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Abstract

The computer code systempenelope (version2003)performsMonte Carlo simulation

of coupled electron-photon transport in arbitrary materials for a wide energy range,
from a few hundred eV to about 1 GeV. Photon transport is simulated by meansof
the standard, detailed simulation scheme. Electron and positron histories are generated
on the basisof a mixed procedure,which conmbines detailed simulation of hard everts
with condensedsimulation of soft interactions. A geometry padage called pengeom

permits the generationof random electron-photonshaversin material systemsconsisting
of homogeneoudodies limited by quadric surfaces,i.e. planes, spheres,cylinders, etc.
This report is intended not only to serwe as a manual of the penelope code system,
but alsoto provide the userwith the necessarynformation to understandthe details of
the Monte Carlo algorithm.

Keyw ords : Radiation transport. Electron-photon shovers. Monte Carlo simulation.
Sampling algorithms. Quadric geometry



Symbols and numerical values of constarts frequertly usedin the text
(Mohr and Taylor, 2000).

Quartity Symbol Value
Avogadro'snumber Na 6.02214199 10?° mol *
Velocity of light in vacuum C 2.99792458 10®* ms !
ReducedPlanck's constart h=h=2) 6.58211889 10 ¢ eVs
Electron charge e 1.602176462 10 ° C
Electron mass Me 9.10938188 10 3! kg
Electron rest energy MeC? 510.99902 keV
Classicalelectronradius re= €M% 2.817940285 10 * m
Fine-structure constart = e?=(ho) 1/137.035999 76

Bohr radius ap = h’=(mee?) 0.5291772083 10 °m
Hartree energy En = €= 27.2113834 eV
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Preface

Radiation transport in matter has beena subject of intensework sincethe beginning
of the 20th certury. Today, we know that high-energyphotons, electronsand positrons
penetrating matter su er multiple interactions by which energyis transferred to the
atoms and moleculesof the material and secondaryparticles are produced:. By re-
peatedinteraction with the medium, a high-energypatrticle originatesa cascadeof par-
ticles which is usually referredto as a showver. After ead interaction of a particle, its
energyis reducedand further particles may be generatedso that the ewolution of the
shower represelts an e ectiv e degradationin energy As time goeson, the initial en-
ergy is progressiely deposited into the medium, while that remainingis sharedby an
increasinglylarger number of particles.

A reliable description of shover ewlution is required in a number of elds. Thus,
knowledgeof radiation transport propertiesis neededor quartitativ e analysisin surface
electronspectroscopiegJablonski, 1987; Tofterup, 1986), positron surfacespectroscopy
(Schultz and Lynn, 1988), electron microscopy (Reimer, 1985), electron energy loss
spectroscopy (Reimeret al., 1992),electronprobe microanalysis(Heinrich and Newbury;,
1991), etc. Detailed information on shaver ewolution is alsorequiredfor the designand
quartitativ e use of radiation detectors(Titus, 1970;Bergerand Seltzer,1972). A eld
whereradiation transport studiesplay animportant scciologicalrole is that of radiation
dosimetry and radiotherapy (Andreo, 1991).

The study of radiation transport problemswasinitially attempted on the basisof the
Boltzmann transport equation. Howeer, this procedurecomesup againstconsiderable
di culties whenappliedto limited geometries,with the result that numerical methods
basedon the transport equation have only had a certain successn simple geometries,
mainly for unlimited and semi-in nite media(see,e.g.,Zheng-Mingand Brahme, 1993).
At the end of the 1950s,with the availability of computers, Monte Carlo simulation
methods were dewveloped as a powerful alternative to deal with transport problems.
Basically, the ewolution of an electron-photonshawer is of arandomnature, sothat this is
a processparticularly amenableto Monte Carlo simulation. Detailed simulation, where
all the interactions experiencedby a particle are simulated in chronological succession,
is exact, i.e. it yields the sameresults asthe rigorous solution of the transport equation
(apart from the inherernt statistical uncertainties).

To our knowledge,the rst numerical Monte Carlo simulation of photon transport
is that of Hayward and Hubbell (1954) who generated67 photon histories using a desk

YIn this report, the term particle will be usedto designateeither photons, electronsor positrons.
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calculator. The simulation of photon transport is straightforward sincethe meannumber
of everts in ead history is fairly small. Indeed, the photon is e ectiv ely absorted after
a singlephotoelectric or pair-production interaction or after a few Compton interactions
(say, of the order of 10). With presen-day computational facilities, detailed simulation
of photon transport is a simple routine task.

The simulation of electron and positron transport is much more di cult than that
of photons. The main reasonis that the averageenergylossof an electronin a single
interaction is very small (of the order of a fewtensof eV). As a consequencdjigh-energy
electronssu er a large number of interactions before being e ectiv ely absorked in the
medium. In practice, detailed simulation is feasibleonly when the averagenumber of
collisionsper track is not too large (say, up to a few hundred). Experimental situations
which are amenableto detailed simulation are those involving either electron sources
with low initial kinetic energies(up to about 100 keV) or special geometriessud as
electronbeamsimpinging on thin foils. For larger initial energiesand thick geometries,
the averagenumber of collisionsexperiencedby an electronuntil it is e ectiv ely stopped
becomesvery large, and detailed simulation is very ine cien t.

For high-energyelectronsand positrons, most of the Monte Carlo codes currertly
available [e.g. etran (Berger and Seltzer, 1988), its3 (Halbleib et al., 1992), egs4
(Nelsonet al., 1985),egsnrc (Kawrakow and Rogers,2000),geant3 (Brun et al., 1986),
mcnp4b (Briesmeister,1997), ...] have recourseto multiple scattering theorieswhich
allow the simulation of the global e ect of a large number of everts in a track segmen
of a given length (step). Following Berger (1963), these simulation procedureswill
be referredto as\condensed"Monte Carlo methods. The multiple scattering theories
implemerted in condensedimulation algorithms are only approximate and may leadto
systematicerrors, which canbe madeevidert by the dependenceof the simulation results
on the adopted step length (Bielajew and Rogers,1987). To analyzetheir magnitude,
one can perform simulations of the samearrangemen with di erent step lengths. The
resultsare usually found to stabilize whenthe steplength is reduced,while computation
time increasesrapidly, roughly in proportion to the inverseof the step length. Thus,
for eat particular problem, one must reac a certain compromisebetween available
computer time and attainable accuracy It is also worth noting that, owing to the
nature of certain multiple scattering theories and/or to the particular way they are
implemerted in the simulation code, the use of very short step lengths may introduce
spurious e ects in the simulation results. For instance, the multiple elastic scattering
theory of Moliere(1948), which is the model usedin egs4-basedcodes,is not applicable
to step lengths shorter than a few times the elastic meanfree path (seee.g.Fernandez-
Varea et al., 1993b) and multiple elastic scattering hasto be switched o when the
step length becomessmaller than this value. As a consequencestabilization for short
step lengths does not necessarilyimply that simulation results are correct. Condensed
sthemesalsohave di culties in generatingparticle tracks in the vicinity of an interface,
i.e. a surfaceseparatingtwo media of di erent compositions. When the particle moves
near an interface, the step length must be kept smaller than the minimum distance
to the interface so asto make surethat the step is completely cortained in the initial
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medium (Bielajew and Rogers,1987). This may complicatethe code considerably even
for relatively simple geometries.

In the presert report, we descrike the version 2003 of penelope , a Monte Carlo
algorithm and computer code for the simulation of coupled electron-photontransport.
The nameis an acrorym that standsfor PENetration and Energy LOssof Positronsand
Electrons (photon simulation wasintroducedlater). The simulation algorithm is based
on a scattering model that combines numerical databaseswith analytical crosssection
models for the di erent interaction medanismsand is applicable to energies(kinetic
energiesin the caseof electronsand positrons) from a few hundred eV to 1 GeV.
Photon transport is simulated by meansof the corvertional detailed method. The sim-
ulation of electronand positron transport is performedby meansof a mixed procedure.
Hard interactions, with scattering angle or energylossW greater than pre-selected
cuto values . and W, are simulated in detail. Softinteractions, with scattering angle
or energylosslessthan the correspnding cuto s, are described by meansof multiple
scattering approadies. This simulation schemehandleslateral displacemetts and inter-
face crossingappropriately and provides a consistert description of energy straggling.
The simulation is stable under variations of the cutos ; W, and thesecan be made
quite large, thus speedingup the calculation considerably without altering the results.
A characteristic feature of our code is that the most delicate parts of the simulation
are handled internally; electrons, positrons and photons are simulated by calling the
samesubroutines. Thus, from the user'spoint of view, penelope makesthe practical
simulation of electronsand positrons as simple asthat of photons (although simulating
a chargedparticle may take a longertime).

The presen versionof penelope is the result of cortinued ewolution from the rst
version, which was releasedin 1996. The idea of deweloping a general-purpse Monte
Carlo code, with better modelling than thoseavailable at that time, aroseduring a short
courseon radiation transport simulation given by F. Sahat at the Radiation Metrol-
ogy Unit, CIEMAT (Madrid), in 1988. The presen version 2003 cortains substartial
changes/improvzemerts to the previousversions1996,2000and 2001. As for the physics,
the model for electron/positron elasticscatteringhasbeenrevised,bremsstrahlungemis-
sionis now simulated using partial-wave data instead of analytical appraximate formu-
lae, photoelectric absorption in K and L shellsis described from the correspnding
partial crosssections,and uorescenceradiation from vacanciesin K and L shellsis
now followed. Re nements have alsobeenintroducedin the electron/positron transport
medanics, mostly to accoun for the energy dependenceof the mean free paths for
hard events. Inner-shellionization by electron and positron impact is descrilked as an
independent medanism by meansof total crosssectionsobtained from an optical-data
model. The simulation routines have beenre-programmedin a more structured (and
readable)way and new exampleMAINprogramshave beenwritten, with a more exible
input and expandedoutput.

We haverecerily publisheda setof bendhmark comparisonof simulation resultswith
experimental data (Sempauet al., 2003), which involvesradiation transport in multiple
materials and for a wide energy range. Overall, the agreemeh between penelope
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results and experimert was found to be excellert. These calculations can be easily
reproducedby using the examplemain programsincluded in the distribution padkage.

This report is intendednot only to sere asa manual of the simulation padckage,but
alsoto provide the userwith the necessarynformation to understandthe details of the
Monte Carlo algorithm. In chapter 1 we give a brief survey of random samplingmethods
and an elemerary introduction to Monte Carlo simulation of radiation transport. The
crosssectionsadoptedin penelope to descrile particle interactions, and the asseiated
samplingtechniques,are presered in chapters2 and 32. Chapter 4 is devoted to mixed
simulation methodsfor electronand positron transport. In chapter 5, arelatively simple,
but e ective, method to handle simulation in quadric geometriesis presened. The
fortran77 simulation padage penelope and other complemenary programs, are
descriked in chapter 6, which also provides instructions to operate them. Information
onrelativistic kinematicsand numericalmethodsis givenin appendicesA and B. Finally,
appendix C is dewotedto simulation of electron/positron transport under external, static
electric and magnetic elds. The source les of penelope , the auxiliary programsand
the databaseare supplied on a zip-compressedle, which is distributed by the NEA
Data Bank®. The code is also available from the authors, but we would appreciateit if
usersdid try to getthe code from this institution.

In the courseof our Monte Carlo researt, we have had the fortune of getting much
help from numerousfriendsand colleagues.Sincethe mid 1980's,we have bene ted from
discussionswith D. Liljequist, which gave shape to our rst algorithm for simulation of
electronsand positrons. We are particularly grateful to A. Riverosfor his erthusiastic
and friendly support over the years,and for guiding us into the eld of microanalysis
and x-ray simulation. A. Sanchez-Reysand E. Garca-Toraro were the rst external
usersof the code system;they su ered the inconveniencesof using cortin uously chang-
ing preliminary versionsof the code without complaining too much. More recerly,
stimulating collaboration with A.F. Bielajew has led to substartial improvemerts in
the electrontransport medanicsand in the code organization. We are deeplyindebted
to J.H. Hubbell and D.E. Cullen for kindly providing us with updated information on
photon interaction and atomic relaxation data. Thanks are also due to S.M. Seltzer
for sendingus his bremsstrahlungenergy-losdatabase.L. Sorbiergenerouslyprepared
most of the photoelectric and atomic relaxation database les and worked on the asso-
ciated samplingalgorithms. We are esgecially indebted to P. Andreo for commeris and
suggestionswhich have beenof much help to improve the presen versionof the code,
and for providing a preliminary versionof the tutorial. Our most sincereappreciationto
the membersof our researt group; X. Llovet, M. Dingfelder, J. Asenjoand C. Campos.
They did much more than chasing bugs through the programs and in this write-up.
Finally, we would like to thank the sta of the NEA Data Bank, particularly E. Sartori,

2In thesechapters, and in other parts of the text, the CGS Gaussiansystem of units is adopted.
3OECD Nuclear Energy Agency Data Bank. Le SeineSaint-Germain, 12 Boulevard deslles. 92130
Issy-les-Moulineaux, France. e-mail: nea@nea.frhttp://www.nea.fr
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for kindly organizingthe training courseson penelope . Last but not least, we are also
indebted to J. Baro and E. Acosta, who cortributed to previous versionsof the code

systemand documertation.

Partial support from the Fondo de Investigacon Sanitaria (Ministerio de Sanidady
Consumo,Spain), project no. 01/0093,is gratefully acknowledged.

Barcelona,July 2003.
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Chapter 1

Mon te Carlo simulation. Basic
concepts

The name\Monte Carlo" was coinedin the 1940sby sciertists working on the nuclear
weapon project in Los Alamos to designatea classof numerical methods basedon the
use of random numbers. Nowadays, Monte Carlo methods are widely usedto solwe
complex physical and mathematical problems (James, 1980; Rubinstein, 1981; Kalos
and Whitlo ck, 1986), particularly thoseinvolving multiple independert variableswhere
more corvertional numerical methods would demand formidable amourts of memory
and computertime. The book by Kalos and Whitlo ck (1986) givesa readablesurvey of
Monte Carlo techniques,including simple applicationsin radiation transport, statistical
physics,and many-body quartum theory.

In Monte Carlo simulation of radiation transport, the history (track) of a particle is
viewed as a random sequenceof free igh ts that end with an interaction evernt where
the particle changesits direction of movemert, losesenergyand, occasionally produces
secondaryparticles. The Monte Carlo simulation of a given experimertal arrangemem
(e.g.an electronbeam,coming from an acceleratorand impinging on a water phantom)
consistsof the numerical generationof random histories. To simulate thesehistories we
needan\in teraction model”, i.e. a setof di erential crosssections(DCS) for the relevant
interaction medanisms. The DCSs determine the probability distribution functions
(PDF) of the random variablesthat characterizea track; 1) free path betweensuccessig
interaction events, 2) kind of interaction taking place and 3) energylossand angular
de ection in a particular evert (and initial state of emitted secondaryparticles, if any).
Oncethese PDFs are known, random histories can be generatedby using appropriate
sampling methods. If the number of generatedhistories is large enough, quartitativ e
information on the transport processmay be obtained by simply averaging over the
simulated histories.

The Monte Carlo method yields the sameinformation asthe solution of the Boltz-
mann transport equation, with the sameinteraction model, but is easierto implemernt
(Berger, 1963). In particular, the simulation of radiation transport in nite samplesis
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straightforward, while eventhe simplest nite geometries(e.qg. thin foils) are very di -
cult to be dealt with by the transport equation. The main drawbad of the Monte Carlo
method liesin its random nature: all the resultsare a ected by statistical uncertainties,
which can be reducedat the expenseof increasingthe sampledpopulation and, hence,
the computation time. Under special circumstancesthe statistical uncertainties may be
loweredby using variance-reductiontechniques(Rubinstein, 1981;Bielajew and Rogers,
1988).

1.1 Elements of probabilit y theory

The essetial characteristic of Monte Carlo simulation is the use of random numbers
and random variables. A random variable is a quartity that results from a repeatable
processand whoseactual values (realizations) cannot be predicted with certainty. In
the real world, randomnessoriginates either from uncortrolled factors (as occurs e.g.
in gamesof chance)or from the quarntum nature of microscopicsystemsand processes
(e.g. nuclear disintegration and radiation interactions). As a familiar example,assume
that we throw two dice in a box; the sum of points in their upper facesis a discrete
random variable, which can take the values?2 to 12, while the distance x betweenthe
dice is a cortinuous random variable, which varies betweenzero (dice in cortact) and
a maximum value determined by the dimensionsof the box. In the computer, random
variablesare generatedby meansof numerical transformations of random numbers (see
below).

Let x be a continuousrandom variable that takesvaluesin the interval Xpmin X
Xmax- TO measurethe likelihood of obtaining x in an interval (a,b) we usethe probability
Pfxja< x < bg, de ned asthe ratio n=N of the number n of valuesof x that fall within
that interval and the total number N of generatedx-values,in the limit N! 1 . The
probability of obtaining x in adi erential interval of length dx about x; canbe expressed
as

PfXxjx; < X < X1+ dxg = p(xy1) dx; (1.2)

where p(x) is the PDF of x. Since 1) negative probabilities have no meaningand 2)
the obtained value of x must be somewheran (Xmin,Xmax), the PDF must be de nite
positive and normalizedto unity, i.e.

Z,.

p(x) 0 and " px)dx = L (1.2)

Xmin

Any \function" that satis esthesetwo conditionscanbe interpreted asa PDF. In Monte
Carlo simulation we shall frequertly usethe uniform distribution,

8
U (X) < 1:(Xmax Xmin) if Xmin < X < Xmax (1 3)
min Xmex ) otherwise, '
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which is discortinuous. The de nition (1.2) alsoincludessingular distributions sud as
the Dirac delta, (x Xg), which is de ned by the property

8
Zp <f(xo) ifa<xo<h
f(x) (X Xp)dx = ) (1.4)
a -0 if Xxo<aorxg>Dhb

for any function f (x) that is cortinuousat Xo. An equivalent, more intuitiv e de nition
is the following,

(X Xo) Ii!mOUXo o+ (X); (1:49

which represets the delta distribution asthe zero-width limit of a sequencef uniform
distributions certred at the point xo. Hence,the Dirac distribution descrikesa single-
valued discrete random variable (i.e. a constart). The PDF of a random variable x
that takesthe discretevaluesx = X1, X, ... with point probabilities p;, p., ... canbe
expressedas a mixture of delta distributions,

X
P =" B (X x): (1.5)
|
Discrete distributions can thus be regardedas particular forms of cortin uous distribu-
tions.

Given a cortinuousrandom variable x, the cumulativ e distribution function of x is

de ned by z,
P (x) p(x9 dx® (1.6)
This is a non-decreasindgunction of x that variesfrom P (Xmin) = 010 P(Xmax) = 1. In
the caseof a discrete PDF of the form (1.5), P(x) is a step function. Notice that the

probability Pfxja < x < bg of having x in the interval (a,b) is

Zp

Pfxja< x< bg= p(x)dx = P(b) P(a); (1.7)
a

and that p(x) = dP (x)=dx.

The n-th momert of p(x) is de ned as
z

Xmax
" = x" p(x) dx: (1.8)
Xmin
The momert hx% is simply the integral of p(x), which is equalto unity, by de nition.
Howewer, higher order momerts may or may not exist. An exampleof a PDF that has
no even-ordermomernts is the Lorentz or Caudy distribution,

pL(X) 1 1 <x<1: (1.9)

S
Its rst momert, and other odd-order momerts, can be assigneda nite value if they
are de ned asthe \principal value" of the integrals, e.g.

Z.,,

. . 1
hxi_ = 6!!llm ] X—de= 0; (1.10)
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but the secondand higher even-ordermomerts are in nite, irrespective of the way they
are de ned.

The rst momert, whenit exists,is calledthe meanor expectedvalue of the random
variable X, 7

hxi = xp(x)dx: (1.12)
The expectedvalue of a function f (x) is de ned in a similar way,
z
H (x)i f (x) p(x) dx: (1.12)

Sincef (x) is a random variable, it hasits own PDF, (f), which is sud that the
probability of having f in a certain interval of length df is equalto the probability of
having x in the corresmnding interval or intervalst. Thus, if f (x) is @ monotonously
increasingfunction of x (sothat there is a one-to-onecorresppndencebetweenthe values
of x andf), p(x)dx = (f)df and

(f) = p(x) (df =dx) *: (1.13)

It can be shavn that the de nitions (1.11) and (1.12) are equivalert. If f (X) increases
monotonouslywith x, the proof is trivial: we can start from the de nition (1.11) and
write z Z z

Hi= f (f)df = f(x)p(x)(dx=df) df = f(x)p(x) dx;

which agreeswith (1.12). Notice that the expectation value is linear, i.e.
hilf 1(X) + azf 2(X)i = alh‘ 1(X)i + a2h‘ Z(X)I, (114)

wherea; and a, are arbitrary real constarts.

If the rst and secondmomerts of the PDF p(x) exist, we de ne the variance of x
[or of p(x)] by
z
var(x) hx hi)%i = (x mxi)®px)dx =3 hxi? (1.15)

The squareroot of the variance, [var(x)]*?, is called the \standard deviation"
(and sometimesthe \standard uncertainty"); it givesa measureof the dispersionof the
random variable (i.e. of the width of the PDF). The Dirac delta is the only PDF that
has zerovariance. Similarly, the varianceof a function f (x) is de ned as

varff (x)g= H2(x)i I (x)i% (1.16)

Thus, for a constart f (x) = a, fi = aandvarffg= 0.

When f (x) doesnot increaseor decreasemonotonously with x, there may be multiple valuesof x
correspnding to a given value of f .
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1.1.1 Two-dimensional random variables

Let us now considerthe caseof a two-dimensionalrandom variable, (x; y). The corre-
sponding (joint) PDF p(x;y) satis es the conditions

z z
p(x;y) O and dx dyp(x;y)= 1 (1.17)
The marginal PDFs of x and y are de ned as
z z
a(x) p(x;y)dy — and  q(y) p(x; y) dx; (1.18)

i.e. q(x) is the probability of obtaining the value x and any value of y. The joint PDF
can be expresseds

p(X; y) = d(x) p(yjx) = a(y) p(xjy); (1.19)
where X y) X y)
L p(x;y .y p(xy

p(xjy) = a0y and p(yjx) = a0x) (1.20)

are the conditional PDFs of x and y, respectively. Notice that p(xjy) is the normalized
PDF of x for a xed value of y.

The expectation value of a function f (x; y) is

H (x;y)i = ’ d><Z dy f (x;y) p(x; y): (1.21)
The momerts of the PDF are de ned by
"y™i = ’ dxZ dy x"y™ p(x; y): (1.22)
In particular, 7z 7 7
h"i =  dx dyx"p(x;y)= x"q(x)dx: (1.23)

Again, the only momert that is necessarilyde ned is hx°y% = 1. When the correspnd-
ing momernts exist, the variancesof x and y are given by

var(x) = k% xi? and var(y) = hy?  tyi?: (1.24)

The varianceof x + y is
var(x + y) = h(x + y)% I + yi? = var(x) + var(y) + 2cov(X; y); (1.25)
where
cov(x;y) = lxyi  Ixi hyi (1.26)

is the covariance of x and y, which can be positive or negative. A related quartity is

the correlation coe cient ,
cov(X;y)

(X; y) = g (127)

var(x) var(y) ’
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which takesvaluesfrom 1to 1. Notice that cov(x; x) = var(x). When the variablesx
andy areindepender, i.e. whenp(x;y) = px(X) py(y), we have

cov(x;y) = 0 and var(x +y) = var(x) + var(y): (1.28)
Moreover, for independert variables,

varf a;x + apyg = a2 var(x) + a3 var(y): (1.29)

1.2 Random sampling metho ds

The rst componert of a Monte Carlo calculation is the numerical sampling of random
variableswith speci ed PDFs. In this sectionwe describedi erent techniquesto generate
random values of a variable x distributed in the interval (Xmin; Xmax) accordingto a
given PDF p(x). We concertrate on the simple caseof single-\ariable distributions,

sincerandom sampling from multiv ariate distributions can always be reducedto single-
variable sampling (seebelow). A more detailed description of sampling methods can be
found in the textb ooks of Rubinstein (1981) and Kalos and Whitlo ck (1986).

1.2.1 Random number generator

In general,random samplingalgorithms are basedon the useof random numbers uni-

formly distributed in the interval (0,1). Theserandom numberscan be easily generated
on the computer (seee.g. Kalos and Whitlo ck, 1986;James,1990). Among the \good"

random number generatorscurrently available, the simplest onesare the so-calledmul-
tiplicativ e congruerial generators(Pressand Teukolsky, 1992). A popular example of
this kind of generatoris the following,

R, = 7°R, 1 (mod 2* 1); h= Ra=(2%t 1) (1.30)

which producesa sequencef random numbers , uniformly distributed in (0,1) from a
given\seed" Ry (< 2°1 1). Actually, the generatedsequences not truly random, since
it is obtained from a deterministic algorithm (the term \pseudo-random"would be more
appropriate), but it is very unlikely that the subtle correlations betweenthe valuesin
the sequencéhave an appreciablee ect on the simulation results. The generator(1.30)
is known to have good random properties (Pressand Teukolsky, 1992). Howewer, the
sequences periodic, with a period of the order of 10°. With presen-day computational
facilities, this value is not large enoughto prevert re-initiation in a single simulation
run. An excellert critical review of random number generatorshas been published by
James(1990), wherehe recommendsausing algorithms that are more sophisticatedthan
simple congruertial ones. The generatorimplemerted in the f or tran77 function RAND
(table 1.1)is dueto L'Ecuyer (1988);it produces32-bit oating point numbersuniformly
distributed in the openinterval betweenzeroand one. Its period is of the order of 108,
which is virtually in nite for practical simulations.
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Table 1.1: For tran77 random number generator.

kkkkkkkkkkhkkkkkkkkkkkkkk *kkkkkkk *kkkkkk *kkkkkk *kkkkkk *kkkkkkk *kkkkkk *

FUNCTIONRAND

kkkkkkkkkkhkkhkkkkkkkkkkkkx *kkkkkkk *kkkkkk *kkkkkk *kkkkkk *kkkkkkk *kkkkkk *

FUNCTIONRAND(DUMMY)

This is an adapted version of subroutine RANECWMritten by F. James
(Comput. Phys. Commun60 (1990) 329-344), which has been modified to
give a single random number at each call.

The 'seeds’ ISEEDland ISEED2must be initialized in the main program
and transferred through the namedcommorblock /RSEED/.

IMPLICIT DOUBLIPRECISIONA-H,0-Z), INTEGER*4(I-N)
PARAMETHRSCALE=1.0D0/2.0D0**31)
COMMON/RSEED/ISEED1,ISEED2

11=ISEED1/53668
ISEED1=40014*(ISEED1-11*53668-11*12 211
IF(ISEED1.LT.0) ISEED1=ISEED1+2147483563

00000000 000

O

I2=ISEED2/52774
ISEED2=40692*(ISEED2-12*52774-12*37 91
IF(ISEED2.LT.0) ISEED2=ISEED2+2147483399

IZ=ISEED1-ISEED2
IF(1IZ.LT.1) 1Z=1Z+2147483562
RAND=I1Z*USCALE

RETURN
END

1.2.2 Inverse transform metho d

The cumulativ e distribution function of p(x), eq.(1.6), is a non-decreasindgunction of x
and, therefore, it hasan inversefunction P (). The transformation = P(x) de nes
a newrandom variable that takesvaluesin the interval (0,1), seeg. 1.1. Owing to the
correspndencebetweenx and values,the PDF of , p ( ), and that of x, p(x), are
related by p ( )d = p(x) dx. Hence,

by

PO=p00 o = p)

1

P g, (1.31)

dx

that is, is distributed uniformly in the interval (0,1).

Now it is clearthat if is a random number, the variable x de ned by x = P ()
is randomly distributed in the interval (Xmin; Xmax) With PDF p(x) (see g. 1.1). This
provides a practical method of generating random values of x using a generator of
random numbersuniformly distributed in (0,1). The randomnessof x is guararteed by
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that of . Notice that x is the (unique) root of the equation
Z

= § p(x()dxa, (1.32)

Xmin
which will be referredto asthe samplingequation of the variable x. This procedurefor
random samplingis known asthe inversetransform methal; it is particularly adequate
for PDFs p(x) given by simple analytical expressionssudc that the sampling equation
(1.32) can be solved analytically.

LANN I I B B N ) B B B B B N
\
|
I
I
|
|
I
I
[}
|
[}

|||||||||||||||||||I

Figure 1.1: Random sampling from a distribution p(x) using the inversetransform method.

Consider,for instance,the uniform distribution in the interval (a;b),

PO) UaolX) = o=

a
The sampling equation (1.32) then reads
X a
= : 1.33
— (1.33)
which leadsto the well-known sampling formula
x=a+ (b a): (1.34)
As another familiar example,considerthe exponertial distribution
1
p(s) = —exp( s=); s> 0; (1.35)

of the free path s of a particle between interaction events (seesection 1.4.1). The
parameter represems the meanfree path. In this case,the sampling equation (1.32)
is easily solved to give the sampling formula

s=  In(L )= In: (1.36)

The last equality follows from the fact that 1 is also a random number distributed
in (0,1).
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Numerical inverse transform

The inversetransform method can also be e cien tly usedfor random sampling from
continuousdistributions p(x) that are given in numerical form, or that are too compli-
cated to be sampledanalytically. To apply this method, the cumulativ e distribution
function P(x) has to be ewaluated at the points x; of a certain grid. The sampling
equation P(x) = canthen be solved by inverseinterpolation, i.e. by interpolating in
the table ( i,x;), where ; P (x;) ( Iis regardedas the independert variable). Care
must be exercisedo make surethat the numericalintegration and interpolation do not
introduce signi cant errors.

Figure 1.2: Randomsamplingfrom a contin uousdistribution p(x) usingthe numerical inverse
transform method with N = 20 intervals. a) Piecewiseconstart approximation. b) Piecewise
linear approximation.

A simple, general, appraximate method for numerical sampling from cortinuous

distributions is the following. The valuesx, (n = 0, 1, ..., N) of x for which the
cumulativ e distribution function hasthe valuesn=N,
Z,. n
P(xn) = p(x) dx = W; (2.37)
Xmin

are previously computed and stored in memory. Notice that the exact probability of
having x in the interval (Xn, Xn+1) IS 1AN. We cannow samplex by linear interpolation:
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we generatea random number and considerthe quartity y N, which takesvalues
in the interval (0;N). We setn = [y], wherethe symbol [y] denotesthe integer part of
y (i.e. the largestintegerthat is lessthan y). The value of x is obtained as

X = Xn+ (Xns1 Xn)U; u y n2(0;1): (1.38)

This is equivalert to appraximating the PDF by a piecewiseconstart function (see g.
1.2a). Sincethe spacingbetweenthe points x, (at which the cumulativ e distribution
function is speci ed) is roughly proportional to 1=p(x,), the appraximation is more
accuratein regionswherep(x) is large.

The algorithm can be improved by storing the valuesp(x,,) of the PDF at the points
Xn in memory and appraximating the PDF in the interval (X, Xn+1) linearly,
" #

POXne1)  P(Xn) (X Xn) ; (1.39)

Pa(X) " Cn p(xn) + Xoer  Xn

with a normalization constart C,, suc that the integral of p,(x) over the interval (X,
Xn+1) €quals1=N. In general,this piecewisdinear appraximation is not cortinuous. Of
course,pa(x) will dier from the exact PDF p(x) when the latter is not linear in the
interval, but the di erences are smallerthan for the piecewiseconstart approximation
with the samenumber N of grid points (see g. 1.2). Again, the appraximation is better
wherep(x) is larger. An exactalgorithm for random samplingfrom the piecewisdinear
appraximation (1.39) is the following,

(i) Generatearandomnumber andsety= N,n=[ylandu=y n.

(i) If p(x,) 6 0, setr = p(Xp+1)=p(Xn) and

8
> (1 u+ruw*? 1 |
(= — ifrél, (1.40)

> .
u if r = 1.

(i) If p(x,) = 0, sett = u'™2
(iv) Deliverx = xp + (Xn+1  Xp)t.

1.2.3 Discrete distributions

The inversetransform method can also be applied to discrete distributions. Consider

X .
px) = m (x i) (1.41)
i=1
where (x) is the Dirac distribution. Here p(x) is assumedto be de ned in an interval
(a;b) with a< 1and b> N. The correspnding cumulativ e distribution function is
)
P(x) = pi; (1.42)

i=1
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where[x] standsfor the integer part of x. Notice that P(x) = O whenx < 1. Then, eq.
(1.32) leadsto the sampling formula

x=1 f P1
=2 ifp.< p1+ P2

(1.43)
. P P
=j if lp< =1 P
We can de ne the quartities
X
PL=0, Po=py; Ps=pi+p 15 Pua= p=1L (1.44)

To samplex we generatea random number and setx equalto the index i sud that

Pi < Pis1: (1.45)

If the number N of x-valuesis large, this sampling algorithm may be quite slow
becauseof the large number of comparisonsneededto determine the sampledvalue.
The easiestmethod to reducethe number of comparisonds to usebinary seard instead
of sequetial seart. The algorithm for binary seard, for a given value of , proceeds
asfollows:

(i) Seti=1andj = N + 1.

(i) Setk = [(i +])=2].

(i) If Px < , seti = k; otherwisesetj = k.
(iv) Ifj 1> 1,goto step (ii).

(v) Deliveri.

When2" < N 2"*1 | isobtainedafter n+ 1 comparisons.This number of comparisons
is evidertly much lessthan the number required when using purely sequetial seard.

Walker's aliasing metho d

Walker (1977) described an optimal sampling method for discrete distributions, which
yields the sampled value with only one comparison. The idea underlying Walker's
method can be easily understood by resorting to graphical argumerts (Salvat, 1987).
For this purpose,let us represem the PDF (1.41) as a histogram constructed with N
bars of width 1=-N and heights Np; (see g. 1.3). Now, the histogram bars can be cut
0 at conveniert heights and the resulting piecescan be arrangedto Il up the squareof
unit sidein such a way that ead vertical line crossesat most, two di erent pieces.This
arrangemeim can be performed systematically by selectingthe lowest and the highest
barsin the histogram, say the "th and the j th, respectively, and by cutting the highest
bar o to completethe lowest one, which subsequetly is kept unaltered. In order to
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keeptrack of the performed transformation, we label the added piecewith the \alias"

value K- = j, giving its original position in the histogram, and introduce the \cuto "

value F- de ned asthe height of the lower piecein the "th bar of the resulting square.
This lower piecekeepsthe label *. Evidently, iteration of this processeventually leads
to the completesquare(after N 1 steps). Notice that the point probabilities p; can
be reconstructedfrom the alias and cuto values. We have

Np=F+ o @ F) G K)); (1L.46)
j6i

where (i; j) denotesthe Kronedker delta (= 1if i = ] and = O otherwise). Walker's
method for random sampling of x proceedsas follows: We sample two independert
random numbers,say ; and ,, and de ne the random point ( 1, 2), which is uniformly
distributed in the square. If ( 1, 2) lies over a piecelabelled with the index i, we take
X = 1 asthe selectedvalue. Obviously, the probability of obtaining i asa result of the
sampling equalsthe fractional area of the pieceslabelled with i, which coincideswith

Bi-

—

=

Figure 1.3: Graphical represenation of the inversetransform method (top) and Walker's
aliasing method (bottom) for random sampling from a discrete distribution. In this example,
the random variable can take the valuesi = 1, 2, 3 and 4 with relative probabilities 1, 2, 5
and 8, respectively.

As formulated above, Walker's algorithm requires the generation of two random
numbers for eath sampledvalue of x. With the aid of the following trick, the x-value
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can be generatedfrom a singlerandom number. Continuing with our graphical picture,
assumethat the N bars in the squareare aligned consecutiely to form a segmen of
length N (bottom of g. 1.3). To samplex, we can generatea single random value
N, which is uniformly distributed in (O,N) and determinesone of the segmen pieces.
The result of the sampling is the label of the selectedpiece. Explicitly , the sampling
algorithm proceedsas follows:

(i) Generatearandomnumber andsetR= N + 1.

(i) Seti=[R]andr =R .

(iii)y If r > Fy, deliverx = Kj.

(iv) Deliverx =i.
We seethat the sampling of x involvesonly the generationof a random number and
one comparison (irrespective of the number N of possible outcomes). The price we
pay for this simpli cation reducesto doubling the number of memory locations that
are needed: the two arrays K; and F; are usedinstead of the single array p; (or P;).
Unfortunately, the calculation of aliasand cuto valuesis fairly involvedand this limits
the applicability of Walker's algorithm to distributions that remain constart during the
courseof the simulation.

1.2.4 Rejection metho ds

The inversetransform method for random samplingis basedon a one-to-onecorresmpn-
dencebetweenx and values,which is expressedn terms of a single-\alued function.
There is another kind of sampling method, due to von Neumann,that consistsof sam-
pling a random variable from a certain distribution [di erent from p(x)] and subjecting
it to a random test to determine whether it will be acceptedfor useor rejected. These
rejection methods lead to very generaltechniquesfor sampling from any PDF.

The rejection algorithms can be understaod in terms of simple graphical argumeris
(9. 1.4). Considerthat, by meansof the inversetransform method or any other available
samplingmethod, randomvaluesof x are generatedrom aPDF (x). For ead sampled
value of x we samplea random value y uniformly distributed in the interval (0; C (x)),
where C is a positive constart. Evidently, the points (X;y), generatedin this way, are
uniformly distributed in the region A of the plane limited by the x-axis (y = 0) and
the curvey = C (x). Cornversely if (by somemeans)we generaterandom points (X;y)
uniformly distributed in A, their x-coordinate is a randomvariable distributed according
to (x) (irrespective of the value of C). Now, considerthat the distribution (x) is suc
that C (x) p(x) for someC > 0 and that we generaterandom points (X; y) uniformly
distributed in the region A as descrited above. If we reject the points with y > p(x),
the acceptedones(with y  p(x)) are uniformly distributed in the region betweenthe
x-axis and the curvey = p(x) and hence,their x-coordinate is distributed accordingto

p(x).
A rejection method is thus completely speci ed by represeting the PDF p(x) as

p(x) = C (X)r(x); (2.47)
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Figure 1.4: Random sampling from a distribution p(x) using a rejection method.

where (x) is a PDF that can be easily samplede.g. by the inversetransform method,
C is a positive constart and the function r(x) satis es the conditionsO< r(x) 1. The
rejection algorithm for sampling from p(x) proceedsas follows:

(i) Generatea random value x from (x).
(i) Generatea random number .

@ii) If > r(x), goto step (i).

(iv) Deliver x.

From the geometrical argumerts given above, it is clear that the algorithm does
yield x values distributed accordingto p(x). The following is a more formal proof:
Step (i) producesx-valuesin the interval (x; x + dx) with probability (x) dx, these
values are acceptedwith probability r(x) = p(x)5C (x)] and, therefore, (apart from
a normalization constart) the probability of delivering a value in (x; x + dx) is equal
to p(x)dx as required. It is important to realize that, as regardsMonte Carlo, the
normalization of the simulated PDF is guararteed by the merefact that the algorithm
deliverssomevalue of x.

The e ciency of the algorithm, i.e. the probability of acceptinga generatedx-value,
is 7
b

= r(x) (x)dx = é: (1.48)

Graphically, the e ciency equalsthe ratio of the areasunder the curvesy = p(x) and
y = C (x), which are 1 and C, respectively. For a given (x), sincer(x) 1, the
constart C must satisfy the condition C (x) p(x) for all x. The minimum value of
C, with the requiremert that C (x) = p(x) for somex, givesthe optimum e ciency .

The PDF (x) in eq. (1.47) should be selectedin such a way that the resulting
sampling algorithm is as fast as possible. In particular, random sampling from (x)
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must be performed rapidly, by the inversetransform method or by the composition
method (seebelow). High e ciency is also desirable, but not decisive. One hundred
percert e ciency is obtained only with (x) = p(x) (but random sampling from this
PDF is just the problem we want to solwe); any other PDF gives a lower e ciency .
The usefulnessof the rejection method lies in the fact that a certain loss of e ciency
can be largely compensatedwith the easeof samplingx from (x) instead of p(x). A
disadwantage of this method is that it requiresthe generationof several randomnumbers
to sampleead x-value.

1.2.5 Two-dimensional variables. Comp osition metho ds

Let us considera two-dimensionalrandom variable (x; y) with joint probability distri-
bution p(x; y). Introducing the marginal PDF q(y) and the conditional PDF p(xjy) [see
egs.(1.18) and (1.20)],

4

ay)  poxy)dx;  p(xjy) = p(X; y).

aly)

the two-variate distribution can be expresseds

p(x;y) = a(y) p(xjy): (1.49)

It is now evidert that to generaterandom points (x;y) from p(x; y) we can rst sample
y from q(y) and then x from p(xjy). Hence,two-dimensionalrandom variablescan be
generatedby using single-\ariable sampling methods. This is alsotrue for multiv ariate
distributions, becausean n-dimensionalPDF can always be expressedasthe product of
a single-ariable marginal distribution and an (n  1)-dimensionalconditional PDF.

From the de nition of the marginal PDF of x,
z z
q(x) p(x;y)dy = d(y) p(xjy) dy; (1.50)

it is clearthat if we sampley from q(y) and, then, x from p(xjy), the generatedvaluesof
x are distributed accordingto q(x). This ideais the basisof the composition methods,
which areapplicablewhenp(x), the distribution to be simulated, is a probability mixture
of seweral PDFs. More speci cally, we considerthat p(x) can be expresseds

z
p(x) = w(y) py(x) dy; (1.51)

wherew(y) is a cortinuous distribution and py(x) is a family of one-parameterPDFs,
wherey is the parameteridentifying a unique distribution. Notice that if the parameter
y takesonly integervaluesy = i with point probabilities w;, we would write

P00 = W (x): (152)
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The composition method for random sampling from the PDF p(x) is asfollows. First,
a value of y (or i) is drawn from the PDF w(y) and then x is sampledfrom the PDF
py(x) for that choseny.

This technique may be appliedto generaterandom valuesfrom complexdistributions
obtained by combining simpler distributions that are themseheseasilygenerated by the
inversetransform method or by rejection methods.

Devisingfast, exact methodsfor randomsamplingfrom a given PDF is an interesting
technical challenge. The ultimate criterion for the quality of a samplingalgorithm is its
speedin actual simulations: the best algorithm is the fastest. Howewver, programming
simplicity and elegancemay justify the useof slower algorithms. For simple analytical
distributions that have an analytical inversecumulativ e distribution function, the in-
versetransform method is usually satisfactory This is the casefor a few elemenary
distributions (e.g. the uniform and exponertial distributions consideredabove). The
inversetransform method is also adequatefor discrete distributions and for cortinu-
ous PDFs given in numerical form. By conmbining the inversetransform, rejection and
composition methods we can devise sampling algorithms for virtually any (single- or
multiv ariate) PDF.

Example 1. Sampling from the normal distribution

Frequertly, we needto generaterandom valuesfrom the normal (or Gaussian)distribu-
tion 1

Pe(X) = pZ:exp( x2=2): (1.53)
Sincethe cumulativ e distribution function cannot be inverted analytically, the inverse
transform method is not appropriate. The easiestbut not the fastest) method to sample
from the normal distribution consistsof generatingtwo independert random variablesat

atime, asfollows. Let x; and x, be two independern normal variables. They determine
a random point in the plane with PDF

1
Pac(X1; X2) = Pa(X1) Pe(X2) = 5 exp[ (xi+ x3)=2]
Introducing the polar coordinatesr and
X1 = I COS; Xo = rsin;

the PDF can be expressedas
1 h b1
P2c (X1; X2) dXq dXx, = > exp( r’=2)rdrd = exp( r?=2)rdr 2—d

We seethat r and are independert random variables. The angle is distributed
uniformly on (0,2 ) and canbe sampledas = 2 . The PDF of r isexp( r?=2)r and
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the corresmnding cumulativ edistribution functionisP(r) = 1 exp( r2=2). Therefore,
r can be generatedby the inversetransform method as

q q
r= 2Inl )= 2In

The two independert normal random variablesare given by

q
X1 = 2In ;1 cos(2 »);

q
Xo = 2In 1 Sin(2 2), (154)

where ; and , aretwo independert random numbers. This procedureis known asthe
Box-Meller method. It hasthe advantagesof being exact and easyto program (it can
be coded asa singlef or tran statemert).

The mean and variance of the normal variable are hxi = 0 and var(x) = 1. The
linear transformation

X=m+ X ( >0 (1.55)
de nes a newrandom variable. From the properties (1.14) and (1.29), we have
Xi=m and var(X)= 2 (1.56)
The PDF of X is
#
X m3?

dx 1
X) = — = — — 1.57
i.e. X is normally distributed with meanm and variance 2. Hence,to generateX
we only have to samplex using the Box-Meller method and apply the transformation

(1.55).

Example 2. Uniform distribution on the unit sphere

In radiation transport, the direction of motion of a particle is descriked by a unit vector
4. Given a certain frame of reference the direction 8 can be speci ed by giving either
its direction cosinequ; v; w) (i.e. the projectionsof @ on the directions of the coordinate
axes)or the polar angle and the azimuthal angle , de ned asin g. 1.5,

d= (u;v;w) = (sin  cos; sin sin; cos ): (1.58)

Noticethat 2 (0; )and 2 (0;2 ).

A direction vector can be regardedas a point on the surface of the unit sphere.
Consider an isotropic sourceof particles, i.e. sudh that the initial direction ( ; ) of
emitted particles is a random point uniformly distributed on the surfaceof the sphere.
The PDF is " #

p(:)dd =—sndd = %d Zid : (1.59)

1
4
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A

Figure 1.5: Polar and azimuthal anglesof a direction vector.

That is, and are independert random variables with PDFs p ( ) = sin =2 and
p ()= 1=2 ), respectively. Therefore, the initial direction of a particle from an
isotropic sourcecan be generatedby applying the inversetransform method to these
PDFs,

= arccogl 2 ,); =2 g (1.60)

In somecasesit is corveniert to replacethe polar angle by the variable

= (1 cos)=2 (1.61)
which variesfrom 0 ( = 0)to 1 ( = ). In the caseof an isotropic distribution, the
PDF of is

|
d *
p()=p() & =1 (1.62)

That is, a set of random points (; ) uniformly distributed on the rectangle (0; 1)
(0; 2 ) correspndsto a setof randomdirections( ; ) uniformly distributed on the unit
sphere.

1.3 Monte Carlo integration

As pointed out by James(1980), at leastin a formal senseall Monte Carlo calculations
are equivalert to integrations. This equivalencepermits a formal theoretical founda-
tion for Monte Carlo techniques. An important aspect of simulation is the evaluation
of the statistical uncertainties of the calculated quartities. We shall derive the basic
formulae by consideringthe simplest Monte Carlo calculation, namely, the evaluation
of a unidimensionalintegral. Evidently, the results are alsovalid for multidimensional
integrals.
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Considerthe integral

Zy
I =  F(x)dx; (1.63)
a
which we recastin the form of an expectation value,
z
I = f(X)p(x)dx Hi; (1.64)

by introducing an arbitrary PDF p(x) and setting f (x) = F(x)=p(x) [it is assumedhat
p(x) > 0in (a;b) and p(x) = 0 outsidethis interval]. The Monte Carlo evaluation of the
integral | is very simple: generatea large number N of random points x; from the PDF
p(x) and accunulate the sum of valuesf (x;) in a courter. At the end of the calculation
the expectedvalue of f is estimatedas

SR
N o) (1.65)

The law of large numbers says that, asN becomesvery large,
f 1 1 (in probability). (1.66)

In statistical terminology, this meansthat f, the Monte Carlo result, is a consistent
estimator of the integral (1.63). This is valid for any function f (x) that is nite and
piecewisecortinuous,i.e. with a nite number of discortin uities.

The law of large numbers (1.66) can be restated as

X
Mi= Jim =" f(x): (1.67)

By applying this law to the integral that de nes the varianceof f (x) [cf. eq. (1.16)]

Z
varff (x)g= f2(x)p(x)dx Hi?; (1.68)
we obtain 8 " 4,9
ff = i <:I'X\If 2 1>{\If 2:' 1.69
varff (x)g=lim . Wi:l[ (xi] N xi) . - (1.69)

The expressionin curly bradkets is a consisten estimator of the varianceof f (x). It is
advisable (seebelow) to accunulate the squaredfunction values[f (x;)]? in a courter
and, at the end of the simulation, estimate varf f (x)g accordingto eq. (1.69).

It is clearthat di erent Monte Carlo runs [with di erent, independert sequencesf
N random numbersx; from p(x)] will yield di erent estimatesf . This implies that the
outcomeof our Monte Carlo codeis a ected by statistical uncertainties, similar to those
found in laboratory experimens, which needto be properly evaluated to determinethe
\accuracy" of the Monte Carlo result. For this purpose,we may considerf asarandom
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variable, the PDF of which is, in principle, unknown. Its meanand variance are given

by . N
Hi= 1Wf —1>Nh"—h" 1.70
i = Wi:l (Xi) —Wizl i =i (2.70)
and #
var(f) = var L X f(xj) = L X varff (x)g = ivarff(x)' (1.71)
BN VT Nz SN ; |

i=1 i=1

where usehas beenmade of properties of the expectation and variance operators. The

standard deviation (or standard error) of f ,

s
varff (x)g.

N

q
f var(f) = (1.72)
gives a measureof the statistical uncertainty of the Monte Carlo estimate f. The
result (1.72) has an important practical implication: in order to reducethe statistical
uncertainty by a factor of 10, we have to increasethe samplesize N by a factor of
100. Evidently, this setsa limit to the accuracythat can be attained with the available
computer power.

We cannow invokethe certral limit theorem(seee.g.James,1980),which establishes
that, in the limit N ! 1 , the PDF of f is a normal (Gaussian)distribution with mean
H i and standard deviation ¢,

T Ky

1.73
57 (1.73)

- 1
p(f) = —P—=exp
f
It follows that, for su cien tly large valuesof N, for which the theorem is applicable,

the interval f  n ¢ cortains the exact value If i with a probability of 68.3%if n = 1,
95.4%if n = 2 and 99.7%if n = 3 (3 rule).

The certral limit theoremis a very powerful tool, sinceit predicts that the gener-
ated valuesof f follow a speci ¢ distribution, but it appliesonly asymptotically. The
minimum number N of sampledvalues neededto apply the theorem with con dence
dependson the problem under consideration. If, in the caseof our problem, the third
certral momen of f, 7

3 [f(x) Hil p(x)dx; (1.74)
exists, the theoremis essetially satis ed when
. P—
ja N (1.75)

In general,it is advisableto study the distribution of the estimator to ascertainthe
applicability of the certral limit theorem. In most Monte Carlo calculations, however,
statistical errors are estimated by simply assumingthat the theorem is satis ed, irre-
spective of the samplesize. We shall adopt this practice and report Monte Carlo results
inthe form f 3 ;. In simulations of radiation transport, this is empirically validated
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by the fact that simulated cortinuousdistributions do\lo ok" cortinuous(i.e. the \error
bars" de ne a smooth band).

Eadch possiblep(x) de nes a Monte Carlo algorithm to calculate the integral I, eq.
(1.63). The simplest algorithm (crude Monte Carlo) is obtained by using the uniform
distribution p(x) = 1=(b a). Evidently, p(x) determinesnot only the density of sampled
points X;, but alsothe magnitude of the variancevarf f (x)g, eq. (1.68),

Zo  F) Zo R
varf f (x)g = ap(x) 00 dx 1%2= aF(x) D00 | dx: (1.76)

As a measureof the e ectiv enesof a Monte Carlo algorithm, it is commonto usethe
e ciency , which is de ned by
=19 2T]; (1.77)

whereT is the computing time (or any other measureof the calculation e ort) needed
to get the simulation result. Since ? and T are roughly proportional to N ! and N,
respectively, is a constart (i.e. it is independert of N), on average.

The so-calledvariance-reductionmethods are techniquesthat aim to optimize the
e ciency of the simulation through an adequatechoice of the PDF p(x). Improving
the e ciency of the algorithms is an important, and delicate, part of the art of Monte
Carlo simulation. The interestedreaderis addressedo the specializedbibliography (e.g.
Rubinstein, 1981). Although of commonuse,the term \v ariancereduction" is somewhat
misleading,sincea reductionin variancedoesnot necessarilyjjeadto improvede ciency .
To make this clear, considerthat a Monte Carlo algorithm, basedon a certain PDF
p(x), hasa variancethat is lessthan that of crude Monte Carlo (i.e. with the uniform
distribution); if the generationof x-valuesfrom p(x) takesa longer time than for the
uniform distribution, the \v ariance-reduced"algorithm may be lesse cien t than crude
Monte Carlo. Hence,one should avoid using PDFs that aretoo di cult to sample.

1.4 Simulation of radiation transp ort

In this section,we describe the essetials of Monte Carlo simulation of radiation trans-
port. For the sake of simplicity, we limit our considerationsto the detailed simulation
method, where all the interaction everts experiencedby a particle are simulated in
chronological successionand we disregard the production of secondaryparticles, so
that only onekind of particle is transported.

1.4.1 Scattering model and probabilit y distributions

Considera particle with energyE (kinetic energy in the caseof electronsand positrons)
moving in a given medium. We limit our considerationsto homogeneousrandom
scattering” media, sud as gasesiquids and amorphoussolids, where the \molecules”
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are distributed at random with uniform density. The composition of the medium is
speci ed by its stoichiometric formula, i.e. atomic number Z; and number of atoms
per moleculen; of all the elemens presert. The stoichiometric indices n; need not
have integer values. In the caseof alloys, for instance, they may be set equalto the
percertagein number of ead elemer and then a\molecule"” is a group of 100atomswith
the appropriate proportion of ead elemen. The \molecular weight" is Ay = njA;,
where A; is the atomic weight of the i-th elemen. The number of moleculesper unit
volumeis given by

N = Ny —: 1.7
A Dy (1.78)

whereN, is Avogadro'snumber and is the massdensity of the material.

In ead interaction, the particle may lose energyW and/or changeits direction of
movemert. The angular de ection is determined by the polar scattering angle , i.e.
the angle betweenthe directions of the particle before and after the interaction, and
the azimuthal angle . Let us assumethat the particle can interact with the medium
through two independert medanisms,denoted as\A" and \B" (for instance, elastic
and inelastic scattering, in the caseof low-energyelectrons). The scattering model is
completely speci ed by the moleculardi erential crosssections(DCS)

d? A

dwd

d? g
dwd

(E;W; ) and (E;W; )); (2.79)
whered is a solid angle elemen in the direction ( ; ). We have madethe paramet-
ric dependenceof the DCSs on the particle energy E explicit. Consideringthat the
moleculesin the medium are oriented at random, the DCS is independen of the az-
imuthal scattering angle, i.e. the angular distribution of scattered particles is axially
symmetrical around the direction of incidence. The total crosssections(per molecule)

are Ze 7 )

_ . A;B
A;B(E)— o dw o 2 sin d dwd

The PDFs of the energyloss and the polar scattering angle in individual scattering
evens are

(E;W; ): (1.80)

2 sin d2 A:B
a:s(E)dwd

Notice that pa(E;W; )dWd givesthe (normalized) probability that, in a scattering
event of type A, the particle losesenergyin the interval (W; W + dW) and is de ected
into directions with polar angle (relative to the initial direction) in the interval ( ,

+ d ). The azimuthal scattering anglein ead collision is uniformly distributed in the
interval (0;2 ), i.e.

pas(E;W, )=

(E;W; ): (1.81)

1 .
()= 5 (1.82)

The total interaction crosssectionis

T(E) = A(E)+ B(E): (183)
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When the particle interacts with the medium, the kind of interaction that occursis a
discreterandom variable, that takesthe values\A" and\B" with probabilities

Pa= A=T and pg= B=rT! (1.84)

It is worth recalling that this kind of single scattering model is only valid whendi rac-
tion e ects resulting from coheren scattering from se\eral certres (e.g. Bragg di rac-
tion, channelling of chargedparticles) are negligible. This meansthat the simulation is
applicableonly to amorphousmediaand, with somecare,to polycrystalline solids.

To get an intuitiv e picture of the scattering process,we can imagine ead molecule
as a sphereof radius rs suc that the cross-sectionalarea r2 equalsthe total cross
section 1. Now, assumethat a particle impinges normally on a very thin material
foil of thicknessds. What the particle seesin front of it is a uniform distribution of
N ds spheresper unit surface.An interaction takesplace when the particle strikesone
of these spheres. Therefore, the probability of interaction within the foil equalsthe
fractional areacoveredby the spheresN 1 ds. In other words, N 1 is the interaction
probability per unit path length. Its inverse,

T (N T) 1; (1.85)

is the (total) meanfree path betweeninteractions.

Let us now considera particle that moveswithin an unbounded medium. The PDF
p(s) of the path length s of the particle from its current position to the site of the next
interaction may be obtained asfollows. The probability that the particle travelsa path

length s without interacting is
z

F(s) = ' p(sY) ds® (1.86)

The probability p(s) ds of having the next interaction whenthe travelledlengthis in the

interval (s;s + ds) equalsthe product of F (s) (the probability of arrival at s without

interacting) and ;' ds (the probability of interacting within ds). It then follows that
z

PO = 1t pls)dst (1.87)

The solution of this integral equation, with the boundary condition p(1 ) = O, is the
familiar exponertial distribution

p(s) = 'exp( s=1): (1.88)

Notice that the mean free path 1 coincideswith the averagepath length between
collisions: Z,

hsi = sp(s)ds = t: (1.89)
0
The di erential inversemeanfree path for the interaction processA is de ned as
A Ew =N T A Ew (1.90)
dwd * 7 Tdwd '
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Evidently, the integral of the di erential inversemeanfree path givesthe inversemean
free path for the process,

Z Z d2 Al
= dw 2 sin d E:W: )= N a: 1.91
A de ( ’ ’ ) A ( )
In the literature, the product N , is frequertly called the macrosopic cross section,
although this nameis not appropriate for a quartit y that hasthe dimensionsof inverse
length. Notice that the total inversemeanfree path is the sum of the inversemeanfree
paths of the di erent active interaction mecanisms,

T oAt gl (1.92)

1.4.2 Generation of random trac ks

Eadch patrticle track starts o at a given position, with initial direction and energyin
accordancewith the characteristicsof the source. The \state" of a particle immediately
after an interaction (or after erntering the sampleor starting its trajectory) is de ned
by its position coordinatesr = (Xx;y; z), energyE and direction cosinesof the direction
of ight, i.e. the componerts of the unit vector d = (u;v;w), as seenfrom the labora-
tory referenceframe. Eadc simulated track is thus characterizedby a seriesof states
rn:En;@n, Wherer, is the position of the n-th scattering evert and E,, and @, are the
energyand direction cosinesof the direction of movemert just after that even.

The generationof random tracks proceedsasfollows. Let us assumethat a track has
alreadybeensimulated up to a stater; E,; @,. The length s of the free path to the next
collision, the involved scattering medanism, the changeof direction and the energyloss
in this collision are random variablesthat are sampledfrom the correspnding PDFs,
using the methods descrited in section 1.2. Hereafter, standsfor a random number
uniformly distributed in the interval (0,1).

The length of the free igh t is distributed accordingto the PDF given by eq.(1.88).
Random valuesof s are generatedby using the sampling formula [seeeq. (1.36)]
s= rIn : (2.93)
The following interaction occursat the position

Fns1 = Fp+ SOp: (1.94)

The type of this interaction (\A" or \B") is selectedfrom the point probabilities given
by eq.(1.84) usingthe inversetransform method (section1.2.2). The energylossW and
the polar scatteringangle are sampledfrom the distribution pa.s(E;W; ), eq.(1.81),
by using a suitable sampling technique. The azimuthal scattering angleis generated,
accordingto the uniform distribution in (0;2 ), as = 2

After sampling the valuesof W, and , the energy of the particle is reduced,
Enst = En W, and the direction of movemert after the interaction .1 = (u® v w9
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Figure 1.6: Angular de ections in single-scattering everts.

is obtained by performing a rotation of 8, = (u;v;w) (see g. 1.6). The rotation matrix
R( ; ) isdeterminedby the polar and azimuthal scattering angles. To explicitly obtain
the direction vector 8,.1 = R( ; )3, after the interaction, we rst note that, if the
initial direction is along the z-axis, the direction after the collision is

0 . 1
sin cos
sin sin § = R:()Ry( )2, (1.95)
cos
where2=(0,0,1) and
0 .1 0 _ 1
cos 0 sin cos sin 0O
Ry( )=% 0 10 § and  R.()= %sin cos o§ (1.96)
sin 0 cos 0 0O 1

are rotation matrices correspnding to active rotations of angles and about the y-
and z-axes, respectively. On the other hand, if # and' are the polar and azimuthal
anglesof the initial direction

8, = (sin#cos; sin#sin'; cost); (1.97)

the rotation Ry( #)R,( ') transformsthe vector 4, into 2. It is then clear that the
nal direction vector d,,; can be obtained by performing the following sequenceof
rotations of the initial direction vector: 1) Ry( #)R,( '), which transforms 4, into 2;
2) Rz( )Ry( ), which rotates 2 accordingto the sampledpolar and azimuthal scattering
angles;and 3) R, (' )Ry (#), which inverts the rotation of the rst step. Hence

R(; )= R )Ry(#)R(IRy(Ry( #R:( " ): (1.98)
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The nal direction vector is

0o . 1
Sin  CoS

Gnis = R(; )8, = R,(" )Ry(#)%sin sin § (1.99)
Ccos

and its direction cosinesare

sin .
u’= ucos + pﬁ[uwcos vsin ];
w

in .
vP= vcos + p%[vwcos +usin ; (1.100)
w

p i
w® = wcos 1 w2sin cos:

Theseequationsareindeterminatewhenw' 1, i.e. whenthe initial direction is nearly
parallel or antiparallel to the z-axis; in this casewe can simply set

u= sin cos; V= sin sin; W= COS: (2.101)

Moreover, egs.(1.100) are not very stable numerically and the normalization of Q1
tends to drift from 1 after repeated usage. This must be remedied by periodically
renormalizing 8,.1. The change of direction expressedby egs.(1.100) and (1.101) is
performedby the subroutine DIRECTseethe penelope sourcelisting).

The simulation of the track then proceedsby repeatingthesesteps. A track is nished
either when it leavesthe material systemor when the energybecomessmaller than a
given energy E s, Which is the energy where particles are assumedto be e ectiv ely
stopped and absorked in the medium.

1.4.3 Particle transp ort as a Mark ov pro cess

The foregoingconcepts,de nitions and simulation sthemerest on the assumptionthat
particle transport canbe modelled asa Markov process, i.e. \future valuesof a random
variable (interaction evernt) are statistically determined by presen events and depend
only on the event immediately preceeding". Owing to the Markovian character of the
transport, we can stop the generationof a particle history at an arbitrary state (any
point of the track) and resumethe simulation from this state without introducing any
biasin the results.

In mixed simulations of electron/positron transport, it is necessaryo limit the length
s of ead \free jump" sothat it doesnot exceeda given value syax. To accomplishthis,
we still samplethe free path length s to the next interaction from the exponertial PDF

2The quoted de nition is from the Webster's Encyclopedic Unabridged Dictionary of the English
Language(Portland House,New York, 1989).
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(1.88), but when's > s We only let the particle advance a distance syax along the
direction of motion. At the end of the truncated free jump we do nothing (i.e. the
particle keepsits energyand direction of motion unaltered); however, for programming
corvenience,we shall say that the particle su ers a delta interaction (actually, a \non-
interaction”). When the sampledvalue of s is lessthan sqax, a real interaction is
simulated. After the interaction (either real or delta), we samplea new free path s,
move the particle a distances® = min(s;Smax), €tc. From the Markovian character of
the transport, it is clear that the insertion of delta interactions keepsthe simulation
unbiased. If you do not seeit so clearly, here comesa direct proof. First we note that
the probability that a freejump endswith a delta interaction is
Z,

p = . p(s)ds = exp( Smax= T): (1.102)
To obtain the probability p(s)ds of having the rst real interaction at a distancein the
interval (s;s+ ds), we write s = NSpax + SO With N = [S=Snax] and, hence,s® < Spa.
The sough probability is then equal to the probability of having n successig delta
interactions followed by a real interaction at a distancein (s%s’+ ds) from the last,
n-th, delta interaction,

p(s)ds = p" .ltexp( s r)ds= lexp( s= 1)ds; (1.103)
T T

which is the correct value [cf. eq. (1.88)].

Up to this point, we have consideredtransport in a single homogeneousnedium.
In practical caseshowever, the material structure where radiation is transported may
consist of various regionswith di erent compositions. We assumethat the interfaces
betweencortiguous mediaare sharp (i.e. there is no di usion of chemical speciesacross
them) and passive (which amourts to neglecting e.g. surface plasmon excitation and
transition radiation). In the simulation code, when a particle arrivesat an interface, it
is stopped there and the simulation is resumedwith the interaction properties of the
new medium. Obviously, this procedureis consistert with the Markovian property of
the transport process.

Considertwo homogeneousnedia, 1 and 2 (with correspnding meanfreepaths t.;
and t.,), separatedby an interface, which is crossedby particles that move from the
rst mediumto the second.The averagepath length betweenthe last real interaction in
medium1landthe rst realinteractionin medium2is 1.1+ 1.,, ascanbeeasilyveri ed
by simulation. This result seemedaradaical to someauthors and inducedconfusionin
the past. In fact, thereis nothing odd hereasyou may easilyverify (again by simulation)
as follows. Assume particles being transported within a single homogeneousnedium
with an imaginary plane that acts as a \virtual" interface, splitting the medium into
two halves. In the simulation, the particles do not seethis interface, i.e. they do not
stop when crossing. Every time a particle crosseghe plane, we scorethe length Spiane
of the track segmen betweenthe two real interactions immediately beforeand after the
crossing. It is found that the averagevalue of syane IS 2 1, in spite of the fact that the
free path length betweenconsecutiwe collisionswas sampledfrom an exponertial PDF
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with the meanfreepath + [yes,the scoredvaluessane Weregeneratedfrom this PDF!].
The explanation of this result is that, asa consequencef the Markovian character, the
averagepath length from the plane (an arbitrary xed point in the track) bad to the
last collision (or up to the next collision) is .

1.5 Statistical averages and uncertain ties

For the sake of being more specic, let us considerthe simulation of a high-energy
electronbeamimpinging on the surfaceof a semi-in nite water phantom. Eacd primary
electron originates a shawer of electronsand photons, which are individually tracked
down to the correspnding absorption energy Any quartity of interest Q is evaluated
as the averagescoreof a large number N of simulated random shavers. Formally, Q
can be expresseds an integral of the form (1.64),

z

Q= qgp(g) dg; (1.104)

wherethe PDF p(q) is usually unknown. The simulation of individual showersprovides
a practical method to sample q from the \natural® PDF p(qg): from ead generated
showver we get a random value g distributed accordingto p(g). The only di erence to
the caseof Monte Carlo integration consideredabove is that now the PDF p(q) descrikes
a cascadeof random interaction evernts, ead with its characteristic PDF. The Monte
Carlo estimate of Q is

_ 1 X

Q= — q: (1.105)

N i=1

Thus, for instance, the averageenergy Eqe, deposited within the water phantom per
incident electronis obtained as

1 X
Eaep= = € (1.106)

whereeg is the energydeposited by all the particles of the i-th shower. The statistical
uncertainty (standard deviation) of the Monte Carlo estimate [eq. (1.72)] is

s v #
_ovarg) _p 11X o
o= =t o 2@ 9 (1.107)

As mertioned above, we shall usually expressthe simulation result in the form Q
3 o, sothat the interval (Q 3 o, Q + 3 o) cortains the true value Q with 99.7%
probability. Notice that to evaluate the standard deviation (1.107) we must scorethe
squaredcortributions ¢?. In certain casesthe cortributions ¢ can only take the values
0 and 1, and the standard error can be determinedwithout scoringthe squares,

S

Q= Ni@(l Q): (1.108)
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Simulation/scoring can also be usedto compute cortinuousdistributions. The sim-
plest method is to \discretize" the distributions, by treating them as histograms,and to
determinethe \heights" of the di erent bars. To make the argumernts clear, let us con-
siderthe depth-dosedistribution D(z), de ned asthe averageenergydeposited per unit
depth and per incident electronwithin the water phantom. D(z)dz is the averageenergy
deposited at depths betweenz and z+d z per incident electron,and the integral of D (z)
from Oto 1 is the averagedeposited energyEqep, (again, per incidernt electron). Since
part of the energyis re ected badck from the water phantom (through badscattered
radiation), Egep iS lessthan the kinetic energy Eic of the incident electrons. We are
interestedin determining D(z) in a limited depth interval, say from z = 0t0 zZ = Zax.
The calculation proceedsasfollows. First of all, we haveto selecta partition of the inter-
val (0; zmax) into M di erent depth bins (zx 1, z«), with 0= zp< z; < ::: < Zy = Zmax-
Let ejx denotethe amourt of energydeposited into the k-th bin by the j -th particle of
the i-th shover (eadh incident electronmay produce multiple secondaryparticles). The
averageenergydeposited into the k-th bin (per incident electron)is obtained as

1 _ X
Ex= — €k with €k ST (1109)
N iy i

and is a ected by a statistical uncertainty

V u 1
f1 X
NN G ER (1.110)
i=1

Ek —

The Monte Carlo depth-dosedistribution Dyc (z) is a stepwise constart function,

Dwuc (Z) =Dk 3 pk forzg 1< z< z (1111)
with
1 1
Dk —E; Dk —————— Ek. (1.112)
Zx Zk 1 Zy Zx 1

Notice that the bin averageand standard deviation have to be divided by the bin
width to obtain the nal Monte Carlo distribution. De ned in this way, Dyc (2) is
an unbiased estimator of the average dosein ead bin. The limitation here is that
we are appraximating the cortinuous distribution D(z) as a histogram with nite bar
widths. In principle, we could obtain a closerappraximation by using narrower bins.
Howewer, care hasto be taken in selectingthe bin widths sincestatistical uncertainties
may completely hide the information in narrow bins.

A few words regarding programming details are in order. To evaluate the average
deposited energyand its standard deviation for ead bin, egs.(1.109) and (1.110), we
must scorethe shawer cortributions ey and their squarese?,. There are casesn which
the literal application of this recipe may take a large fraction of the simulation time.
Consider,for instance,the simulation of the 3D dosedistribution in the phantom, which
may involve seweral thousand volume bins. For ead bin, the energiese;x deposited by
the individual particles of a shaver must be accurnulated in a partial courter to obtain
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the shower cortribution e and, after completion of the whole shawer, the value e«
and its squaremust be addedto the accunulated courters. As only a small fraction
of the bins receive energy from a single shawer, it is not practical to treat all bin
courters on an equal footing. The fastest method is to transfer partial scoresto the
accunulated courters only when the partial courter is going to receiwe a cortribution
from a new shower. This can be easilyimplemerted in a computer program as follows.
For ead quartity of interest, say Q, we de ne three real courters, Q Q2and QR and
an integerlabel LQ all thesequartities areinitially setto zero. The partial scoresgy; of
the particles of a shaver are accunrulated in the partial courter QR whereasthe global
shower cortribution ¢ and its squareare accunulated in Qand Q2 respectively. Each
shower is assigneda label, for instanceits order number i, which is stored in LQthe
rst time that the shawer cortributes to QP In the courseof the simulation, the value
of QPis transferredto the global courters Qand Q2only whenit is necessaryto store a
cortribution ¢; from a new shawer. Explicitly , the for tran code for scoringQ is
IF(i.NE.LQ) THEN
Q=Q+QP
Q2=Q2+QP2*
QPw;
LQ=
ELSE
QP=QRyf
ENDIF
At the end of the simulation, the residual contents of QPmust be transferred to the
global courters.

For somequartities (e.g.the meannumber of scattering evens per track, the depth-
dosefunction, ...) almost all the simulated tracks cortribute to the scoreand the
inherert statistical uncertainties of the simulation resultsare comparatively small. Other
guartities (e.g. angle and energy distributions of the particles transmitted through a
thick foil) have considerablestatistical uncertainties (i.e. large variances)becauseonly
a small fraction of the simulated tracks cortribute to the partial scores.

1.6 Variance reduction

In principle, the statistical error of a quartity may be somewhatreduced(without in-
creasingthe computer simulation time) by using variance-reductiontechniques. Unfor-
tunately, theseoptimization techniquesare extremely problem-degenden, and general
recipesto minimize the variance cannot be given. On the other hand, the importance
of variance reduction should not be overvalued. In many cases,analogué simulation
doesthe work in a reasonabletime. Spending manhoursby complicating the program,
to get a modest reduction in computing time may not be a good investmert. It is

3We use the term \analogue" to refer to detailed, condensedor mixed simulations that do not
incorporate variance-reduction procedures.
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alsoimportant to realizethat an e cien t variance-reductionmethod usually lowersthe
statistical error of a given quartity Q at the expenseof increasingthe uncertainties
of other quartities. Thus, variance-reductiontechniquesare not recommendedvhen a
global description of the transport processis sough. Here we give a brief description of
those techniqueswhich, with a modest programming e ort, can be usefulin improving
the solution of someill-conditioned problems. For the sake of generality, we consider
that secondaryparticles can be generatedin the interactions with the medium. A nice,
and practically oriented, review of variance-reductionmethods in radiation transport
has beengiven by Bielajew and Rogers(1988).

1.6.1 Interaction forcing

Sometimes,a high varianceresults from an extremely low interaction probability. Con-
sider, for instance, the simulation of the energy spectrum of bremsstrahlung photons
emitted by medium energy( 100 keV) electronsin a thin foil of a certain material.
As radiative events are much lessprobable than elastic and inelastic scattering, the un-
certainty of the simulated photon spectrum will be relatively large. In suc cases,an
e cien t variance-reductionmethod is to arti cially increasethe interaction probability
of the processA of interest. Our practical implemenation of interaction forcing consists
of replacing the mean free path  of the real processby a shorter one, A, i.e. we
force A interactions to occur more frequertly than for the real process. We consider
that the PDF for the energyloss, the angular de ections (and the directions of emit-
ted secondaryparticles, if any) in the forced interactions is the sameas for the real
interactions. To samplethe length of the free jump to the next interaction, we usethe
exponertial distribution with the reduced mean free path .. This is equivalert to
increasingthe interaction probability per unit path length of the processA by a factor

F=-2>1 (1.113)
Af

To keepthe simulation unbiased,we must correctfor the introduceddistortion asfollows:

(i) A weight wi" = 1is asseiated with ea primary particle. Secondaryparticles
produced in forced interactions have an asseiated weight w? = w{"=F; the
weights of successig generationsof forced secondariesare w{ = w{* Y=F . Sec-
ondary particles generatedin non-forcedinteractions (i.e. of typesother than A)
are given a weight equalto that of their parernt particle.

(i) Forcedinteractions are simulated to determinethe energylossand possibleemis-
sion of secondaryradiation, but the state variablesof the interacting particle are
altered only with probability 1=F . That is, the energyE and direction of move-
mert O of the projectile are varied only whenthe value of a random number falls
below 1=F , otherwiseE and d are kept unchanged.

(i) A weight wl = wl=F is given to the deposited energy* (and to ary other

4This option may e ectiv ely reduce the statistical uncertainties of simulated dose distributions in



32 Chapter 1. Monte Carlo simulation. Basic concepts

alteration of the medium sud as e.g. charge deposition) that results from forced
interactionsof a particle with weight w. For non-forcedinteractionsw’ = w(®.

Of course,interaction forcing shouldbe applied only to interactionsthat are dynamically
allowed, i.e. for particles with energyabove the correspnding \reaction” threshold.

Let wi; and f;; denote the weight and the cortribution to the score of the i-th
primary, and let w; and f; (j > 1) represem the weights and cortributions of the
j -th secondaryparticles generatedby the i-th primary. The Monte Carlo estimate of F
obtained from the N simulated historiesis

_  1X
F=— W fij . (1114)
N isj
Evidently, the estimates F obtained with interaction forcing and from an analogue
simulation are equal (in the statistical sense,.e. in the limit N ! 1 , their di erence
tendsto zero). The standard deviation is given by
V

2 0 1, 3
11X X 5
Wgﬁ | @ j Wi fij A F g: (1115)

—Cccc

F=

Quartities directly relatedto the forcedinteractionswill have a reducedstatistical error,
due to the increasein number of theseinteractions. However, for a given simulation
time, other quartities may exhibit standard deviationslarger than thoseof the analogue
simulation, becauseof the time spert in simulating the forced interactions.

1.6.2 Splitting and Russian roulette

Thesetwo techniques,which are normally usedin conjunction, are e ectiv e in problems
whereinterestis focusedon a localizedspatial region. Typical examplesare the calcula-
tion of dosefunctions in deepregionsof irradiated objects and, in the caseof collimated
radiation beams,the evaluation of radial dosesfar from the beam axis. The basicidea
of splitting and Russianroulette methods is to favour the ux of radiation towards the
regionof interestand inhibit the radiation that leavesthat region. Thesetechniquesare
also usefulin other problemswhere only a partial description of the transport process
is required. The \region of interest” may then be a limited volumein the spaceof state
variables (r; E;@). Thus, in studies of radiation badscattering, the region of interest
may be selectedas the spatial region of the samplecloseto the irradiated surfaceand
the set of particle directions that point towards this surface.

As in the caseof interaction forcing, variancereduction is accomplishedoy modifying
the weights of the particles. It is assumedhat primary particles start moving with unit

very thin media. Howe\er, it violates energy consenation (becausethe sum of energiesdeposited along
a track diers from the energylost by the projectile) and, therefore, yields energy deposition spectra
that are biased.
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weight and ead secondaryparticle produced by a primary one is assignedan initial

weight equalto that of the primary. Splitting consistsof transforming a particle, with

weight wp and in a certain state, into a number S > 1 of identical particles with weights
W = Wp=S in the sameinitial state. Splitting should be applied when the particle
\approaches" the region of interest. The Russianroulette technique is, in a way, the
reverseprocess: when a particle tends to move away from the region of interest it is
\killed" with a certain probability, K < 1, and, if it survives,its weight is increasedby
afactor 141 K). Here,killing meansthat the particle is just discarded(and doesnot
contribute to the scoresanymore). Evidently, splitting and killing leave the simulation
unbiased. The mean and standard deviation of the calculated quartities are given by
egs.(1.114)and (1.115). The e ectiv enesf thesemethods relieson the adoptedvalues
of the parametersS and K, and on the strategy usedto decidewhensplitting and killing

areto be applied. Thesedetails can only be dictated by the user'sexperience.

1.6.3 Other metho ds

Very frequertly, an e ectiv e\reduction of variance" may be obtained by simply avoiding
unnecessarycalculations. This is usually true for simulation codes that incorporate
\general-purpose"” geometry packages. In the caseof simple (e.g. planar, spherical,
cylindrical) geometriesthe program may be substartially simpli ed and this may speed
up the simulation appreciably In general,the clever use of possiblesymmetriesof the
problem under considerationmay lead to spectacular variance reductions. As a last
example,we can quote the so-called\range rejection” method, which simply consistsof
absorbinga particle whenit (and its possiblesecondariestannotleave (or read) regions
of interest. Rangerejection is usefule.g. when computing the total energydeposition of
electronsor positrons in a given spatial region. When the residual range of a particle
(and its possiblesecondaries)s lessthan the distance to the nearestlimiting surface
of the region of interest, the particle will deposit all its energy inside or outside the
consideredregion (depending of its current position) and the simulation of the track
can be stopped. Rangerejection is not adequatefor photon transport simulation, since
the conceptof photon rangeis not well de ned (or, to be more precise, photon path
length uctuations are very large).
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Chapter 2

Photon interactions

In this chapter, we considerthe interactions of unpolarized photons of energy E with
atomsof atomic number Z. Welimit our considerationso the energyrangefrom 100eV
up to 1 GeV, wherethe dominart interaction processesare coherent (Rayleigh) scat-
tering, incoherent (Compton) scattering, the photoelectric e ect and electron-positron
pair production. Other interactions, suc as photonuclear absorption, occur with much
smaller probability and can be disregardedfor most practical purposes(seee.g.Hubbell
et al., 1980).

Figure 2.1: Basicinteractions of photons with matter.
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As long asthe responseof an atom is not appreciablydistorted by molecularbinding,
the single-atomtheory can be extendedto moleculesby using the additivit y approxi-
mation, i.e. the molecularcrosssectionfor a processis appraximated by the sum of the
atomic crosssectionsof all the atomsin the molecule. The additivit y appraximation can
also be applied to densemedia whene\er interferencee ects betweenwaves scattered
by di erent certres (which, for instance, give rise to Bragg di raction in crystals) are
small. We assumethat theseconditions are always satis ed.

The ability of Monte Carlo simulation methodsto descrike photon transport in com-
plex geometrieshasbeenestablishedrom researt during the last v edecadegHayward
and Hubbell, 1954;Zerby, 1963;Berger and Seltzer,1972;Chan and Doi, 1983;Ljung-
berg and Strand, 1989). The most accurate DCSsavailable are given in numerical form
and, therefore,advancedMonte Carlo codesmake useof extensive databases.To reduce
the amourt of required numerical information, in penelope we usea combination of
analytical DCSs and numerical tables. The adopted DCSs are de ned by simple, but
physically sound analytical forms. The correspnding total crosssectionsare obtained
by a singlenumerical quadrature that is performedvery quickly using the SUMGé&xter-
nal function described in appendix B. Moreover, the random samplingfrom theseDCSs
canbe doneanalytically and, hence,exactly. Only coherer scatteringrequiresa simple
preparatory numerical step.

It may be arguedthat usinganalytical approximate DCSs, instead of more accurate
tabulated DCSsimplies a certain loss of accuracy To minimize this loss, penelope
renormalizesthe analytical DCSs so as to reproduce partial attenuation coe cien ts
that are read from the input material data le. As a consequencethe free path be-
tweenewvens and the kind of interaction are sampledusing total crosssectionsthat are
nominally exact; appraximations are introduced only in the description of individual
interaction evens.

In the following, standsfor the photon energyin units of the electronrest energy
i.e.

E
: 2.1
7 (2.1)

2.1 Coherent (Rayleigh) scattering

Coheren or Rayleigh scatteringis the processby which photonsare scatteredby bound
atomic electronswithout excitation of the target atom, i.e. the energiesof the incident
and scattered photons are the same. The scattering is quali ed as\coherernt" because
it arisesfrom the interferencebetween secondaryelectromagneticwaves coming from
di erent parts of the atomic chargedistribution.

The atomic DCS per unit solid anglefor coheren scattering is given appraximately
by (seee.g.Born, 1969)
d Ra
d

- L Faar; 22)
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where

d () _ 21% cog

d € 2
is the classicalThomson DCS for scattering by a free electron at rest, is the polar
scattering angle(see g. 2.1) and F(q; Z) is the atomic form factor. The quartity re is
the classicalelectronradius and q is the magnitude of the momertum transfer given by

(2.3)

q= 2(E=¢sin( =2) = (E=d[2(1 cos )] (2.4)
In the literature on x-ray crystallography, the dimensionlessvariable

1 8
x A9 CM_ 5460749
4 h MeC

(2.5)

is normally usedinstead of g.

The atomic form factor can be expressedas the Fourier transform of the atomic
electrondensity (r) which, for a spherically symmetrical atom, simpli es to
21 sin(gr=h) ,
F(g;Z2)=4 . (r) ar=h redr: (2.6)
F(g;Z) is a monotonically decreasingfunction of q that varies from F(0;Z) = Z
to F(1 ;Z) = 0. The most accurate form factors are those obtained from Hartree-
Fock or con guration-interaction atomic-structure calculations; here we adopt the non-
relativistic atomic form factorstabulated by Hubbell et al. (1975). Although relativistic
form factors are available (Doyle and Turner, 1968), Hubbell has pointed out that the
non-relativistic form factors yield results in closeragreemen with experiment (Cullen
et al., 1997).

In the calculations, we usethe following analytical approximation

g 1+ 3.1X2 + 8.2X3 + 8.3X4
3 f(x;2) Z > VIR
F(gZ) = (1+ asx?+ asx?) (2.7)

- maxff(x;Z2);Fk(q;Z)g ifZ>10andf(x;Z) < 2

where in(2barctan Q)
. Sin arctan ]
F@2) S (2.8)
with P
Q = 2mclca; b= 1 aZ; a (Z 5:]_6)’ (29)

where is the ne-structure constart. The function F¢(q;Z) is the cortribution to
the atomic form factor due to the two K-shell electrons(seee.g. Baro et al., 1994a).
The parametersof expressionf (x; Z) for Z = 1to 92, which have beendetermined by
Baro et al. (1994a)by numerically tting the atomic form factors tabulated by Hubbell
et al. (1975), are included in the block data subprogramPENDATThe averagerelative
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Figure 2.2: Atomic form factors for carbon and lead. Crossesare valuesfrom the tables of
Hubbell et al. (1975), cortin uous curvesrepresen the analytical approximation given by eq.
(2.7).

di erence betweenthe analytical and tabulated form factors is lessthan 0.5% (see g.
2.2).

The total coheren scattering crosssectionper atom is

“ d ra 1 2
Ra T d = r2 . 1+ cog [F(q;Z)]° d(cos ): (2.10)

Introducing g, eg. (2.4), asa new integration variable, the asymptotic behaviour of the
total crosssectionfor small and large photon energiesis made clear. For low photon
energies,the form factor in the integrand does not depart appreciably from the value
F(0;Z) = Z, i.e.coheren scatteringreducego pure Thomsonscattering. Consequetly,
we have

8
Ra ' 3 r2zz (2.11)
In the high-energylimit, we get
ral/ E % (2.12)

In practice, this limiting behaviour is attained for energiesof the order of Z=2 MeV.

Strictly speaking, expression(2.2) is adequateonly for photons with energy well
above the K absorption edge. The low-energy behaviour given by eq. (2.11) is sub-
startially altered when anomalousscattering factors are introduced (seee.g. Cullen et
al., 1989; Kane et al., 1986). Thesefactors lead to a generaldecreaseof the coherert
scattering crosssection near the absorption edgesand at low energies. Nevertheless,
at the energieswhere anomalousscattering e ects becomesigni cant, coheren scatter-
ing is much lessprobable than photoelectric absorption (see g. 2.10 below), and the
appraximation given by eq. (2.2) is usually su cien t for simulation purposes.
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2.1.1 Simulation of coherent scattering events

The PDF of the angular de ection, cos , can be written as [seeegs. (2.2) and (2.3);
normalization is irrelevant here]
1+ cog
Pra(COS ) = — [F(x; 2))%; (2.13)
wherex, which is de ned by eqgs.(2.4) and (2.5), can take valuesin the interval from O
to

Xmax = 206074 2: (2.14)
This PDF can be factorizedin the form
Pra(COS ) = g(cos ) (x?) (2.15)
with 1 2
g(cos ) -—f—gfl—— and (¥ [F(xZ)P: (2.16)

Notice that, for a compound, [F (x; Z)]? hasto be replacedby the sum of squaredform
factors of the atomsin the molecule.

The function (x?) canbe consideredasthe (unnormalized) PDF of the variable x?.
Random valuesof x? distributed accordingto this PDF canbe generatedby the inverse
transform method (section1.2.2),i.e. from the sampling equation

Z %2 Z X2
(x®) dx® = (x®) dx®: (2.17)
0
It is conveniert to introducethe function
Z %2
( x?) = (x®) dx®; (2.18)
0

which increasesmonotonically with x2 and saturates for high x2-valuesto a constart
nite value. Then, the sampling equation (2.17) can be written in the form

(x)= ( Xpax)i (2.19)

which is easyto solve numerically. To this end, we only needto have a table of values
of the function ( x?) stored in memory. For a given photon energy ( x2_,,) can be
evaluated by interpolation in this table. Linear log-loginterpolation (extrapolation) in
atable with about 240points logarithmically distributed in the interval (10 #,1) yields
results which are accurateto within 0.01%(notice that in the interval from 0 to 10 4,
F(x;Z)' Z and, hence, ( x?) is proportional to x?, i.e. extrapolation for x2 < 10 4 is
exact). The value

x2= T (Xha) (2.20)

can then be obtained by inverselinear interpolation (or extrapolation) with a binary
seard.
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The angular de ection cos can now be sampledby the rejection method (section
1.2.4), sincethe function g(cos ) is a valid rejection function (i.e. it is positive and less
than or equalto unity). The algorithm for samplingcos proceedsas follows:

(i) Compute ( x2_,).
(i) Generatea random number and determinex? using eq. (2.20). Set

X2

1
=1 X .
€0s 2 (20:6074 )2

(2.21)

(i) Generatea newrandom number .
(iv) If > g(cos ), goto step (ii).
(v) Delivercos .

Although numerical interpolation is necessaryit is performedon a single function
that is independen of the photon energyand the errorsintroducedare negligible. It is
worth noting that the samplingalgorithm is essetially independert of the adoptedform
factor, and directly applicableto molecules.The advantage of using the analytical form
factor, eq. (2.7), instead of a numerical databaseis that ( x?) can be easily calculated
to the desiredaccuracy usingthe SUMGIiAtegration function (appendix B).

The e ciency of the sampling method (i.e. the fraction of generatedvaluesof cos
that is accepted)increaseswith photon energy At low energiesjt equals2/3 (exactly)
for all elemerts. For E = 100keV, the e ciencies for hydrogenand uranium are 100%
and 86%, respectively.

2.2 Photo electric e ect

In the photoelectric e ect, a photon of energyE is absorked by the target atom, which
makesa transition to an excited state. The photon beamsfound in radiation transport
studies have relatively low photon densitiesand, as a consequenceonly single-photon
absorption is obsened'. To represen the atomic states, we can adopt an independent-
electron model, sud as the Dirac-Hartree-Fock-Slater self-consisteh model (seee.g.
Pratt et al., 1973),in which ead electron occupiesa single-particle orbital, with well-
de ned ionization energy The set of orbitals with the sameprincipal and total angular
momertum quantum numbers and the same parity constitute a shell. Eadh shell i
canaccommalate a nite number of electrons,with characteristic ionization energyU;.
Notice that the shell ionization energiesare positive, the quantity U; represeis the
\binding" energyof ead individual electron. Fig. 2.3 (left diagram) shaws the various
notations usedto designatethe innermost atomic electronshells(i.e. those with the

In intenselow-energyphoton beams,sud asthose from high-power lasers,simultaneous absorption
of seeral photons is possible.
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Figure 2.3: Various notations for inner atomic electron shells (left) and allowed radiativ e
transitions (right) to theseshells. Transitions di erent from the onesindicated in the diagram
(e.g. K-M4) are also possible,but their transition probabilities are extremely small.
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Figure 2.4: lonization energiesof the innermost shellsof free atoms, asgiven by Ledererand
Shirley (1978).
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largestionization energies)aswell astheir ordering in energyand allowed occupancies.
In our simulations, we usethe experimental ionization energiesgiven by Lederer and
Shirley (1978), which pertain to free, neutral atoms. lonization energiesof K-, L- and
M-shellsare displayedin g. 2.4.

Consideringthe interaction with the photon eld asa rst-order perturbation (which
is appropriate for elds with low photon densities) it follows that only one-electron
transitions are allowed. That is, in the photoelectric e ect, the photon is absorked by
an individual electronin the \activ e" shelli, which leavesthe parert atom with kinetic
energyE. = E  U;. Evidently, photoionization of a given shell is only possiblewhen
the photon energy exceedsthe correspnding ionization energy; this givesrise to the
characteristic absorption edgesin the photoelectric crosssection(see g. 2.5).

The photoelectric crosssectionsusedin penelope are obtained by interpolation in
a numerical table that was extracted from the LLNL Evaluated Photon Data Library
(EPDL; Cullen et al., 1997). This library cortains photoelectric crosssectionsfor all
shellsof the elemeris Z = 1 100and photon energiesrom 1 eV to 1000GeV, derived
from Sco eld's theoretical calculationsof shell crosssections(Salomanet al., 1988)and
Hubbell's total crosssections(Hubbell et al., 1980; Berger and Hubbell, 1987). The
penelope databasefor photoelectric absorption (a subsetof the EPDL) consistsof
tables of the total atomic crosssection p,(E) and the crosssectionsfor the K and L
shells, phi(E) (i = K, L1, L2 and L3) for the elemens Z = 1{92, which span the
energyrange from 100 eV to 1000GeV. Thesetables are estimated to be accurateto
within a few percert for photon energiesabove 1 keV (Cullen et al., 1997). At lower
energies,uncertainties in the data are much larger: 10{20% for 0.5 keV < E < 1 keV
and 100{200%for 0.1 keV < E < 0.5keV. Notice that the crosssectionsin the EPDL
are basedon free-atom theoretical calculations and, therefore, near-edgeabsorption
structures producedby molecularor crystalline ordering (e.g. extendedx-ray absorption
ne-structure) areignored.

For compound materials (and also for mixtures) the molecular crosssection ,,(E)
is evaluated by meansof the additivit y appraximation, that is, asthe sum of the atomic
crosssectionsof the elemerts involved. In the energyrange betweensuccessig absorp-
tion edgesthe photoelectric crosssectionis a cortin uousfunction of the photon energy
(see g. 2.5). In penelope , the molecularcrosssectionis de ned by meansof a table of
numerical values pn(E;) for a logarithmic grid of energiesE;, which is storedin mem-
ory. Photon meanfree paths are determinedby linear log-loginterpolation in this table.
Knowledgeof the atomic crosssectionsis needed,only when a photoabsorption evernt
has e ectiv ely occurred, to selectthe elemern that hasbeenionized (whoseprobability
is proportional to the atomic crosssection).

2.2.1 Simulation of photo electron emission

Let us considerthat a photon with energyE is absorked by an atom of the elemen
Z. The \activ e" shelli that is ionized is consideredas a discreterandom variable with
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Figure 2.5: Atomic photoelectric crosssectionsfor carbon, iron and uranium as functions of
the photon energyE.

PDF
P = pni(Z;E)= pn(Z;E); (2.22)

where i (Z; E) is the crosssectionfor ionization of shelli and pn(Z; E) is the total
photoelectric crosssection of the atom. penelope incorporatesa detailed description
of photoabsorption in K- and L-shells (including the subsequeh atomic relaxation).
The ionization probabilities of theseinner shellsare determinedfrom the correspnding
partial crosssections.The probability of ionization in an outer shellis obtained as

Pouter = 1 (Pxk + PLa + P2 + Pu3): (2.23)

When the ionization occursin an inner K- or L-shell, the initial energy of the photo-
electronis setequalto Ec = E  U;; the residual atom, with a vacancyin the shell,
subsequetly relaxesto its ground state by emitting x rays and Auger electrons. If the
ionization occursin an outer shell, we assumethat the photoelectron leavesthe target
atom with kinetic energyequalto the energydeposited by the photon, E. = E, and we
disregardthe emissionof subsidiary uorescert radiation (seesection2.6).

Initial direction of photo electrons

The direction of emissionof the photoelectron, relative to that of the absorked photon,
is de ned by the polar and azimuthal angles . (g. 2.1) and .. We considerthat the
incident photon is not polarized and, hence,the angular distribution of photoelectrons
is independert of ¢, which is uniformly distributed in the interval (0;2 ). The polar
angle . is sampledfrom the K-shell crosssectionderived by Sauter(1931)using K-shell
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hydrogenicelectronwave functions. The Sauter DCS (per electron) can be written as

— = - — 0 1+ - 1 2)(1 ; (2.24
d e fe (1  cos o)* to X X Cos ¢) 5 (2.24)

where isthe ne-structure constar, re is the classicalelectronradius, and

q
_ Ee(Ee+ 2mec?)
B Ee+ M2

Strictly speaking,the DCS (2.24) is adequateonly for ionization of the K-shell by high-
energy photons. Newvertheless,in many practical simulations no appreciableerrors are
introduced when Sauter's distribution is usedto descrite any photoionization evert,
irrespective of the atomic shell and the photon energy The main reasonis that the
emitted photoelectronimmediately starts to interact with the medium, and its direction
of movemen is strongly altered after travelling a path length much shorter than the
photon mean free path. On the other hand, when the photon energy exceedsthe K-
edge, most of the ionizations occur in the K-shell and then the Sauter distribution
represeits a good appraximation.

= 1+ Ee=(M); (2.25)

Introducing the variable = 1 cos ¢, the angular distribution of photoelectrons
can be expressedn the form
1 1 1
= = T A=— 1 2.2
PO=C@ ) z5—*3 ( D 2 g . (226)

apart from a normalization constart. Randomsamplingof from this distribution can
be performedanalytically. To this end, p( ) can be factorizedin the form

p()=9() () (2.27)
with
a)=@2 ) 2+ ( 1 2 (2.28)
A+ 2
and A(A + 2)?
()= 7 A+ )3: (2.29)

The variable takesvaluesin the interval (0,2), wherethe function g( ) is de nite
positive and attains its maximum value at = 0, while the function ( ) is positive
and normalized to unity. Random values from the probability distribution ( ) are
generatedby meansof the sampling formula (inversetransform method, seesection
1.2.2) 7

(9d°= ; (2.30)
which can be solved analytically to give
= Lhz + (A+2) = (2.31)
T (A+22 4 ' '

Therefore,random samplingfrom Sauter'sdistribution canbe performedby the rejection
method (seesection1.2.4) asfollows:
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(i) Generate from ( ) by usingeq.(2.31).
(i) Generatea random number .

@ii) If g(0) > g( ), goto step (i).
(iv) Delivercos =1

The e ciency ofthis algorithm is  0:33at low energiesand increaseslovly with E.;
for Ec = 1 MeV, the e ciency is 0.4. As photoelectric absorption occurs at most once
in ead photon history, this small samplinge ciency doesnot slov down the simulation
signi cantly.

2.3 Incoheren t (Compton) scattering

In Compton scattering, a photon of energyE interacts with an atomic electron, which
absorbsit and re-emitsa secondary(Compton) photon of energyE %in the direction =
( ; ) relativeto the direction of the original photon. In penelope , Compton scattering
everts are described by meansof the crosssectionobtained from the relativistic impulse
appraximation (Ribberfors, 1983). Cortributions from di erent atomic electron shells
are consideredseparately After a Compton interaction with the i-th shell, the active
target electronis ejectedto a free state with kinetic energyE.= E E° U, > 0, where
U; is the ionization energy of the consideredshell, and the residual atom is left in an
excited state with a vacancyin the i-th shell.

In the caseof scattering by free electronsat rest, the consenration of energyand mo-
mentum impliesthe following relation betweenthe energyE ° of the scattered(Compton)
photon and the scattering angle [cf. eq. (A.19)]

0 E
1+ (1 «cos)

Ec; (2.32)

where = E=m.c?, as before. The DCS for Compton scattering by a free electron at
rest is given by the familiar Klein-Nishina formula,

d& _r2 Ec ® Ec, E

) .

i "2 E E " Ec sin : (2.33)
Although this simple DCS was generally usedin old Monte Carlo transport codes, it
represeis only a rough appraximation for the Compton interactions of photons with
atoms. In reality, atomic electronsare not at rest, but move with a certain momertum
distribution, which givesrise to the so-calledDoppler broadeningof the Compton line.
Moreover, transitions of bound electronsare allowed only if the energytransfer E ~ E°
is larger than the ionization energyU; of the active shell (binding e ect).

The impulse appraximation accourts for Doppler broadening and binding e ects
in a natural, and relatively simple, way. The DCS is obtained by considering that
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electronsin the i-th shellmove with a momertum distribution (p). For an electronin
anorbital i(r), i(p) j i(p)j’, where ;(p) is the wave function in the momertum
represemation. The DCS for Compton scattering by an electron with momertum p
is derived from the Klein-Nishina formula by applying a Lorentz transformation with
velocity v equalto that of the moving target electron. The impulse approximation to
the Compton DCS (per electron) of the consideredshell is obtained by averagingover
the momertum distribution ;(p).

After somemanipulations, the Compton DCS of an electronin the i-th shellcanbe
expresseds[eq.(21) in Brusaet al., 1996]
B coi 12 Ec ? Ec E 5

= - + — in
JdEW 2 E E  Eo

dp: .
dE®

wherer. is the classicalelectronradius. E¢ is the energyof the Compton line, de ned
by eq.(2.32), i.e. the energyof photons scatteredin the direction by free electrons at
rest. The momertum transfer vector is givenby q hk hk® wherehk and hk°are
the momerta of the incident and scatteredphotons;its magnitude is

1p

= > E2+ E® 2EECcos : (2.35)
q c

F(p2) Ji(p2) (2.34)

The quantity p, is the projection of the initial momertum p of the electron on the
direction of the scatteringvectorhk® hk = q; it is given by?

P a_ EE{1 cos) mZ(E E9

2.36
P q & (2.36)
or, equivalertly, .
P _ E(E" Ec). (2.37)
MeC Eccq
Notice that p, = 0 for E°= E¢. Moreover,
|
o !
dp, _ mec E N Ecos E° p, (2.38)

dE®  cq Ec cq MeC

The function Ji(p,) in eq. (2.34) is the one-electronCompton pro le of the active
shell, which is de ned as 77

Ji(p:) i(p) dpx dpy; (2.39)

where ;(p) is the electronmomertum distribution. That is, J;(p;) dp, givesthe proba-
bilit y that the componert of the electronmomertum in the z-direction is in the interval
(pz; pz + dp;). Notice that the normalization
Z,
Ji(p)dp, = 1 (2.40)

2The expression(2.36) cortains an approximation, the exact relation is obtﬁined by replacing the
electron rest energy meC? in the numerator by the electron initial total energy  (mec?)2 + (cp)2.
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Figure 2.6: Atomic Compton pro les (p, > 0) for aluminium, copper and gold. The cortin-
uous curvesare numerical Hartree-Fock pro les tabulated by Biggs et al. (1975). The dashed
curves represen the analytical proles de ned by eq. (2.57). (Adapted from Brusa et al.,
1996.)

is assumed.In the Hartree-Fock appraximation for closed-shelkcon gurations, the mo-
menrtum distribution of the electronsin an atomic shell, obtained by adding the cortri-
butions of the orbitals in that shell,is isotropic. For anisotropic distribution, expression

(2.39) simpli es to z,
Ji(pz) = 2 P i(p) dp: (2.41)
The atomic Compton pro le is given by
X
J(p) = fiJdi(po); (2.42)

wheref; is the number of electronsin the i-th shelland J;(p;) is the one-electronpro le
of this shell. The functionsJ (p;) and J;(p;) areboth bell-shaped and symmetrical about
p. = O (seeg. 2.6). Extensive tablesof Hartree-Fock Compton pro les for the elemers
have beenpublished by Biggs et al. (1975). Thesenumerical pro les are adequatefor
bound electron shells. In the caseof conductors,the one-electronCompton pro le for
conduction electronsmay be estimated by assumingthat theseform a free-electrongas
with ¢ electronsper unit volume. The one-electronpro le for this systemis (seee.g.
Cooper, 1971)
|
3 P

3
Jep,)= = 1 = ing);  J%0)= —; 2.43
i (Pz) I 2 ( Pr Jp)) 0) an (2.43)

whereps  h(3 2 )™ isthe Fermi momertum. For scatteringin a compound material,



48 Chapter 2. Photon interactions

the molecular Compton pro le is obtained asthe sum of atomic pro les of the atomsin
a molecule(additivit y rule).

The factor F (p;) in eq.(2.34) is appraximately given by

[
F(py)" 1+% 14 Ec(Ec Ecos) p;

E (cx)? MeC

: (2.44)

whereqc is the momertum transfer asseiated with the energyE°= E¢ of the Compton
line,

O (—1:q E2+ E2 2EEccos : (2.45)
Expression(2.44) is accurate only for small jp,j-values. For large jp.j, Ji(p.) tendsto
zeroand the factor F (p,) hasno e ect onthe DCS. We usethe valuesgivenby expression
(2.44) only for jp,j < 0:2mec and takeF (j p.j) = F( 0:2mgc) for jp,j > 0:2mec. Owing
to the approximations introduced, negative valuesof F may be obtained for large jp,j;
in this case,we must setF = 0.

We cannow introducethe e ect of electronbinding: Compton excitations are allowed
only if the target electronis promoted to a free state, i.e. if the energytransferE  E°
is larger than the ionization energy U; of the active shell. Thereforethe atomic DCS,
including Doppler broadeningand binding e ects, is given by

d2 Co - E E 2 E_'_ E Sin2
ded 2 E E Ec
|
X - d
Fip) ~ F3p) (B E° W) 25 (2.46)

where ( x) (= 1if x > 0, = O otherwise) is the Heaviside step function. In the
calculations we usethe ionization energiesU; given by Ledererand Shirley (1978), g.

2.4. The DCS for scattering of 10 keV photons by aluminium atomsis displayedin g.

2.7,for = 60and 180degreesas a function of the fractional energy of the emerging
photon. The DCS for a given scattering angle has a maximum at E®= Ec; its shape
resenbles that of the atomic Compton pro le, except for the occurrenceof edgesat
E°=E U;.

In the caseof scattering by free electronsat rest we have U; = 0 (no binding) and
Ji(p;) = (p.) (no Doppler broadening). Moreover, from eq. (2.37) E°= E¢, sothat
photons scattered through an angle have energy Ec. Integration of the DCS, eq.
(2.46), over E°then yields the familiar Klein-Nishina crosssection,

KN 2 E 2 E E )
dco _ zfe Ec S sin® (2.47)

d 2 E E Ec

for the Z atomic electrons]cf. eq. (2.33)]. For energiesof the order of a few MeV and
larger, Doppler broadeningand binding e ects are relatively small and the free-electron
theory yields results practically equivalent to those of the impulse appraximation.
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Figure 2.7: DCS for Compton scattering of 10 keV photons by aluminium atoms at the
indicated scattering angles. The cortin uous curvesrepresen the DCS (2.46) calculated using
the Hartree-Fock Compton pro le (Biggs et al., 1975). The dashedcurvesare results from eq.
(2.46) with the analytical proles givenby eq. (2.57). (Adapted from Brusa et al., 1996.)

The angular distribution of scatteredphotonsis given by the directional DCS,

d Co _ z d2 Co 0_ rg EC 2 EC E )
d - du "2 E ETE "
X Pi; max
fi (E U) . F(p2)Ji(p.) dp;; (2.48)

wherep;. max IS the highestp,-value for which an electronin the i-th shellcanbe excited.
It is obtained from eq. (2.36) by setting E°= E  U;,

E(E U)1 cos) mcU
¢ 2E(E U)1 cos)+ U2

Pimax(E; ) = (2.49)

Except for energiegust above the shellionization threshold, the function F (p,) in the
integral can be replacedby unity, sincep,Ji(p;) is an odd function and its integral is
closeto zero,i.e.

Pi; m

N CONTCOL S TG (2.50)
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where 7
Pz
np) Ji(p) dp?: (2.51)

Notice that n;(p,) is a monotonouslyincreasingfunction of p,, which variesfrom 0 at
p. = 1 tounity atp, = 1 ; the quartity n;(p;: max) represets the fraction of electrons
in the i-th shellthat can be e ectiv ely excited in a Compton interaction. We can then
write

de, 12 Ec 2 Ec, E . 5 .
. > E E+ Ec sin®  S(E; ): (2.52)
The function «
S(E; )= fi ( E  U)ni(p:max) (2.53)

|
can beidentied with the incoherern scattering function in the impulse appraximation
(seee.g.Ribberfors and Berggren,1982). The total crosssectioncanthen be obtained
as
z ld Co
1 d

co= 2 d(cos ): (2.54)

For comparisonpurposes,and alsoto calculatethe energydeposition, it is usefulto
considerthe crosssectiondi erential in only the energyof the scatteredphoton,
z
d Co d2 Co
dE® dEX

d : (2.55)

In the caseof scattering by freeelectronsat rest, E®= E. and the Klein-Nishina formula
(2.47) givesthe following expressionfor the energyDCS,

d &N ) d &N d(cos )
dEC d dEc
|
_r2 4, EZ (%2 2 2E 2g0
= ?e ﬁ+ = +(2 +1)+ (2.56)

Fig. 2.8 displays the energy DCSs obtained from this formula and from the impulse
appraximation for scattering of high-energy(E > U;) photons by aluminium and gold
atoms. Theseresults showv clearly the di erences betweenthe physics of the impulse
appraximation and the cruder free-electronapproximation. The most conspicuousfea-
ture of the impulse appraximation DCS is the absenceof a threshold energy which is
a direct manifestation of the Doppler broadening. For relatively small energytransfers
(E° E) the Klein-Nishina DCS increaseswith the energy of the scattered photon,
whereasthe energyDCS obtained from the impulse appraximation vanishesat E°= E
due to the e ect of binding, which also causeghe characteristic edgestructure, similar
to that of the photoelectric crosssection(see g. 2.8).
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Figure 2.8: Energy DCSsfor Compton scattering of 50 and 500 keV photons by aluminium
and gold atoms. The cortin uous curvesrepresen the DCS (2.55), computed using the analyt-
ical Compton pro les (2.57). The dashedcurvesare obtained from the Klein-Nishina formula
(2.56), i.e. assumingthat the atomic electronsare free and at rest.

2.3.1 Analytical Compton proles

In order to minimize the required numerical information and to simplify the random
sampling, we useappraximate one-electronpro les of the form

nd a1 h ol
P = o= it dediofpi | exp df i+ dodiojps (257)
with s _
n 1 ®n 1 2 P
n=2 d; = - = 5 d2=ﬁd11”= 2:

The quartity Ji.o  Ji(0) is the value of the pro le at p, = 0 obtainedfrom the Hartree-
Fock orbital (Biggs et al., 1975). J;(0) is tabulated in the le PDATCONF.BAor all
shellsof the elemerts Z = 1 to 92. Notice that J”(p,) is normalized accordingto eq.
(2.40). With the pro les (2.57),

8

Zp, 3 Texp dZ  di dJiop; ? if p, <O,
) R = ) (2.58)
1 Llexpd? di+ dpdiop, ifp,> 0.
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Thus, the incoheren scattering function (2.53) can be expressedanalytically and the
integral (2.54) evaluated very quickly with the aid of function SUMG@ppendix B). On
the other hand, the sampling equation n(p;) N (pP:max) (SEESECtiON 1.2.2) can be
solved analytically,

8 _
: - i d d? h2a it A< 4,
D, = 21"0 o (2.59)
2 d? In21 A)  d ifA> 1
doJi;o

where A N (pimax). Atomic Compton pro les obtained from the appraximation
given by eq. (2.57) are accuratefor small p, and oscillate about the Hartree-Fock values
for intermediate momena (see g. 2.6). The relative di erences are normally lessthan
5%, exceptfor large momerta for which J (p;) is very small. Similar di erencesarefound
betweenthe DCS computedfrom Hartree-Fock and analytical Compton pro les (see g.

2.7). For most applications (e.g. studies of detector response,dosimetry, radiotherapy,
etc.), the e ect of these di erences on the simulation results is not important. The
impulse appraximation with the analytical one-electronpro les (2.57) then provides a
conveniertly simple method to introduce Doppler broadeningand binding e ects in the
simulation of Compton scattering.

In penelope , the maximum number of electron shellsfor each material is limited.
For heary elemerns, and also for compounds, the number of shellsmay be fairly large.
In this case,outer shellswith similar ionization energiesare grouped together and re-
placedby a singleshellwith a J;.o value and an e ectiv e ionization energyequalto the
correspnding averagesof the grouped shells. This grouping doesnot alter the average
e ects of Doppler broadeningand binding.

2.3.2 Simulation of incoherent scattering events

Compton ewerts are simulated on the basis of the DCS given by eq. (2.46) with the
analytical Compton pro les (2.57). The sampling algorithm adopted here is due to
Brusa et al. (1996). It is similar to the one described by Namito et al. (1994), but has
a higher e ciency .

The PDF of the polar de ection cos and the energyE° of the scatteredphoton is
given by (apart from normalization constarts, which are irrelevant here)

> Ec,£ E
Pco(cos ;E9 = % EC+E—C sin?
|
X - d
FR)  Tidie) (B E® U) o (260)

Integration of expression(2.60) over E usingthe appraximation (2.50), yields the PDF
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of the polar de ection

Ec 2 Ec, E

= = =+ _ E: ); 2.61

P (cos ) S E ' Es sin S(E; ); (2.61)
whereS(E; ) is the incoheren scattering function, eq. (2.53).

Randomvaluesof cos from the PDF (2.61) can be generatedby usingthe following
algorithm (Baro et al., 1994a). Let usintroducethe quartity

Ec 1

— = : 2.62
E 1+ (1 cos) ( )
The minimum and maximum valuesof are
1
which correspnd to badkward ( = ) and forward ( = 0) scattering, respectively.

The PDF of this variable is (again ignoring normalization constars)

|

d(cos ) 1 2.2 2 '
g = S+t ——+(2 +1)+ ?

P ()= P(cos) S(E: ): (2.64)

This distribution can be rewritten in the form (Nelsonet al., 1985)

P()=[aaPi( )+ aP2( )] T(cos); (2.65)
where 0 (14
a=1In(1+2); a = ﬁ; (2.66)
2
Pi( )= m—; Po( )= % (2.67)
and ( 1 2 1 1 ) S(E
+ :
T(cos)= 1 )2[((1+ 2)) ] S(E(; ’=) ; (2.68)

The function in bracesis positive, it equalsl at the end points of the interval ( min,1),
and is lessthan unity inside this interval. Moreover, the ratio of incoheren scattering
functions is alsolessthan unity for any valueof < . Hence,the function T(cos ) is
a valid rejection function. The functions P;( ) (i = 1;2) are normalized PDFs in the
interval ( min; 1), Which can be easily sampledby using the inversetransform method.
The generationof randomvaluesof accordingto the PDF givenby eq.(2.64) canthen
be performed by conmbining the composition and rejection methods (section 1.2). The
algorithm to samplecos proceedsas follows:

(i) Samplea value of the integeri (=1, 2) accordingto the point probabilities

a ay
1) = and 2) = : 2.69
W= @)= (2.69)
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(i) Sample from P;( ) using the samplingformulae
8
2 i if i
= ) (2.70)
TlEr @ ETiiI=2

I
=

which can be easily derived by the inversetransform method (section 1.2.2).
(i) Determinecos usingeq. (2.62),

1
cos =1 ——; (2.71)

and compute the quartities p.max(E; ), €g.(2.49), and

X
S(E; )= fi (E U)n?(P:ma): (2.72)

(iv) Generatea newrandom number .
(v) If > T(cos ), goto step (i).
(vi) Delivercos .

The e ciency of this algorithm, i.e. the probability of acceptinga generatedcos -value,
increasesmonotonically with photon energy and is nearly independen of Z; typical
valuesare 35%, 80% and 95%for E = 1 keV, 1 MeV and 10 MeV, respectively.

Oncethe direction of the emergingphoton has beenset, the active electron shell i
is selectedwith relative probability equalto Z; ( E  U;) n*(pimax(E; )). A random
value of p, is generatedfrom the analytical Compton pro le (2.57) using the sampling
formula (2.59). If p, is lessthan mgc, it is rejected and a new shell and a p,-value
are sampled. Finally, the factor F (p,) in the PDF (2.46) is accourned for by meansof
a rejection procedure. It should be noted that the appraximation F * 1 is valid only
whenthe DCS is integrated over E® otherwisethe complete expression(2.44) must be
used. Let Fna denote the maximum value of F(p,), which occursat p, = 0:2meC or

0:2mec; arandomnumber is generatedand the valuep, is acceptedif Fmax < F(p.),
otherwisethe processof selectinga shell and a p,-value is reinitiated. The energyE° of
the emergingphoton is then calculated from eq. (2.36), which gives

(1 t cos)+ an@y)q 1 tcos)> (1 tA t) ; (2.73)

EC=E
1 t2

where
t (p,=med)®  and  sign(p,) PR (2.74)

For photonswith energylargerthan 5 MeV, for which Doppler broadeningis negligible,
we set E? = E¢ (which amourts to assumingthat p, = 0). In this case,the active

3Notice that, due to the approximation introducedin eq. (2.36), a value p, < mec would yield a
negative energy for the scattered photon.
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electronshelli is sampledwith relative probability f; and binding e ects are accoured
for by simply rejecting E%valuessuc that E  E°< U;.

The azimuthal scattering angle of the photon is sampleduniformly in the interval
(0;2 ). We assumethat the Compton electronis emitted with energyE.= E E° U,
in the direction of the momentum transfer vectorq = hk  hk® with polar angle . and
azimuthal angle .= + |, relative to the direction of the incident photon. cos ¢ is
given by .

E E"cos
COS = P ) 2.75
° "E2+ E® 2EE’cos (2.79)
When E%= Eg, this expressionsimpli es to
E + meC? E Ec =

E 2mc2+ E  Ec ’
which coincideswith the result (A.20). Sincethe active electron shell is known, char-
acteristic x rays and Auger electronsemitted in the de-excitation of the ionized atom
can also be followed. This is important, for instance, to account for escag peaksin
scirtillation or solid state detectors

COS ¢ = (2.76)

Table 2.1: Averagenumber n, of random numbers neededto simulate a single incoherert
scattering event for photons with energy E in aluminium, silver and gold.

E(ev) Al  Ag Au
10° 16.6 119 134
10t 11.0 114 115
10 95 9.8 100
100 82 82 83
10/ 75 75 75

As ameasureof the e ciency of the samplingalgorithm, we may considerthe average
number n, of random numbers required to simulate an incoherern scattering evert.
n, is practically independert of the atomic number and decreasesvith photon energy
(seetable 2.1). The increaseof n, at low energiesstems from the loss of e ciency
of the algorithm usedto samplecos . Although the simulation of incoheren everts
becomesamore laborious asthe photon energydecreasesthis hasonly a small in uence
on the speedof practical photon transport simulations sincelow-energyphotonsinteract
predominartly via photoelectric absorption (see g. 2.10below).

2.4 Electron-p ositron pair pro duction

Electron-positron pairs can be created by absorption of a photon in the vicinity of a
massiwe particle, a nucleusor an electron, which absorbsenergyand momertum sothat
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thesetwo quartities are consened. The threshold energyfor pair production in the eld
of a nucleus (assumedof in nite mass)is 2m.c>. When pair production occursin the
eld of an electron, the target electron recoils after the evert with appreciablekinetic
energy; the processis known as \triplet production” becauseit causesthree visible
tracks when obsened, e.g. in a cloud chamber. If the target electronis at rest, triplet
production is only possiblefor photonswith energylarger than 4mec?.

For the simulation of pair production everts in the eld of an atom of atomic number
Z, we shall usethe following semiempiricalmodel (Baro et al., 1994a). Our starting
point is the high-energyDCS for arbitrary screening,which was derived by Bethe and
Heitler from the Born appraximation (Motz et al., 1969;Tsai, 1974). The Bethe-Heitler
DCS for a photon of energyE to createan electron-positron pair, in which the electron
hasa kinetic energyE = E  me?, canbe expressechs (Tsai, 1974)

d ®BH) h i 2

%= r2zz+ 1 2+@ ) (.1 4c)+ 3@ )2 4e) 1 @277)
Notice that the \reduced energy" = (E + mc?)=E is the fraction of the photon
energy that is taken away by the electron. The screeningfunctions ; and , are
given by integralsthat involvethe atomic form factor and, therefore, must be computed
numerically when a realistic form factor is adopted (e.g. the analytical one described in
section2.1). To obtain appraximate analytical expressiondor thesefunctions, we shall
assumethat the Coulomb eld of the nucleusis exponertially screenedoy the atomic
electrons(Schi, 1968;Tsai, 1974),i.e. the electrostaticpotential of the atom is assumed
to be (Wentzel model)

"wi(r) = Zr—eexp( r=R); (2.78)

with the screeningradius R consideredas an adjustable parameter (seebelow). The
correspnding atomic electrondensity is obtained from Poisson'sequation,

M= trzg= 21 0 exp( r=R); (2.79)
YT 4 e 4 er dr? 4 RZ o '
and the atomic form factor is
Z1 sin(gr=h) y
. — 2 - .
Fw(gZ) =4 . W(r)iqr=h redr 1+ (Rg)Z (2.80)

The screeningfunctions for this particular form factor take the following analytical
expressiongTsai, 1974)

1= 2 2In(1+ ) 4barctan(b 1) + 4In(Rmec=h)
, = g 2In(1 + ) + 27 h4 dbarctan(b ) 3In(1+ b 2)I
+ 4In(Rmec=h); (2.81)
where

_Rmel 1

b= 2@y (2.82)
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The quaniity in eq. (2.77) accouris for pair production in the eld of the atomic
electrons(triplet production), which is consideredn detail by Hubbell et al. (1980) and
Tsai (1974). In order to simplify the calculations, the dependenceof the triplet cross
sectionon the electronreducedenergy , is assumedo be the sameasthat of the pair
crosssection. The function f ¢ in (2.77) is the high-energyCoulonmb correction of Davies,
Bethe and Maximon (1954) given by

h
fc(Z) = @ (1+a® '+ 0:202059 0:0369%° + 0:0083%*
|
0:0020R° + 0:0004%° 0:00012%° + 0:00002&*? ; (2.83)

with a= Z . The total atomic crosssectionfor pair (and triplet) production is obtained

as
Z d GH
(BH) — pp .
pp - o d d ’ (284)

where

mn=Me=E= ' and =1 me=E=1 & (2.85)

Extensive tables of pair production total crosssections,evaluated by conbining dif-
ferert theoretical approximations, have beenpublishedby Hubbell et al. (1980). These
tables give the separatecortributions of pair production in the eld of the nucleusand
in that of the atomic electronsfor Z = 1 to 100and for photon energiesfrom threshold
up to 1 MeV. Following Sahat and Fernandez-\area (1992), the screeningradius R
hasbeendeterminedby requiring that eq.(2.77)with = 0 exactly reproducesthe total
crosssectionsgiven by Hubbell et al. (1980) for pair production in the nuclear eld by
10° MeV photons (after exclusionof radiative corrections,which only amourt to 1%
of the total crosssection). The screeningradii for Z = 1{92 obtained in this way are
givenin table 2.2.

Actually, the triplet cortribution, , varies with the photon energy It increases
monotonically from zeroat E ' 4m.c?> and readies a saturation value, ;, at high
energies.lt can be obtained, for all elemens and energiesup to 10° MeV, as

(E) = Z giow (E)= JSC(E); (2.86)

pair

where [12° and {50 arethe total pair and triplet production crosssectionsgiven by
Hubbell et al. (1980). At 10° MeV, the high-energylimit is readed, i.e.

1" Z HSO (10° MeV)= 1S (10° MeV): (2.87)

triplet pair

The valuesof ; for the elemens Z = 1{92 are givenin table 2.2. The averagedepen-
denceof on the photon energyis appraximated by the following empirical expression

=[1 exp( V)] 1; (2.88)
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Table 2.2: Reducedscreeningradius, Rmec=h, and high-energytriplet contribution, 1 , for
electron-positron pair production obtained from the tables of Hubbell et al. (1980) asdescribed
in the text. Notice that h=mec = 3:8616 10 2 m is the Compton wavelength of the electron.

Z Rmec=h 1 | Z Rmec=h 1 | Z Rmec=h 1
1 12281 1.157|32 33.422 1.158|63 26.911 1.194
2 73.167 1.169| 33 33.068 1.157|64 26.705 1.196
3 69.228 1.219| 34 32.740 1.158|65 26.516 1.197
4 67.301 1.201|35 32438 1.158|66 26.304 1.196
5 64.696 1.189| 36 32.143 1.158| 67 26.108 1.197
6 61.228 1.174| 37 31.884 1.166|68 25.929 1.197
7 57524 1.176| 38 31.622 1.173|69 25.730 1.198
8 54.033 1.169|39 31.438 1.174|70 25.577 1.198
9 50.787 1.163|40 31.142 1.175|71 25.403 1.200
10 47.851 1.157|41 30.950 1.170|72 25.245 1.201
11  46.373 1.174| 42 30.758 1.169| 73 25.100 1.202
12 45401 1.183| 43 30.561 1.172| 74 24.941 1.204
13 44503 1.186| 44 30.285 1.169|75 24.790 1.205
14 43.815 1.184| 45 30.097 1.168| 76 24.655 1.206
15 43.074 1.180| 46 29.832 1.164|77 24.506 1.208
16 42.321 1.178| 47 29581 1.167|78 24.391 1.207
17 41586 1.175|48 29.411 1.170|79 24.262 1.208
18 40.953 1.170| 49 29.247 1.172|80 24.145 1.212
19 40524 1.180|50 29.085 1.174|81 24.039 1.215
20 40.256 1.187|51 28.930 1.175|82 23.922 1.218
21 39.756 1.184|52 28.721 1.178|83 23.813 1.221
22 39.144 1.180| 53 28.580 1.179|84 23.712 1.224
23 38.462 1.177|54 28.442 1.180|85 23.621 1.227
24 37.778 1.166|/ 55 28.312 1.187|86 23.523 1.230
25 37.174 1.169| 56 28.139 1.194|87 23.430 1.237
26 36.663 1.166| 57 27.973 1.197|88 23.331 1.243
27 35.986 1.164| 58 27.819 1.196|89 23.238 1.247
28 35.317 1.162| 59 27.675 1.194|90 23.139 1.250
29 34.688 1.154| 60 27.496 1.194|91 23.048 1.251
30 34.197 1.156| 61 27.285 1.194|92 22.967 1.252
31 33.786 1.157|62 27.093 1.194
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where

v = (0:2840 0:190%) In(4= ) + (0:1095+ 0:2206) In2(4= )
+ (0:02888 0:0426@) In3(4= ) + (0:002527+ 0:0026238) In“(4= ):  (2.89)

Then, the singlequartity ; characterizesthe triplet production for eat elemen.

The appraximation givenby eq. (2.77) with the tted value of the screeningradius,
fails at low energieswhere it systematically underestimatesthe total crosssection (it
can even becomenegative). To compensatefor this fact we introduce an empirical
correcting term Fo(; Z), which acts in a way similar to the Coulonmb correction. To
facilitate the random sampling, the Bethe-Heitler DCS, eq. (2.77), including this low-
energycorrection and a high-energyradiative correction, is written in the form

#
2
Sp-vziEs el 2 1)+ 20) (2.90)
where
1() = agu(b) + go( )
2() = (b + o( ) (2.91)
with

(b = %(3 1 2) 4In(Rmec=h) = g 2In(1+ k%) 6barctan(b 1)
h i
¥ 4 4dbarctan(b ') 3In(1+b?) ;
1 11 .
gw(b) = Z(B 1+ 2)  4In(Rmec=h) = 5 2In(1+ b?) 3barctan(b 1)

+ %bz h4 dbarctan(b ') 3In(1+ b 2)i ;
G( ) = 4In(Rmec=h) 4fc(Z) + Fo(; Z): (2.92)

C; = 1.0093is the high-energylimit of Mork and Olsen'sradiativ e correction (Hubbell
et al., 1980).

The correcting factor Fo( ; Z) hasbeendeterminedby requiring that the total cross
sectionfor pair production obtained from the expressiorgivenin eq.(2.90) (with = 0)
coincideswith the total crosssectionsfor pair production in the eld of the nucleustab-
ulated by Hubbell et al. (1980). By inspection and numerical tting, we have obtained
the following analytical approximation

Fo(; Z) = ( 0:1774 1210a+ 11183%)(2= )**
+ (8:523+ 7326a 4441a%)(2=)
(1352+ 12kla 9641a%)(2= )*7
+ (8:946+ 6205 6341a%)(2= )2 (2.93)
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The functions ; and , are now positive exceptfor -valuesvery near the endpoints
of the allowed interval, given by eq. (2.85), for high atomic number elemerts. To avoid
inconsistenciesthesefunctions are set equalto zerowhenthey take negative values.

The relative di erences betweenthe total atomic crosssectionsobtained from the
DCSgivenby eq.(2.90) andthe total crosssectionstabulated by Hubbell et al. (1980)are
appreciablenear the threshold [actually, (2.90) shifts the threshold for pair production
to valuesslightly largerthan 2m.c?], but decreaseapidly with increasingphoton energy
At E = 3 MeV, the di erences reduceto 4% and do not exceed2% for energiedarger
than 6 MeV, for almost all the elemerts. Although thesedi erences are not important,
they may be larger than the uncertainties in the crosssectionsgiven by Hubbell et al.
(1980). To avoid systematic errors, the mean free paths for pair production usedin
penelope are obtained by interpolation in a table generatedwith the xcom program
(Berger and Hubbell, 1987). The Bethe-Heitler DCS is only usedto samplethe kinetic
energiesof the produced pair.

It is alsoworth noting that the Bethe-Heitlertheory predictsthat the pair-production
DCS, consideredas a function of the electron reducedenergy , is symmetrical about
= 1=2 (see g. 2.9). This dependenceon is reasonablyaccurate only for photon
energieslarger than 5 MeV. For lower photon energiesthe e ect of the electrostatic
eld of the atom (which slows down the electronand accelerateghe positron) becomes
increasinglyimportant, with the result that the actual DCS becomesasymmetricaland
the meanvalueof becomedessthan 1/2 (seee.g.Motz et al., 1969). At theserelatively
low energies,however, pair production is not dominarnt and, moreoer, the produced
particles have rangesthat are much lessthan the meanfreepath of the absorked photon.
Therefore,no appreciablesimulation errorsareincurred by usingthe Bethe-Heitler DCS,
eg. (2.90), for energiesdown to the threshold.

2.4.1 Simulation of pair production events

The Bethe-Heitler DCS, eq. (2.90), only dependson the kinetic energyE = E = mec?
of the producedelectron,sothat E canbe directly sampledfrom eq.(2.90); the kinetic
energyof the positron is obtainedasEs = E E 2mec®. Notice that, although the
Bethe-Heitler total atomic crosssectionaccourts for pair and triplet production, all the
events are simulated as if they were pairs. This appraximation is justied by the fact
that, in triplet production, the recoiling electron hasa rangethat is much smallerthan
the meanfree path of the incident photon.

The electron reducedenergy is distributed in the interval (1,1 D), seeeq.
(2.85), accordingto the PDF given by eq. (2.90) (normalization is again irrelevant)

2

Pop( ) = 2 % 1)+ 20); (2.94)

which is symmetrical about the point = 1=2. Fig. 2.9 shaws this PDF for lead and
various photon energies. The following algorithm for sampling is basedon the fact
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that the functions 1( ) and »( ) are non-negati\e and attain their maximum valuesat
= 1=2.

Figure 2.9: Pair production DCS in lead as a function of the electron reduced energy =
(E + mec®)=E. (Adapted from Baro et al., 1994a.)

Except for a normalization constart, the PDF (2.94) can be written in the form

Pop( ) = UzUs() 2() + u2Ua() 2() (2.95)
with b 1 12
u; = 3 3 1(1=2); u, = ,(1=2); (2.96)
1()=§% & 3% 2; 2()=%% 1 (2.97)
and
Ui() = 1()=1(12);  Ua() = 2()= 2(1=2): (2.98)
The functions ;( ) are normalized PDFs in the interval (1,1 1), from which

randomvaluesof canbe easilysampledby usingthe inversetransform method. In this
interval, the functions U;( ) are positive and lessthan unity, i.e. they are valid rejection
functions. The generationof random valuesof from the distribution (2.95) can now
be performed by combining the composition and rejection methods (see section 1.2)
accordingto the following algorithm:

(i) Samplea value of the integeri (=1, 2) accordingto the point probabilities

t and  p2)= 2

: (2.99)
up + U us + Uy

p(1) =
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(i) Sample from ;( ) usingthe sampling formulae (inversetransform method, see

section1.2.2) 8

§%+ % Lo p=®ii=1
=51 1 1 (2.100)
Fle 2 1o if i = 2

(i) Generatea newrandom number .
(iv) If > U(), goto step (i).
(v) Deliver .

Notice that the quartity 2 1 may be negative and, therefore,taking its cube root
will lead to a computer error; provision of this fact must be made when programming
the algorithm. The e ciency of the algorithm is greaterthan 70%for energiesnear the
threshold, and increaseswith increasingphoton energies.For E = 1 GeV it is of the
order of 95%for all the elemerts in the periodic table.

Angular distribution of the pro duced particles

Actually, the complete DCS for pair production is a function of the directions of the
pair of particles. As the nal state involvesthree bodies (the nucleusand the produced
pair), the directions of the producedparticles cannotbe obtained from only their kinetic
energies. The polar anglesof the directions of movemert of the electron and positron
( and ., g. 2.1)relativeto the direction of the incident photon are sampledfrom the
leading term of the expressionobtained from high-energytheory (Heitler, 1954; Motz
et al., 1969)

p(cos )= a(l cos ) ?; (2.101)

wherea is a normalization constart and

q
_ E(E +2m?)
B E + mec?

(2.102)

is the particle velocity in units of the speed of light. Random values of cos are
obtained by using the inversetransform method (seesection1.2.2), which leadsto the
sampling formula

2 1+ _
2 1) +1
As the directions of the produced particles and the incident photon are not necessarily
coplanar,the azimuthal angles and . of the electronand the positron are sampled
independertly and uniformly in the interval (0;2 ).

cos = (2.103)

It is worth stressingthe fact that the produced charged particles have rangesthat
are much smaller than the mean free path of the photons. Moreover, the charged
particles immediately enter a multiple elastic scattering processwhich randomizestheir



2.5. Attenuation coe cien ts 63

directions of movemen. As a consequencethere should be little di erence between
simulation results obtained with the presert method and with exact random sampling
from a more accurate DCS, di erential in the energiesand directions of the generated
particles.

Comp ound materials

Let us considera compound X,Yy, in which the moleculesconsist of x atoms of the
elemert X and y atoms of the elemern Y. The number of electrons per moleculeis
Zy = xXZ(X) + yZ(Y) and the molecular weight is Ay = XAw(X) + yAw(Y), where
Z(X) and A (X) stand for the atomic number and atomic weight of elemen X.

In the simulation of pair-production everts, we could usethe molecular DCSs ob-
tained from the additivit y rule. The simulation of ead event would then consistof 1)
sampling the atom which participates in the interaction and 2) generatinga random
value of the electron reducedenergy from the correspnding atomic DCS. To save
computer time, penelope generates by consideringan \equivalert" single elemert
material of the samemassdensity as the actual medium, atomic number Z¢, and
atomic weight A¢q given by

ZeaPw = ZuAeq = XZ(X) Au(X) + YZ(Y) Au(Y); (2.104)

i.e. its atomic number (weight) is the mass-aerage(Z -average)of the atomic numbers
(weights) of the constituert atoms. The reducedenergyis sampledfrom the DCS of the
elemert with the atomic number closestto Z.q. Usually, this appraximation does not
alter the simulation results appreciably and permits a considerablesimpli cation of the
program and a reduction of the simulation time.

2.5 Atten uation coe cien ts

The photon inverse mean free path for a given medanism is known as the partial
attenuation coe cien t of that mecanism. Thus, the partial attenuation coe cien t for
photoelectric absorption is

ph = N ph (2105)
whereN = Na =Ay is the number of atoms or moleculesper unit volume and p, is
the atomic or molecularphotoelectric crosssection. The photoelectric massattenuation
coecient isdened as ,n= and, therefore,is independert of the density of the ma-
terial. Analogousde nitions apply for the other interaction processes.The total mass
attenuation coe cien t is obtained as

—=—(Rrat cot pht pp): (2.106)

As mentioned above, penelope usestables of total crosssectionsfor photoelectric
absorption and pair production obtained from the databaseEPDL (Cullen et al., 1997)
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and the program xcom (Berger and Hubbell, 1987), respectively. Photoelectric cross
sectionsfor energiesdi erent from those in the tables are calculated by linear log-log
interpolation. Total crosssectionsfor pair production are evaluated by cubic spline
log-log interpolation of the function (1 2mec®>=E) 3 ,,, which varies slonvly with the
photon energy
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Figure 2.10: Partial and total massattenuation coe cien ts of water and lead asfunctions of
the photon energy

Mean free paths for coherert and incoheren scattering are computedfrom the DCSs
descrilked in sections2.1 and 2.3. The resulting valuesare virtually identical to those
given by the xcom program for E greaterthan 50 keV. At lower energies,our mean
free paths for Compton scattering deviate from thosegiven by xcom; thesewere calcu-
lated from a di erent theoretical model (Hubbell et al., 1975), which neglectsDoppler
broadening(seee.g.Brusaet al., 1996). The evaluation of the total atomic crosssection
for theseprocesseg$seee(qs.(2.10) and (2.54)] involvesa numerical quadrature, which is
performedby using the function SUMG@ppendix B). Notice that for high-energypho-
tons, the integrandin the coheren scattering crosssection,eq.(2.10), is sharply peaked
at = 0. In sud a case,the numerical integration method is not e ectiv e. For energies
largerthan  Z=2 MeV, we take advantage of the asymptotic behaviour shovn by eq.
(2.12) to avoid time-consumingintegration. Partial and total massattenuation coe -
cients for water and lead, asrepresemativ esof low- and high-Z materials, are displayed
in g. 2.10.
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2.6 Atomic relaxation

Atoms are primarily ionized by photon interactionsand by electronor positron impact.
There is a fundamertal di erence betweenthe ionizing e ects of photonsand of charged
particles. A photon is only able to directly ionize a few atoms. In the caseof pho-
toabsorption, when the photon energyis larger than the K-shell binding energy about
80% of photoabsorptionsoccur in the K shell, i.e. the resulting ion with a vacancyin
the K shell is highly excited. Incoherert scattering is not as highly preferenial, but
still the probability that an inner shell is ionized is nearly proportional to the number
of electronsin the shell. Conversely fast electronsand positrons (and other charged
particles) ionize many atoms along their paths; the ionizations occur preferertially in
the lesstightly bound atomic shells,or the conduction band in the caseof metals (see
section3.2), sothat most of the producedions are only weakly excited.

Excited ions with a vacancyin an inner shell relax to their ground state through a
sequencefradiativeand non-radiative transitions. In aradiativetransition, the vacancy
is lled by an electron from an outer shell and an x ray with characteristic energy is
emitted. In a non-radiative transition, the vacancyis lled by an outer electron and
the excessenergyis releasedhrough emissionof an electronfrom a shell that is farther
out (Auger e ect). Eadh non-radiative transition generatesan additional vacancythat,
in turn, migrates \outwards". The production of vacanciesin inner shells and their
subsequen relaxation must be simulated in detail, sincethe energeticx rays and/or
electronsemitted during the processmay transport energy quite a distance from the
excited ion.
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Figure 2.11: Relative probabilities for radiative and non-radiative (Auger) transitions that
Il avacancyin the K-shell of atoms.
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penelope simulatesthe emissionof characteristicradiation and Auger electronsthat

result from vacanciesproducedin K shellsand L subshellsby photoelectric absorption,
Compton scattering and electron/positron impact (seechapter 3). The relaxation of
thesevacanciess followed until the K and L shellsare lled up, i.e. until the vacancies
have migrated to M and outer shells. Vacanciesn theseouter shellsoriginate much less
energeticsecondaryradiation, whosemain e ect is to spreadout the excitation energy
of the ion within the surrounding material. To get a reliable description of the dose
distribution, and other macroscopictransport characteristics, we only have to follow
secondaryradiation that is able to propagateto distancesof the order of, say, 1% of
the penetration distance (or range) of the primary radiation. Radiation with lower
energydoesnot needto be followed, sinceits only e ect is to blur the \primary" dose
distribution on a small length scale.

To simplify the description of the ionization processe®f outer shells(i.e. photoelec-
tric absorption, Compton scattering and electron/positron impact), we simply assume
that, whenionization occursin M or outer shells,a secondary(delta) electronis emit-
ted from the parert ion with a kinetic energyEs equalto the energydeposited by the
primary particle,

8
3 E E° in Compton scattering
Egwp= _ E in photoelectric absorption, (2.107)

3 . . .
- W in electron/positron impact (seechapter 3).

That is, the whole excitation energyof the ion is taken up by the ejectedelectron and
no uorescert radiation is simulated. In reality, the emitted electronshave energiedess
than the values(2.107)and canbe followedby characteristic x rays, which have meanfree
paths that are usually much larger than the Bethe range of photoelectrons. By giving
an arti cially increasedinitial energyto the electron we allow it to transport energy
farther from the ion so as to partially compensatefor the neglect of other radiation
emitted during the de-excitation cascade.

In the caseof ionization of an inner shelli, i.e. a K shellor an L shell, we consider
that the electronis ejectedwith kinetic energy

whereU; is the ionization energyof the active shell, and that the target atom is left with
a vacancyin shelli. As mentioned above, we consideronly characteristic x-rays and
Auger electronsemitted in the rst stagesof the relaxation process. Thesesecondary
radiations are assumedto be emitted isotropically from the excited atom. We usethe
following notation to designatethe possibletransitions

Radiative: SO-S1(an electronfrom the S1shell lls the vacancyin the SOshell,leaving
a hole in the S1shell). The consideredradiative transitions (for elemens with Z > 18
w