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Monte Carlo simulation of bremsstrahlung emission by electrons
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An algorithm for the simulation of bremsstrahlung emission by fast electrons using numerical cross
sections is described. It is based on natural factorization of the double-differential cross section and
on the fact that the intrinsic angular distribution of photons with a given energy can be very closely
approximated by a Lorentz-boosted dipole distribution. The parameters of this angular distribution
vary smoothly with the atomic number of the target atom and with the energies of the projectile’s
electron and the photon emitted. Results from simulations of thick-target bremsstrahlung are
compared with experimental data. ©2002 American Institute of Physics.
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An accurate description of the continuous background
x-ray spectra from samples irradiated by electron beams
interest for quantitative electron probe microanaly
~EPMA!, for the characterization of medical and analytic
x-ray sources, for the dosimetry of high-energy electr
beams and, in general, for studies of high-energy radia
transport. Monte Carlo simulation of electron–photon sho
ers has become the fundamental tool used for these stu
and a number of general-purpose Monte Carlo codes
widely available.1 The most advanced ones generate the p
ton energy from the ‘‘scaled’’ differential cross sectio
~DCS! compiled by Seltzer and Berger2 which represent the
state of the art in theoretical high-energy bremsstrahlung
culations. However, all of these codes determine the di
tion of the photons emitted from very rough approximatio
in spite of the fact that intrinsic angular distributions~‘‘shape
functions’’! consistent with the scaled DCS have been av
able for a long time. The difficulty is the enormous size
the numerical database needed to define the DCS as a
tion of the electron energyE, the photon energyW and the
direction of emissionu. It has been claimed that using ina
curate shape functions is not a serious problem for th
targets, because a parallel electron beam is rapidly rand
ized by multiple elastic scattering and this ‘‘washes out’’ t
intrinsic angular distribution, which would then be releva
only for thin samples. This is not true for the tip~high-energy
part! of thick-target spectra, which arises from photons em
ted in the early stages of beam penetration and, therefor
still sensitive to the intrinsic angular distribution. In this le
ter we describe a simple and accurate method by whic
simulate bremsstrahlung emission using the most accu
shape functions available at present.

We consider the bremsstrahlung DCS for electrons
energyE in a low-density, amorphous, single element m

a!Author to whom correspondence should be addressed; electronic
cesc@ecm.ub.es
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dium of atomic numberZ. After integrating over the angula
deflection of the projectile, the DCS depends only on
energyW of the photon and the direction of emission, repr
sented by the polar angleu relative to the direction of the
projectile, and can be expressed as

d2s

dW d~cosu!
5

ds

dW
p~Z,E,k;cosu!, ~1!

wherek[W/E is the reduced energy of the photon, ds/dW
is the energy-loss DCS differential only in the energy of t
emitted photon andp(Z,E,k;cosu) is the shape function
i.e., the probability distribution function~PDF! of cosu for
given values ofE, Z andk ~normalized to unity!. The scaled
DCS is normally defined as (b2/Z2)Wds/dW, where b
5v/c is the velocity of the electron in units of speed of ligh
Seltzer and Berger2,3 produced extensive tables of the scal
DCS for all the elements (Z51 – 92) and for electron ener
gies from 1 keV to 10 GeV, which constitutes the most re
able theoretical representation of bremsstrahlung ene
spectra available at present.

Numerical values of the shape function, calculated
partial-wave methods, have been published by Kisselet al.4

for 144 benchmark cases. These authors also gave a pa
eterization of the shape function in terms of Legendre po
nomials. Unfortunately, their analytical form is not suited
random sampling of the photon direction.

In previous simulation studies of x-ray emission fro
solids bombarded by electron beams,5 the angular distribu-
tion of bremsstrahlung photons was described by semiem
ical analytical formulas derived by Kirkpatrick an
Wiedmann6 ~and subsequently modified by Statham7!. The
shape function obtained from the Kirkpatrick–Wiedmann
Statham~KWS! fit is

p~KWS!~Z,E,k;cosu!5
sx~12cos2 u!1sy~11cos2 u!

~12b cosu!2 ,

~2!
il:
8 © 2002 American Institute of Physics
IP license or copyright, see http://ojps.aip.org/aplo/aplcr.jsp
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where the quantitiessx and sy are independent ofu. Al-
though this simple formula predicts the global trends of
partial-wave shape functions of Kisselet al.4 in certain en-
ergy and atomic number ranges, its accuracy is not suffic
for general-purpose simulations. In a preliminary analy
we tried to improve the accuracy of this formula by det
mining the parameterssx andsy by directly fitting the nu-
merical partial-wave shape functions, but the improvem
was not significant. However, that analysis confirmed t
the analytical form, Eq.~2!, is flexible enough to approxi
mate the ‘‘true’’ ~partial-wave! shape, and it can be adapte
even for projectiles with relatively high energies, say, withE
larger than;1 MeV, for which the angular distribution o
emitted photons is peaked at forward directions.

The simulation method presented here is based on
following classical argument~see, e.g., the work o
Jackson8!. Assume that the incident electron is moving in t
direction of thez axis of a reference frame K at rest wit
respect to the laboratory frame. Let (u8,f8) denote the polar
and azimuthal angles of the direction of the emitted pho
in a reference frame K8 that moves with the electron an
whose axes are parallel to those of K. InK8, we expect that
the angular distribution of the photons emitted will not d
part much from the isotropic distribution.8 Therefore, we
consider the following ansatz for the shape function in K8:

pd~cosu8!5A 3
8~11cos2 u8!1~12A! 4

3~12cos2 u8!,

~0<A<1!, ~3!

which is motivated by the relative success of the KWS f
mula at low energies. The direction of emission~u, f! in K is
obtained by means of the Lorentz transformation,

cosu5
cosu81b

11b cosu8
, f5f8. ~4!

Thus, the angular distribution in K is

p~cosu!5A
3

8 F11S cosu2b8

12b8 cosu D 2G 12b82

~12b8 cosu!2

1~12A!
4

3 F12S cosu2b8

12b8 cosu D 2G
3

12b82

~12b8 cosu!2 , ~5!

with b85b. Now, it is clear that whenb tends towards
unity, the shape function concentrates at forward directio
We found that the benchmark partial-wave shape functi
of Kissel et al.4 can be closely approximated by the analy
cal form, Eq.~5!, if one setsb85b(11B) and considersA
andB as adjustable parameters. The parametersA andB have
been determined, by least squares fitting, for the 144 com
nations of atomic number, electron energy and reduced p
ton energy corresponding to the benchmark shape funct
tabulated by Kisselet al.4 Results of this fitting are compare
with the original partial-wave shape functions in Fig. 1. T
largest differences between the fits and the data were fo
for the higher atomic numbers, but even then the fits are v
accurate. The quantities ln(AZb) andBb vary smoothly with
Z, b andk and can be obtained by cubic spline interpolati
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of their values for the benchmark cases. This permits the
evaluation of the shape function for any combination ofZ, b
andk.

Let us now consider the simulation of radiative even
from the DCSs defined by Eqs.~1! and~5!. The scaled DCS
is interpolated from Seltzer and Berger’s data,3 in such a way
as to allow accurate~and fast! linear interpolation in the vari-
able lnE. The random sampling of cosu is simplified by
noting that the PDF given by Eq.~5! results from a Lorentz
transformation, with speedb8, of the PDF, Eq.~3!. This
means that we can sample the photon direction cosu8 in the
reference frame K8 from the PDF, Eq.~3!, and then apply the
transformation, Eq.~4! ~with b8 instead ofb! to get the
direction cosu with in the laboratory frame. To generate ra
dom values of cosu from Eq.~3! we use an algorithm which
combines the composition and rejection methods~see Ref. 9
for details!.

The bremsstrahlung simulation algorithm describ
above has been implemented into the Monte Carlo code
tem PENELOPE9 ~an acronym for penetration and energy lo
of positrons and electrons!, a general-purpose Monte Carl
subroutine package for the simulation of coupled electro
photon transport. The complete code system is availa
from the NEA Data Bank.10 In what follows, results from
simulations of thick-target bremsstrahlung withPENELOPE

are compared with experimental data.
Figure 2 shows thick-target bremsstrahlung spectra p

duced by 70 keV electrons impinging 45° on the surface o
50.7 mg/cm2 thick slab of tungsten. Emission angles of 4
and 90° with respect to the incident beam in transmiss
configuration are considered. The experimental spectra w

FIG. 1. Shape functions~angular distributions! for bremsstrahlung emission
by electrons of the energies indicated in the fields of Al and Au atoms.
symbols indicate the partial-wave shape functions of Kisselet al. ~Ref. 4!.
Continuous curves are the present analytical fits, Eq.~5!. As a visual aid,
some curves were shifted upward by the amounts indicated in parenth
IP license or copyright, see http://ojps.aip.org/aplo/aplcr.jsp
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measured by Ambroseet al.11 For the present comparison
experimental spectra were scaled to the simulated one
making the areas under the spectra equal, excluding the
gion of characteristic x rays. The simulation results are s
to be in excellent agreement with the experimental data.

In Fig. 3 we show simulated and experimental brem
strahlung spectra produced by 20 keV electrons imping
normally on a thick slab of carbon. The experimental sp
trum was obtained using a Cameca SX-50 electron mic
probe, equipped with a Si~Li ! detector. In this case, the emi
sion angle is 130° with respect to the incident beam~i.e.,
reflection configuration!. Notice that both the simulated an
measured spectra are given in absolute units. In the pre
comparison, we have assumed an energy-dependent G
ian energy-resolution profile. Because of the thicknesse
the Si~Li ! crystal ~;3 mm! and the berillium window~7
mm!, comparison of simulated and measured spectra
meaningful for the photon energy range of;E
53 – 15 keV, where the detector’s efficiency can be assum
to be unity. The simulated spectrum is in excellent agreem
with the experimental data in this photon energy range.

It can be concluded that the proposed algorithm provi
a fast and accurate method for sampling the energy and
rection of bremsstrahlung photons. The parameterization,
~5!, of the shape function gives a very accurate fit of Kis
et al.’s4 benchmark data and, therefore, the simulated ang

FIG. 2. Thick-target bremsstrahlung spectra produced by electrons imp
ing 45° on the surface of a 50.7 mg/cm2 slab of tungsten. Spectra wer
collected at 45° and 90° with respect to the incident beam. Continu
curves are the results obtained fromPENELOPE and symbols are data o
Ambroseet al. ~see Ref. 11!.
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distributions are fully consistent with the most reliab
theory. However, it is worth noting that calculated sha
functions are available only for a quite sparse grid of en
gies E and atomic numbersZ and, consequently, interpola
tion in these variables may introduce appreciable uncertai
To ensure the reliability of the algorithm in general-purpo
Monte Carlo simulations, it is desirable to have calcula
shape functions for a denser grid of energies and ato
numbers. Nevertheless, the results from the present sim
tions of thick-target bremsstrahlung spectra for carbon
tungsten, which do not belong to the set of benchmark ca
are found to be in good agreement with the experiments
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FIG. 3. Simulated~solid lines! and experimental~dots! x-ray spectrum, per
incident electron, as a function of the photon energy radiated, generate
20 keV electrons impinging normally on a thick slab of carbon; the detec
angle is 130°.
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