice, however, we can always limit the
maximum segment length by meansof the parametersmax . Then, the e�ect of the EM
�eld canbe treated independently of that of the interactionswith the medium. In other
words, for simulation purposes,we only needan e�cien t method to generateparticle
tra jectoriesin the EM �eld in vacuum. It is alsoimportant to recall that strong electric
�elds in material media accelerateunbound charged particles, even when they are at
rest (i.e. electronsare never absorbed, simulated tracks can only terminate when they
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leave the �eld volume). Injection of a singleelectron in the medium may give rise to a
complex cascadeof delta rays, that acceleratein the direction opposite to the electric
�eld. To describe thesecascadeswe needaccuratecrosssectionsfor ionization of outer
atomic shellsby impact of low-energyelectrons,much more accurate than the simple
onesimplemented in penelope . Therefore,penelope is not expectedto yield a reliable
descriptionof this process.The simulation algorithm describedhereis applicableonly to
magnetic�elds and, cautiously, to weakelectric �elds. Notice alsothat we disregardthe
emissionof radiation by the chargedparticle when it is acceleratedby the external EM
�eld (seee.g. Jackson, 1975); this approximation is not valid for very strong magnetic
and electric �elds.

C.1 Tracking particles in vacuum.

Let us begin by describinga \brute force" method to calculate tra jectories of charged
particles in arbitrary static electric and magnetic �elds in vacuum. We start from the
Lorentz force equation1 for an electron (Z0 = � 1) or positron (Z0 = +1),

dp
dt

= Z0e
�

E +
v
c

� B
�

; (C.1)

which we write as
d(
 � v̂ )

dt
=

Z0e
mec

(E + � v̂ � B); (C.2)

with v̂ = v=v, � = v=c and 
 = (1 � � 2)� 1=2. We note that

d(
 � v̂ )
dt

= 
 3 d�
dt

v̂ + 
 �
dv̂
dt

(C.3)

where the vectors v̂ and dv̂=dt are orthogonal. Then, projecting eq. (C.2) into the
directions of thesetwo vectors,we obtain

d�
dt

=
Z0e

mec

(1 � � 2)(E�v̂ ) (C.4)

and
dv̂
dt

=
Z0e

mec� 

[E � (E�v̂ )v̂ + � v̂ � B] : (C.5)

It then follows that

d� v̂
dt

=
d�
dt

v̂ + �
dv̂
dt

=
Z0e

mec


h
E � � 2(E�v̂ )v̂ + � v̂ � B

i
; (C.6)

1In this appendix, electromagneticquantities are expressedin the Gaussiansystem of units.
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which we cast in the form

dv
dt

= A ; A �
Z0e
me


h
E � � 2(E�v̂ )v̂ + � v̂ � B

i
: (C.7)

Notice that, for arbitrary �elds E and B, the \acceleration" A is a function of the
particle's position r , energyE and direction of motion v̂ .

Implicit integration of eq. (C.7) givesthe equationsof motion

v(t) = v0 +
Z t

0
A (r (t0); E(t0); v̂ (t0)) dt0; (C.8)

r (t) = r 0 +
Z t

0
v(t0) dt0: (C.9)

Evidently, theseequationsare too complexfor straight application in a simulation code
and we must have recourseto approximate solution methods. We shall adopt the ap-
proach proposedby Bielajew (1988), which is well suited to transport simulations. The
basic idea is to split the tra jectory into a number of conveniently short stepssuch that
the acceleration A doesnot changemuch over the courseof a step. Along each step, we
then have

v(t) = v0 + t A (r 0; E0; v̂0) (C.10)

r (t) = r 0 + t v0 + t2 1
2

A (r 0; E0; v̂0); (C.11)

where the subscript \0" indicates valuesof the various quantities at the starting point
(t = 0). The traveledpath length s and the 
ying time t are related by

t =
Z s

0

ds0

v
; (C.12)

which to �rst order becomes
t = s=v0: (C.13)

Then, to �rst order in the electromagneticforce,

v (s) = v0 + s
A (r 0; E0; v̂0)

c� 0

r (s) = r 0 + s v̂0 + s2 1
2

A (r 0; E0; v̂0)
c2� 2

0
:

That is,

r (s) = r 0 + s v̂0 + s2 1
2

Z0e[E0 � � 2
0(E0 � v̂0)v̂0 + � 0v̂0� B0]

mec2 
 0� 2
0

: (C.14)

The particle's velocity canbe calculateddirectly from eq.(C.10), which to �rst order
gives

v(s) = v0 + � v (C.15)
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with

� v = s
Z0e[E0 � � 2

0(E0� v̂0)v̂0 + � 0v̂0� B0]
mec
 0� 0

: (C.16)

In the tracking algorithm, the velocity is usedto determine the direction vector at the
end of the step,

v̂ (s) =
v0 + � v

jv0 + � v j
: (C.17)

Owing to the action of the electromagneticforce,the kinetic energyE of the particle
variesalongthe step. As the tra jectory is accurateonly to �rst order, it is not advisable
to compute the kinetic energy from the velocity of the particle. It is preferable to
calculateE(t) as

E(s) = E0 + Z0e[' (r 0) � ' (r (s))] (C.18)

where ' (r ) is the electrostatic potential, E = �r ' . Notice that this ensuresenergy
conservation, i.e. it givesthe exact energyvariation in going from the initial to the �nal
position.

This tracking method is valid only if
1) the �elds do not changetoo much along the step

jE(r (s)) � E(r 0)j
jE(r 0)j

< � E � 1;
jB(r (s)) � B(r 0)j

jB(r 0)j
< � B � 1 (C.19)

and
2) the relative changesin kinetic energyand velocity (or direction of motion) are small

�
�
�
�
�
E(s) � E0

E0

�
�
�
�
�

< � E � 1;
j� v j

v0
< � v � 1: (C.20)

Theseconditions set an upper limit on the allowed step length, smax , which depends
on the local �elds and on the energyand direction of the particle. The method is ro-
bust, in the sensethat it convergesto the exact tra jectory when the maximum allowed
step length tends to zero. In practical calculations, we shall specify the valuesof the
� -parameters(which shouldbe of the order of 0.05or less)and considerstep lengthscon-
sistent with the above conditions. Thus, the smallnessof the � -parametersdetermines
the accuracyof the generatedtra jectories.

To test the accuracyof a tracking algorithm, it is useful to considerthe special cases
of a uniform electric �eld (with B = 0) and a uniform magnetic �eld (with E = 0),
which admit relatively simple analytical solutions of the equationsof motion.

C.1.1 Uniform electric �elds

Let us study �rst the caseof a uniform electric �eld E. The equation of the tra jectory
of an electron/positron that starts at t = 0 from the point r 0 with velocity v0 can be
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expressedin the form (adapted from Bielajew, 1988)

r (t) = r 0 + tv0? +
1
a

�

cosh(act) � 1 +
v0k

c
sinh(act)

�

Ê; (C.21)

wherev0k and v0? are the components of v0 parallel and perpendicular to the direction
of the �eld,

v0k = (v0� Ê)Ê; v0? = v0 � (v0 � Ê)Ê (C.22)

and

a �
Z0eE

mec2
 0
=

Z0eE
E0

: (C.23)

The velocity of the particle is

v (t) = v0? +
h
csinh(act) + v0k cosh(act)

i
Ê

= v0 +
n

csinh(act) + v0k [cosh(act) � 1]
o

Ê: (C.24)

Sincethe scalar potential for the constant �eld is ' (r ) = � E � r , the kinetic energyof
the particle varieswith time and is given by

E(t) = E0 � Z0eE�[r 0 � r (t)] : (C.25)

� � � � � � �

� � � � � � � �

� � �

� �

�

�

� �

�
��

��
�

�
�

� � �

� 	 


�

�
�

�

Figure C.1 : Trajectories of electronsand positrons in a uniform electric �eld of 511 kV/cm.
Contin uouscurvesrepresent exact tra jectories obtained from eq. (C.21). The dashedlines are
obtained by using the �rst-order numerical tracking method described by eqs. (C.14)-(C.20)
with � E = � E = � v = 0:02. The displayed tra jectories correspond to the following cases. a:
positrons, E0 = 0:1 MeV, � = 135deg. b: positrons, E0 = 1 MeV, � = 135deg. c: positrons,
E0 = 10 MeV, � = 135 deg. f: electrons, E0 = 0:2 MeV, � = 90 deg. g: electrons, E0 = 2
MeV, � = 90 deg. h: electrons,E0 = 20 MeV, � = 90 deg.
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Fig. C.1 displays tra jectoriesof electronsand positrons with various initial energies
and directions of motion in a uniform electric �eld of 511 kV/cm directed along the
positive z-axis. Particles start from the origin (r 0 = 0), with initial velocity in the
xz-plane forming an angle � with the �eld, i.e. v 0 = (sin � ; 0; cos� ), so that the whole
tra jectorieslie in the xz-plane. Continuouscurvesrepresent exact tra jectoriesobtained
from the analytical formula (C.21). The dashedcurves are the results from the �rst-
order tracking algorithm describedabove [eqs.(C.14)-(C.20)]with � E = � E = � v = 0:02.
We show three positron tra jectorieswith initial energiesof 0.1, 1 and 10 MeV, initially
moving in the direction � = 135deg. Three tra jectoriesof electronsthat initially move
perpendicularly to the �eld (� = 90 deg) with energiesof 0.2, 2 and 20 MeV are also
depicted. We seethat the tracking algorithm givesquite accurateresults. The error can
be further reduced,if required, by using shorter steps,i.e. smaller � -values.

C.1.2 Uniform magnetic �elds

Wenow considerthe motion of an electron/positron, with initial position r 0 and velocity
v0, in a uniform magnetic �eld B. Since the magnetic force is perpendicular to the
velocity, the �eld doesnot alter the energyof the particle and the speedv(t) = v0 is a
constant of the motion. It is convenient to introducethe precessionfrequencyvector ! ,
de�ned by (notice the sign)

! � �
Z0eB
me
 c

= �
Z0ecB

E0
; (C.26)

and split the velocity v into its components parallel and perpendicular to ! ,

v k = (v � !̂ )!̂ ; v? = v � (v � !̂ )!̂ : (C.27)

Then, the equation of motion (C.7) becomes

dv k

dt
= 0;

dv?

dt
= ! � v? : (C.28)

The �rst of these eqs. says that the particle moves with constant velocity v 0k along
the direction of the magnetic �eld. From the secondeq. we seethat, in the plane
perpendicular to B, the particle describesa circle with angular frequency! and speed
v0? (which is a constant of the motion). The radius of the circle is R = v0? =! . That
is, the tra jectory is an helix with central axis along the B direction, radius R and pitch
angle � = arctan(v0k=v0? ). The helix is right-handed for electronsand left-handed for
positrons (see�g. C.2).

In terms of the path length s = tv0, the equation of motion takesthe form

r (s) = r 0 +
s
v0

v0k + R [1 � cos(s? =R)] (!̂ � v̂0? ) + R sin(s? =R)v̂0? ; (C.29)
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��
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�

Figure C.2 : Trajectories of electrons and positrons in a uniform magnetic �eld. The two
particles start from the baseplane with equal initial velocities.

wherev̂0? � v0? =v0? and s? = sv0? =v0. Equivalently ,

r (s) = r 0 + sv̂0 �
s
v0

v0? +
1
!

[1 � cos(s! =v0)] (!̂ � v0? ) +
1
!

sin(s! =v0)v0? : (C.30)

After the path length s, the particle velocity is

v (s) = v0
dr
ds

= v0 + [cos(s! =v0) � 1]v0? + sin(s! =v0)( !̂ � v0? ): (C.31)

In �g. C.3 we compareexact tra jectories of electronsand positrons in a uniform
magnetic �eld obtained from the analytical formula (C.30) with results from the �rst-
order tracking algorithm [eqs. (C.14)-(C.20)] with � B = � E = � v = 0:02. The �eld
strength is 0.2 tesla. The depicted tra jectories correspond to 0.5 MeV electrons (a)
and 3 MeV positrons (b) that initially move in a direction forming an angle of 45 deg
with the �eld. We seethat the numerical algorithm is quite accurate for small path
lengths, but it deteriorates rapidly for increasings. In principle, the accuracyof the
algorithm canbe improvedby reducingthe valueof � v, i.e. the length of the step length.
In practice, however, this is not convenient becauseit implies a considerableincreaseof
numerical work, which can be easilyavoided.

C.2 Exact trac king in homogeneous magnetic �elds

In our �rst-order tracking algorithm [seeeqs. (C.14) and (C.16)], the e�ects of the
electric and magnetic �elds are uncoupled, i.e. they can be evaluated separately. For
uniform electric �elds, the algorithm o�ers a satisfactorysolution sinceit usually admits
relatively large step lengths. In the caseof uniform magnetic �elds (with E = 0), the
kinetic energy is a constant of the motion and the only e�ectiv e constraint on the
step length is that the changein direction j� v j=v0 has to be small. Sincethe particle
tra jectories on the plane perpendicular to the �eld B are circles and the �rst-order
algorithm generateseach step as a parabolic segment, we needto move in sub-stepsof
length much lessthan the radius R (i.e. � v must be given a very small value) and this
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Figure C.3 : Trajectories of electrons and positrons in a uniform magnetic �eld of 0.2 tesla.
Contin uous curves are exact tra jectories calculated from eq. (C.30). The short-dashed lines
are obtained by using the numerical tracking method described in the text with � v = 0:02.
Long-dashedcurvesare the results from the tracking algorithm with � v = 0:005. a: electrons,
E0 = 0:5 MeV, � = 45 deg. b: positrons, E0 = 3 MeV, � = 45 deg.

makesthe calculation slow. On the other hand, the action of the uniform magnetic�eld
is describedby simpleanalytical expressions[eqs.(C.30) and (C.31)], that are amenable
for direct use in the simulation code. Thesearguments suggestthe following obvious
modi�cation of the tracking algorithm.

As before, we assumethat the �elds are essentially constant along each tra jectory
step and write

r (s) = r 0 + sv̂0 + (� r )E + (� r )B ; (C.32)

where (� r )E and (� r )B are the displacements causedby the electric and magnetic
�elds, respectively. For (� r )E we usethe �rst-order approximation [seeeq. (C.14)],

(� r )E = s2 1
2

Z0e[E0 � � 2
0(E0� v̂0)v̂0]

mec2 
 0� 2
0

: (C.33)

The displacement causedby the magnetic �eld is evaluated using the result (C.30), i.e.

(� r )B = �
s
v0

v0? +
1
!

[1 � cos(s! =v0)] (!̂ � v0? ) +
1
!

sin(s! =v0)v0? (C.34)

with

! � �
Z0ecB0

E0
; and v0? = v0 � (v0� !̂ )!̂ : (C.35)

Similarly, the particle velocity along the step is expressedas

v(s) = v0 + (� v )E + (� v )B (C.36)
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with [seeeqs.(C.16) and (C.31)]

(� v )E = s
Z0e[E0 � � 2

0(E0 � v̂0)v̂0]
mec
 0� 0

(C.37)

and
(� v )B = [cos(s! =v0) � 1]v0? + sin(s! =v0)( !̂ � v0? ): (C.38)

In our implementation of this tracking algorithm, the allowed step lengths s are
limited by the following constraints [seeeqs.(C.19) and (C.20)]

jE(r (s)) � E(r 0)j
jE(r 0)j

< � E � 1;
jB(r (s)) � B(r 0)j

jB(r 0)j
< � B � 1 (C.39)

and �
�
�
�
�
E(s) � E0

E0

�
�
�
�
�

< � E � 1;

�
�
�(� v )E + (� v )B

�
�
�

v0
< � v � 1: (C.40)

The algorithm is robust, i.e. the accuracyof the generatedtra jectories increaseswhen
the � -parametersare reduced. In many practical cases,a good compromisebetween
accuracy and simulation speed is obtained by setting � E = � B = � E = � v = 0:02.
Notice that, in the caseof a uniform magnetic �eld, the tracking algorithm is now
exact, irrespective of the step length.

This tracking algorithm hasbeenimplemented in the subroutinepackagepenfield ,
which is devisedto work linked to penelope and pengeom . To simulate radiation
transport in a given �eld/material con�guration, the user must provide the steering
main program aswell asspeci�c routines that de�ne the EM �eld (seethe examplesand
comments in the source�le PENFIELD.F).
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